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. are dis
ussed as a fun
tion of a threshold parameter h, where

it is espe
ially investigated to take resonant terms V
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with !
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properly into a

ount. A unitary transformation is formulated to transform the

Hamiltonian into E

0

+

P

!̂

k

(h)a

y

k

a

k

+ � � �, where the remaining intera
tions do not


ontain produ
ts of 
reation operators or annihilation operators only and vanish for

V

k

1

;k

2

k

3

! 0. The new frequen
ies !̂

k

(h) are evaluated for weak three parti
le


ouplings in terms of the parameters of the Hamiltonian. As expe
ted, the frequen
ies

!̂

k

(h) are renormalised by damping rates and frequen
y shifts in the 
ase of small

spa
ings of the wave ve
tors, and the threshold of h for !̂

k

(h) to break down, is

essentially 
hanged by the damping rates.
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1. Introdu
tion

Driven dissipative systems are still one of the fas
inating topi
s in statisti
al physi
s.

Systems subje
ted to nonequilibrium 
onditions show phenomena like pattern formation,

instabilities and 
haoti
 motion [1℄. Quite often and very su

essfully one des
ribes these

phenomena on a phenomenologi
al level, e.g. by hydrodynami
 or transport equations.

One should however keep in mind that fully systemati
 
on
epts based on �rst prin
iples

are still missing , apart from approa
hes using assumptions like linear response or lo
al

equilibrium.

Su
h missing links be
ome obvious when one 
onsiders strongly driven magneti


systems. It is known for de
ades that instabilities o

ur under strong driving [2℄ but

the type of motion beyond the instability is still un
lear [3, 1, 4, 5, 6℄. There exist

phenomenologi
al approa
hes for treating spin wave instabilities [7℄. But these 
on
epts

do not take damping in a systemati
 fashion into a

ount.

In fa
t, nonequilibrium statisti
al operators for thermodynami
 systems may be

obtained from �rst prin
iples dire
tly from the driven Liouville equation [8, 9℄. The

pri
e one has to pay 
onsists in the development of suitable perturbation s
hemes whi
h

treat driving and damping in a systemati
 way. We are going to address this question

here. Sin
e we are interested in the main features of su
h a perturbation expansion

we fo
us to a large extent on stati
 �elds so that the approa
h 
an be redu
ed to the

investigation of e�e
tive Hamiltonians. Su
h a limitation is however often not severe

sin
e the time dependent 
ase 
an be treated frequently in a similar fashion by applying

some version of averaging [10℄.

Motivated by the physi
s of ferromagneti
 magnons, we 
onsider a system of os
il-

lators whi
h are 
oupled by intera
tions h=2

P
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.
. + � � �. In the magneti
 
ase, these types of intera
tion arise from the dipole dipole

intera
tion and external magneti
 �elds [11, 4℄, however we will not apply to a spe
i�


realization of the parameters in our Hamiltonian. The 
oupling h is 
onsidered to be

the external variable of interest.

For V

k

1

;k

2

k

3

= 0 and vanishing higher intera
tions, it is well known [12℄ that

one 
an use a Bogoliubov transformation for the 
reation and annihilation operators

or a 
orresponding unitary transformation of the Hamiltonian, to obtain de
oupled

os
illators with frequen
ies

q

!

2

k

� h

2

jV

k

j

2

. Su
h an approa
h implies that the intera
tion

strength is restri
ted to the range h

2

< minf!

2

k

=jV

k

j

2

g . Thus, if this minimum is

extremely small, negle
ted intera
tions will be important. From dynami
 equations of

expe
tation values for a

k

and a

y

k

one 
an see, that these remaining intera
tions essentially

enter into the threshold of h by damping rates in
reasing the bare value [7℄. This point

is essential, if minf!

2

k

=jV

k

j

2

g = 0, so that without damping there is no range of stability.

The aim of this paper is to present a stati
x treatment of the Hamiltonian, along

the lines without three parti
le intera
tions, as to provide an approa
h to the threshold

x In this 
ontext the terminus stati
 will be used for time independent unitary transformations,

whatever the way, they are 
al
ulated.
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problem for h in the intera
ting 
ase, without setting up dissipative equations of motion

for expe
tation values. In parti
ular we investigate, how damping rates 
an appear in

the parameters of a transformed Hamiltonian. This 
an be 
onsidered as a �rst step

to �nd a stati
 a

ess also in the range of h beyond the modi�ed threshold, although

one 
annot expe
t, that su
h an attempt will be less 
omplex than dis
ussing equivalent

nonlinear dynami
 equations.

An idea for a stati
 treatment of the Hamiltonian would be, to perform the

standard Bogoliubov transformation to new 
reation and annihilation operators, â

y

k

=

u

k

(h) a

y

k

+ v

k

(h) a

�k

, and to handle the transformed intera
tion terms by perturbation

theory. This pro
edure, however, is not adequate, as without 
arrying out in�nite

summations, h is restri
ted to values below the bare threshold. Furthermore, when

h approa
hes the bare threshold, the parameters u

k

(h) and v

k

(h) of the 
riti
al wave

ve
tors tend to in�nity, so that there are transformed intera
tion 
oeÆ
ients whi
h

diverge. On the other hand a generalization of the Bogoliubov transformation with a

y

k

as an in�nite series of produ
ts of new 
reation and annihilation operators or vi
e versa,

will be extremely diÆ
ult. This is why we 
hoose an alternative route, and start with a

unitary transformation of the original Hamiltonian, so that the terms a

y

k

a

y

�k

+ 
.
. are

removed, but higher orders of the intera
tions are in
luded in the unitary transformation

from the beginning.

In se
tion 2 we de�ne the desired unitary transformation and show, how the new

frequen
ies !̂

k


an be found, whereas in se
tion 3 we evaluate these frequen
ies for weak

V

k

1

;k

2

k

3

by using 
orrelation fun
tions or their Markovian approximations respe
tively.

The main results of the perturbation expansion are summarised in se
tion 4. Our purely

algebrai
 approa
h presented here is so 
exible that it 
an be applied immediately to

dynami
al models under strong equilibrium 
onditions. In the outlook, se
tion 5, we

will show that the presented te
hnique will be useful for treating the steady states of a

periodi
ally driven ferromagnet. Thus our approa
h resembles to some extent averaging

pro
edures whi
h have proven to be fruitful in nonlinear dynami
s [10℄.

2. Formal theory

We 
onsider a bosoni
 Hamiltonian

H = H

harm

+H

in

+ hH

(1)

= H

(0)

+ hH

(1)

; (1)

where

H
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= �h

X

k

!

k

a

y

k

a

k
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�
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) + � � � (3)

H

(1)

= �h=2(

X

k

V

k

a

y

k

a

y

�k

+ V

�

k

a

k

a

�k

): (4)
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Translation invarian
e is assumed whi
h means that the 
oeÆ
ients V

k

1

;k

2

k

3

vanish unless

k

1

� k

2

� k

3

= 0. The dots in (3) indi
ate higher order intera
tions whi
h preserve the

va
uum state as an eigenve
tor and ensure a dis
rete energy spe
trum of H

(0)

. The

separation of the Hamiltonian H into H

(0)

and hH

(1)

has formal reasons only, and does

not indi
ate di�erent orders of magnitude. We assume however, that the intera
tions as

V

k

1

;k

2

k

3

inH

(0)

are weak, and that the eigenvalue E = 0 of H

(0)

is non degenerate, whi
h

means that the va
uum state j0i is the only eigenve
tor with eigenvalue 0 . This 
an

always be a
hieved by a slight 
hange of some parameters in the higher order intera
tions

of H

in

.

2.1. Stru
ture of the transformed Hamiltonian

We 
onsider the Hamiltonian (1) and want to transform it by a unitary transformation

into a Hamiltonian

^

H , so that

^

H is diagonal in the basis of H

(0)

, or more generally in

the 
ase of degenera
y, that

[

^

H;H

(0)

℄ = 0: (5)

From this 
ommutator and the va
uum state j0i of H

(0)

,

H

(0)

j0i = 0; (6)

we 
an draw some 
on
lusions as to the stru
ture of

^

H . Combining eqs.(5) and (6) we

�nd

H

(0)

^

Hj0i = 0; (7)

whi
h means that

^

Hj0i is an eigenve
tor of H

(0)

with eigenvalue 0. As this eigenvalue

is proposed to be non degenerate, the state

^

Hj0i must be proportional to j0i

^

Hj0i = 
j0i: (8)

Hen
e the transformed Hamiltonian

^

H written in normal ordering 
annot 
ontain

produ
ts of 
reation operators only. As it is hermitian, terms with produ
ts

of annihilation operators only 
annot o

ur either. Claiming that the unitary

transformation preserves translation invarian
e, we �nally must have

^

H = E

0

+ �h

X

k

!̂

k

a

y

k

a

k

+ �h

X

k

1

k

2

k

3

(

^

V

k

1

;k
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3

a

y

k

1

a

k

2

a

k

3

+

^

V

�

k

1

;k

2

k

3

a

y

k

2

a

y

k

3

a

k

1

) + � � � ; (9)

where the dots indi
ate intera
tions of higher order.

2.2. Choi
e of unitary transformation

For the 
al
ulation of the desired unitary transformation we use the standard adiabati


formulation [13℄, but take su
h a form that in evaluating

^

H we need not separate singular

phase fa
tors. This 
an be a
hieved in the following way. Introdu
e the time dependent

Hamiltonian

H(t) = H� exp (��t) hH

(1)

(10)
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with � > 0 and 
onsider the unitary transformation generated by

�

�t

U(t; t

0

) = �i �h

�1

H(t)U(t; t

0

) (11)

with

U(t

0

; t

0

) = 1: (12)

Then the Tani equations [13℄ for the intera
tion representation,

U

I

(t; t

0

) = exp (i�h

�1

H(1) t)U(t; t

0

) exp (�i�h

�1

H(1) t

0

); (13)

allow to fa
tor U

I

(0;1) into a produ
t of two unitary operators

U

I

(0;1) = T (�)O(�); (14)

so that T (0) exists and transforms the basis of H(1) into the basis of H(0) , whereas

O(�) 
ontains the singular phase fa
tors and 
ommutes with H(1). For our 
hoi
e of

H(1) = H and H(0) = H

(0)

it follows from (14) that

U

I

(0;1)HU

I

(0;1)

y

= T (�)HT (�)

y

(15)

exists for �! 0

+

and 
ommutes with H

(0)

. Hen
e the transformation of H into

^

H = T (0)HT (0)

y

= lim

�!0

+

U

I

(0;1)HU

I

(0;1)

y

(16)

has all properties we need. The translation invarian
e is 
onserved as follows from the

generator (11). The expression for

^

H 
an further be simpli�ed by repla
ing the two time

limit in eq.(16) by a one time limit and going ba
k to the S
hr�odinger U(0; t) of eq.(11).

This is possible as it holds

U

I

(0; t)HU

I

(0; t)

y

= (U

I

(0; t)� U

I

(0;1))H (U

I

(0; t)

y

� U

I

(0;1)

y

)

+ U

I

(0; t)HU

I

(0;1)

y

+ U

I

(0;1)H (U

I

(0; t)

y

� U

I

(0;1)HU

I

(0;1)

y

: (17)

Regarding eq.(17) and U

I

(0; t)

y

= U

I

(t; 0) together with eq.(13) we therefore may rewrite

eq.(16) as

^

H = lim

�!0

+

lim

t!1

U(t; 0)

y

HU(t; 0): (18)

This is our basi
 relation, but some 
omment on degenera
y should be made. The

transformation properties of U

I

(0;1) and the de
omposition (14) usually are proofed

for a non degenerate spe
trum of H(1) whi
h by some additional intera
tion always


an be rea
hed. In our 
ase, however, we will admit degenera
y from the beginning as

to be able to apply the formalism also forH

in

= 0. It is not diÆ
ult to see from the Tani

equations that (14) 
an be generalized to a degenerate spe
trum of H(1), so that (18)

still exists. It therefore remains to show, that (18) 
ommutes with H

(0)

. This property


an also be dedu
ed from the expansion of (18) into powers of H

(1)

for �xed H

(0)

and

will expli
itly be demonstrated in Appendix A. Thus we 
on
lude that (18) and (5)

generally hold, as long as both H

(0)

and H have dis
rete spe
tra and a perturbation

expansion is possible. Then in our 
ase (18) must have the form (9).



Bogoliubov 
oupled os
illators 6

2.3. Liouville formulation

For the evaluation of

^

H it is 
onvenient to use a Liouville des
ription. Let us introdu
e

the Liouville operator 
orresponding to the Hamiltonian by the 
ommutator

L � � � = �h

�1

[H; � � �℄; (19)

and in the same way the Liouvillians 
orresponding to the parts (1) of H and H(t).

De�ning U(t) in Liouville spa
e by

U(t) � � � = U(t; 0)

y

� � � U(t; 0); (20)

we may rewrite eq.(18) as

^

H = lim

�!0

+

lim

t!1

U(t)H; (21)

where it follows from eqs.(20) and (11) that

�

�t

U(t) = i U(t)L(t): (22)

Using eqs.(19) and (22), the Hamiltonian (21) may be rewritten as

^

H = H

(0)

+ hH

(1)

+ lim

�!0

+

Z

1

0

�

�t

U(t) (H

(0)

+ hH

(1)

)dt

= H

(0)

+ hH

(1)

� i lim

�!0

+

Z

1

0

exp (��t)U(t) hL

(1)

H

(0)

dt

= H

(0)

+ hH

(1)

� i lim

�!0

+

W (�)L

(1)

H

(0)

h (23)

where

W (s) =

Z

1

0

exp(�st)U(t)dt; (24)

denotes the Lapla
e transform of the evolution operator. A

ording to eqs.(22) and (10)

it obeys

sW (s)� 1 = i

�

W (s) (L

(0)

+ hL

(1)

)�W (s+ �) hL

(1)

�

: (25)

3. Spe
ial system - transformation of the Hamiltonian

In this se
tion we will 
al
ulate

^

H for the 
ase of the Hamiltonian (1). The key idea


onsists in restri
ting the basis in Liouville spa
e to the subspa
e whi
h is relevant in

the 
ase without internal intera
tion. This means that matrix elements in Liouville

spa
e are fa
tored in the way whi
h is exa
t for the system with H

in

= 0 . For

simpli
ity we restri
t to the 
ase that the Hamiltonian is invariant to the transformation

fa

k

! a

�k

; a

y

k

! a

y

�k

g, or !

k

= !

�k

and 
orresponding relations for the other


oeÆ
ients. A generalization is straightforward.
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3.1. Approximation s
heme

For the 
al
ulation of

^

H from eq.(23) we must �nd �iW (�)L

(1)

H

(0)

. Here we rewrite

eq.(23) as

^

H = lim

�!0

fH

(0)

+ i�(L

(0)

+ i�)

�1

H

(1)

h� ifW (�)� i(L

(0)

+ i�)

�1

gL

(1)

H

(0)

hg; (26)

where L

(1)

H

(0)

= �L

(0)

H

(1)

has been employed. Sin
e the last 
ontribution is already

of higher order in h we are going to negle
t the intera
tion H

in

in H

(0)

whi
h just gives

rise to a small additive 
ontributionk.

The idea for our approximation s
heme results from the Lapla
e transform W (s)

(25) written in the form

W (n�) = i(L

(0)

+ in�)

�1

+ (W (n�+ �)�W (n�))L

(1)

(L

(0)

+ in�)

�1

h:(27)

It shows that there are two aspe
ts, the mapping by L

(1)

and by the resolvents. Consider

the spa
e spanned by the basis ve
tors a

y

k

a

k

; a

y

�k

a

�k

; a

y

k

a

y

�k

; a

k

a

�k

; 1. Then the operator

L

(1)

does not lead out of this spa
e, and without internal intera
tion H

in

= 0, these

basis ve
tors are eigenve
tors of the resolvents. Therefore in this 
ase, the system for

W (m�)F

�

, F

�

2 fa

y

k

a

k

; a

y

�k

a

�k

; a

y

k

a

y

�k

; a

k

a

�k

; 1g is 
losed.

Our approximation now 
onsists in restri
ting (L

(0)

+ in�)

�1

F

�

to the 
ontribution

proportional to F

�

in normal ordering, or in other words, we keep the bare eigenve
tors

of the resolvents, and repla
e the eigenvalues by "diagonal elements". In formal terms

the approximation means

(L

(0)

+ in�)

�1

F

�

= F

�

(

f

F

�

j(L

(0)

+ in�)

�1

F

�

) + � � � ; (28)

F

�

2 fa

y

k

a

k

; a

y

�k

a

�k

; a

y

k

a

y

�k

; a

k

a

�k

g;

where for expressing the 
oeÆ
ients in su
h an expansion we have used an inner produ
t

for operators A, B

(AjB) = Tr(A

y

B) (29)

and suitable dual operators

e

F

�

. Using e.g. Glauber states it is quite a simple task to

obtain su
h dual elements of normally order produ
ts. In our 
ase it is suÆ
ient to note

that

g

a

y

k

a

y

�k

= a

y

k

a

y

�k

j0ih0j

g

a

k

a

�k

= j0ih0j a

k

a

�k

g

a

y

k

a

k

= a

y

k

j0ih0j a

k

� j0ih0j: (30)

For algebrai
 reasons it is useful to work with linear 
ombinations of the F

�

. Let

us de�ne

G

0

k

= a

y

k

a

k

+ a

y

�k

a

�k

G

+

k

= jV

k

j

�1

(V

k

a

y

k

a

y

�k

+ V

�

k

a

k

a

�k

)

G

�

k

= jV

k

j

�1

(V

k

a

y

k

a

y

�k

� V

�

k

a

k

a

�k

) (31)

k Su
h a term �nally gives rise to a renormalisation of the many parti
le intera
tions in the e�e
tive

Hamiltonian.
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then we have the exa
t relations

L

(1)

G

0

k

= �2jV

k

j G

�

k

L

(1)

G

+

k

= 0

L

(1)

G

�

k

= 2jV

k

j (G

0

k

+ 1); (32)

and the approximations of the resolvents (28) read

(L

(0)

+ in�)

�1

G

0

k

= G

0

k

w

00

k

(n�)

(L

(0)

+ in�)

�1

G

+

k

= G

+

k

w

++

k

(n�) + G

�

k

w

�+

k

(n�)

(L

(0)

+ in�)

�1

G

�

k

= G

+

k

w

+�

k

(n�) + G

�

k

w

��

k

(n�); (33)

with

w

00

k

(n�) = w

00

�k

(n�) = h0ja

k

f(L

(0)

+ in�)

�1

a

y

k

a

k

ga

y

k

j0i

w

++

k

(n�) = w

��

k

(n�) = � in�h0ja

k

a

�k

f[(L

(0)

)

2

+ n

2

�

2

℄

�1

a

y

k

a

y

�k

gj0i

w

+�

k

(n�) = w

�+

k

(n�) = h0ja

k

a

�k

fL

(0)

[(L

(0)

)

2

+ n

2

�

2

℄

�1

a

y

k

a

y

�k

gj0i: (34)

The physi
al meaning of the approximations (33) to (34) 
an be summarized as follows:

The negle
ted terms vanish with H

in

! 0, so the approximation is useful for weak

internal intera
tions. On the other hand due to the normal ordering, the matrix elements

w

��

k

(n�) 
ontain 
ontributions of all orders in H

in

, whi
h is important for dealing with

the resonant parts of the intera
tion. For the following treatment in the next subse
tion

no further approximations are needed, but it must be shown that the resulting equations

are 
ompatible with the limit �! 0.

3.2. The limit �! 0

Lead by the form of eq.(26) we introdu
e the stati
 
u
tuation

G

�;n

k

(�) = � i[(W (n�)� i(L

(0)

+ in�)

�1

℄L

(1)

G

�

k

h

+ ih0j

n

[(W (n�)� i(L

(0)

+ in�)

�1

℄L

(1)

G

�

k

o

j0ih; � = 0;� (35)

and establish a set of equations for this quantities. The Hamiltonian (26) 
an be written

as

^

H = E

0

+H

(0)

+1=2

X

k;�=�

�hjV

k

jG

�

k

lim

�!0

i�w

�+

k

(�)+1=2

X

k

�h!

k

G

0;1

k

(0

+

)+� � �(36)

and the set of equations for G

�;n

k

(�) is dire
tly obtained from eqs.(27) and (33) yielding

G

0;n

k

(�) = � 2jV

k

jw

��

k

(n�) hfG

�;n+1

k

(�)� G

�;n

k

(�)g+ I

0;n

k

(�) (37)

G

�;n

k

(�) = 2jV

k

jw

00

k

(n�) hfG

0;n+1

k

(�)� G

0;n

k

(�)g+ I

�;n

k

(�) (38)

where the inhomogeneous terms are given by

I

0;n

k

(�) = �4jV

k

j

2

fw

00

k

(n� + �)� w

00

k

(n�)gw

��

k

(n�) h

2

G

0

k

(39)

and

I

�;n

k

(�) = � 4jV

k

j

2

fw

+�

k

(n� + �)� w

+�

k

(n�)gw

00

k

(n�) h

2

G

+

k

� 4jV

k

j

2

fw

��

k

(n� + �)� w

��

k

(n�)gw

00

k

(n�) h

2

G

�

k

: (40)
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Solving for G

0;n

k

(�) we eliminate G

�;n

k

(�) to obtain

G

0;n

k

(�) = � 4jV

k

j

2

w

��

k

(n�)w

00

k

(n� + �)h

2

fG

0;n+2

k

(�)� G

0;n+1

k

(�)g

+ 4jV

k

j

2

w

��

k

(n�)w

00

k

(n�)h

2

fG

0;n+1

k

(�)� G

0;n

k

(�)g

+ I

0;n

k

(�)� 2jV

k

jw

��

k

(n�)fI

�;n+1

k

(�)� I

�;n

k

(�)gh: (41)

In this equation the limits � ! 0 
an be treated. One uses the fa
t that in the matrix

elements w

��

k

(n�) (
f. eq.(34)) there is an expli
it fa
tor �, and L

(0)

produ
es energy

di�eren
es with respe
t to the va
uum state only whi
h have been assumed to be

di�erent from zero. Therefore in eq.(41) the produ
ts w

��

k

(n�)w

00

k

(n� + �) are �nite,

although w

00

k

(n�) diverges with �! 0.

lim

�!0

w

00

k

(n�)w

��

k

(m�) = �m=n lim

�!0

h0ja

k

in� f(L

(0)

+ in�)

�1

a

y

k

a

k

ga

y

k

j0i

� h0ja

k

a

�k

[(L

(0)

)

2

+m

2

�

2

℄

�1

a

y

k

a

y

�k

j0i

= �m=nh0ja

k

fPa

y

k

a

k

ga

y

k

j0ih0ja

k

a

�k

f(L

(0)

)

�2

a

y

k

a

y

�k

gj0i (42)

where P is the proje
tor onto the null spa
e of L

(0)

P = lim

�!0

i� (L

(0)

+ i�)

�1

: (43)

As a 
onsequen
e, with the abbreviation

^

h

2

k

= 4jV

k

j

2

h0ja

k

fPa

y

k

a

k

ga

y

k

j0ih0ja

k

a

�k

f(L

(0)

)

�2

a

y

k

a

y

�k

gj0ih

2

(44)

eq.(41) for �! 0 yields

G

0;n

k

(0

+

) =

n

n+ 1

^

h

2

k

fG

0;n+2

k

(0

+

)� G

0;n+1

k

(0

+

)g

�

^

h

2

k

fG

0;n+1

k

(0

+

)� G

0;n

k

(0

+

)g �

^

h

2

k

1

n+ 1

G

0

k

: (45)

The solution 
an be written as

G

0;n

k

(0

+

) = a(n;

^

h

k

)G

0

k

(46)

with

a(n;

^

h

k

) = �

1

X

m=1

n!

(n+ 2m� 1)!

1

2m� 1

 

(2m)!

m!

!

2

4

�m

^

h

2m

k

: (47)

For a(n = 1;

^

h

k

) the power series 
an be summed to yield

a(1;

^

h

k

) =

q

1�

^

h

2

k

� 1; (48)

so that eq.(36) �nally reads

^

H = E

0

+H

(0)

+ 1=2

X

k

�h!

k

(

q

1�

^

h

2

k

� 1)G

0

k

: (49)

The third term in eq.(36) vanishes. The appearing parameters are determined by the

spe
trum of L

(0)

and its eigenve
tors. In the 
ase of H

in

= 0 one observes that

Pa

y

k

a

k

= a

y

k

a

k

(50)
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and

L

(0)

a

y

k

a

y

�k

= 2!

k

a

y

k

a

y

�k

; (51)

so that eq.(49) 
orre
tly redu
es to the well known result of the Bogoliubov

transformation

^

H = E

0

+

X

k

q

!

2

k

� jV

k

j

2

h

2

a

y

k

a

k

; (

^

H

in

� 0): (52)

For H

in

6= 0 the eigenvalues 2!

k

of L

(0)

split and the width of this splitting is 
ontained

in the threshold parameter

^

h

2

k

.

3.3. Threshold parameter

^

h

k

in the limit �k ! 0

Having found the transformed Hamiltonian (49) we will evaluate the arising parameters

^

h

k

for a small spa
ing of the wave ve
tor 
omponents �k by taking their asymptoti


values �k ! 0 (thermodynami
 limit). For �k ! 0 the energy spe
trum of H

(0)

will

be
ome dense, so we express our parameters by time dependent 
orrelation fun
tions

whi
h then 
an be taken in their Markovian form. In the de�nition (44) of

^

h

k

, the

expression of interest is given by h0ja

k

fPa

y

k

a

k

ga

y

k

j0ih0ja

k

a

�k

fL

(0)�2

a

y

k

a

y

�k

gj0i. For

de
reasing �k the se
ond fa
tor of the produ
t will diverge, as eigenvalues of H

(0)

will approa
h zero, while the �rst fa
tor is expe
ted to tend to zero. We therefore treat

the produ
t as a whole.

Using Lapla
e transform, eq.(44) 
an be written as

^

h

2

k

= jV

k

j

2

h

2

lim

�!0

�

Z

1

0

exp(��t)h0ja

k

fa

y

k

(t)a

k

(t) + a

y

k

(�t)a

k

(�t)ga

y

k

j0idt

�

Z

1

0

exp(��t)h0ja

k

a

�k

fa

y

k

(t)a

y

�k

(t) + a

y

k

(�t)a

y

�k

(�t)gj0idt

�

; (53)

where

a

k

(t) = exp(iL

(0)

t)a

k

= exp(i�h

�1

H

(0)

t) a

k

exp(�i�h

�1

H

(0)

t) (54)

denotes the Heisenberg dynami
s. The 
orre
t order of the limits, i.e. �rst � ! 0 and

then �k ! 0 is in general important for our 
onsiderations. Employing properties of

Lapla
e transforms (
f. Appendix B) we 
an however show that we 
an negle
t here

the fa
tors exp(��t) provided that in the thermodynami
 limit the time dependent


orrelation fun
tions in the integrands de
ay to zero for t ! 1 suÆ
iently fast. Thus

the result essentially 
orresponds to a 
hange of the order of the limits.

The 
orrelation fun
tions in (53) will be 
al
ulated by expanding the Heisenberg

operators a

y

k

(t) into powers of the strength of the intera
tion H

in

for �xed one parti
le


orrelation fun
tions �

k

(t) [14℄

a

y

k

(t) = a

y

k

�

k

(t) + � � � ; (55)

where

�

k

(t) = h0j

n

a

k

exp(iL

(0)

t)a

y

k

o

j0i = h0ja

k

exp(i=�hH

(0)

t)a

y

k

j0i: (56)
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Inserting the lowest order of (55) into (53) whi
h 
orresponds to a fa
toring a

ording

Wi
k's theorem, and using the Markovian approximation for �

k

(t),

�

k

(t) = exp (i!

k

t+ i�!

k

t� �

k

t) ; (57)

one �nally obtains from (53)

^

h

2

k

= 4jV

k

j

2

h

2

Z

1

0

j�

k

(t)j

2

dt� Re

Z

1

0

�

k

(t)�

�k

(t)dt

= jV

k

j

2

h

2

(!

k

+�!

k

)

2

+ �

2

k

: (58)

This result shows that the values of

^

h

2

k

are lowered by the damping rates. The expli
it

damping rates and frequen
y shifts may be derived from Mori's theory [15℄ or other

methods of many body theory yielding in lowest order

�

k

1

=

X

k

2

k

3

2jV

k

1

;k

2

k

3

j

2

�Æ(!

k

1

� !

k

2

� !

k

3

) (59)

�!

k

1

=

X

k

2

k

3

2jV

k

1

;k

2

k

3

j

2

Pr

1

!

k

1

� !

k

2

� !

k

3

: (60)

In some regions of wave numbers k it 
an o

ur that the simple form (59) for �

k

vanishes,

as energy and momentum 
annot simultaneously be 
onserved. In su
h 
ases higher

order intera
tions of H

in

must be 
onsidered in �

k

, but this does not a�e
t the validity

of eq.(58).

4. Result and dis
ussion

We have performed a unitary transformation of the given Hamiltonian H into a

Hamiltonian

^

H whi
h a

ording to eqs.(49) and (31) 
an be written as

^

H = E

0

+ �h

X

k

!̂

k

(h) a

y

k

a

k

+ �h

X

k

1

k

2

k

3

(

^

V

k

1

;k

2

k

3

(h)a

y

k

1

a

k

2

a

k

3

+

^

V

k

1

;k

2

k

3

(h)

�

a

y

k

2

a

y

k

3

a

k

1

) + � � � : (61)

The frequen
ies !̂

k

(h) follow from the pre
eding se
tion and will be dis
ussed later. The

higher order intera
tions

^

V

k

1

;k

2

k

3

(h) have not been 
onsidered expli
itly. Their origin

and oder of magnitude will be 
onsidered at the end.

We �rst will dis
uss the general result (61) from a point of view whi
h makes the


onne
tion to the usual Bogoliubov transformation more transparent. A

ording to

eq.(16) we have

^

H = T (0)HT (0)

y

. Therefore introdu
ing a unitary transformation of

the 
reation, or annihilation operators respe
tively by

â

y

k

= T (0)

y

a

y

k

T (0) (62)

we 
an perform T (0)

y

^

HT (0) and express the original Hamiltonian in terms of operators

(62). From eqs.(1) and (61) we expli
itly �nd

�h

X

k

!

k

a

y

k

a

k

+ h �h=2(

X

k

V

k

a

y

k

a

y

�k

+ V

�

k

a

k

a

�k

)
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+ �h

X

k

1

k

2

k

3

(V

k

1

;k

2

k

3

a

y

k

1

a

k

2

a

k

3

+ V

�

k

1

;k

2

k

3

a

y

k

2

a

y

k

3

a

k

1

) + � � �

= E

0

+ �h

X

k

!̂

k

(h) â

y

k

â

k

+ �h

X

k

1

k

2

k

3

(

^

V

k

1

;k

2

k

3

(h)â

y

k

1

â

k

2

â

k

3

+

^

V

k

1

;k

2

k

3

(h)

�

â

y

k

2

â

y

k

3

â

k

1

) + � � � : (63)

Inspe
tion of eq.(63) shows that the passage to the new 
reation and annihilation

operators removes the intera
tion hH

(1)

in the Hamiltonian, and gives rise to frequen
ies

and intera
tions whi
h depend on the 
oupling strength h. Thus the used transformation

has the feature of a Bogoliubov transformation, although we did not try to evaluate (62)

as a fun
tion of the given a

y

k

and a

k

. To �nd this fun
tion for non vanishing H

in

seems

to be extremely diÆ
ult, as one is for
ed to separate the phase fa
tors in the starting

time dependent transformation and must �nd the de
omposition (14). Therefore it is

a �rst step to obtain the resulting frequen
ies !̂

k

(h). They are suÆ
ient to determine,

how the bare threshold for h is modi�ed by the internal intera
tion H

in

, and allow for

a perturbative treatment of the eigenvalues.

The results of !̂

k

(h) follow from eqs.(49), (31), (58), to be

!̂

k

(h) =

v

u

u

t

(!

k

+�!

k

)

2

+ �

2

k

� jV

k

j

2

h

2

(!

k

+�!

k

)

2

+ �

2

k

!

k

: (64)

The quantities �!

k

and �

k

denote the frequen
y shifts and damping rates of the


orrelation fun
tions (56).

The essential point of the results for !̂

k

(h) is, that they show a threshold for the


oupling strength, h

2

� h

2

th

, with

h

2

th

= min

k

f

(!

k

+�!

k

)

2

+ �

2

k

jV

k

j

2

g: (65)

This value is in a

ordan
e with dynami
al 
onsiderations [7℄ whi
h have been mentioned

in the introdu
tion. The question, what will happen beyond this threshold, 
annot

generally be answered. In the 
ase of H

in

= 0, the energy spe
trum of H be
omes


ontinuous, and dis
rete ex
itations !̂

k

(h) no longer exist. For intera
tions H

in

6= 0, the

behavior will depend on the stru
ture and strength of the higher parti
le intera
tions

whi
h up to now 
an just enter into the results via frequen
y shifts and damping rates.

These intera
tions 
an preserve the dis
rete spe
trum of H

in

, whi
h has been assumed

from the beginning, but in this 
ase the states for h > h

th

, must be entirely di�erent

from those for H

in

= 0, so that the subspa
e of the Liouville spa
e used in se
tion 3

must be enlarged. One might spe
ulate, that the situation is similar to that of a phase

transition.

We have 
on�ned the expli
it evaluation in se
tion 3 to the lowest nontrivial order.

The evaluation of the intera
tions

^

V

k

1

;k

2

k

3

(h) 
an be performed in a similar fashion, e.g.

by expanding eq.(26) in powers of 
reation an annihilation operators and solving the


orresponding linear equations in terms of 
orrelation fun
tions. For the subthreshold

behaviour h

2

< h

2

th

these intera
tions follow from the negle
ted terms in eqs.(26) and
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(33) to be of the order of magnitude of the internal 
oupling H

in

and thus will not play

an essential role for the low temperature regime. As just mentioned the intera
tions

be
ome 
ru
ial above this threshold, as the spe
tral stru
ture of the Hamiltonian 
hanges


onsiderably. Sin
e the lowest nontrivial order of our perturbation expansion already

breaks down we suppose that su
h a regime 
alls for a 
ompletely di�erent type of

perturbation s
heme. We leave this point for further investigation.

5. Outlook

The steady state of periodi
ally driven systems beyond linear response is important

for nonlinear resonan
e experiments in magneti
 samples . For the parallel pump in

ferromagneti
 materials one 
an use the 
oupled os
illators treated in this paper [7℄. In

this 
ase the Hamiltonian 
onsists of the time independent part H = H

harm

+H

in

given

by eqs.(2) and (3), while the pump term is a generalization of hH

(1)

H

p

= �h h=2

X

k

(exp(�i!t)V

k

a

y

k

a

y

�k

+ exp(i!t)V

�

k

a

k

a

�k

): (66)

The formulation of a steady state for this periodi
ally driven system is 
losely related

to the unitary transformation dis
ussed in this paper.

In [9℄ it was generally shown that for a ma
ros
opi
 periodi
 Hamiltonian H +

h

P

m

exp(im!t)H

m

, one 
an des
ribe the time dependen
y of the statisti
al operator for

times longer than internal relaxation times by a statisti
al operator whi
h is 
onstru
ted

with help of an adiabati
ally 
hanging amplitude exp(�t)h, taking � smaller than the

inverse re
urren
e time (
f. [16, 17, 18℄ for appli
ations). Omitting details one obtains

for the the steady state

�

st

(t) = Z

�1

expf��Q(t; h)H

a

(exp(�t)h)Q

y

(t; h)g; (67)

where the unitary operator Q(t; h) is nearly periodi
 with the driving period

Q(t+ �; h) = Q(t; exp(��)h) (68)

and H

a

(h) is to be 
al
ulated from

H

a

(h) = lim

t!�1

U(t; 0)

y

HU(t; 0) (69)

with the time evolution

�

�t

U(t; 0) = �i�h

�1

fH + exp(�t)h

X

m

exp(im!t)H

m

gU(t; 0): (70)

The initial state at t = 0 just determines the inverse temperature in eq.(67). The result

for eq.(69) is similar to the starting formula (18) in se
tion 2. The di�eren
e is that in

the driven 
ase H is independent of h , and the equation of motion (70) for U(t; 0) has

a further periodi
 time dependen
y. These points, however, also allow for the method

of se
tion 3, if a suitable subset in Liouville spa
e 
an be found. In some respe
t the


al
ulation of (69) is simpler than that of

^

H, as the series for H

a

(h) in powers of h is of
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the type (A.3) . It is also possible to �nd the power series expansion of the full exponent

of �

st

(t) in whi
h only powers of y = � exp(�t)h appear

H

st

(t) = Q(t; h)H

a

(exp(�t)h)Q

y

(t; h) = H + y

X

m

1

exp(im

1

!t)fL+m

1

! � i�g

�1

L

m

1

H

+y

2

X

m

1

;m

2

exp(i(m

1

+m

2

)!t)fL+ (m

1

+m

2

)! � 2i�g

�1

L

m

2

fL+m

1

! � i�g

�1

L

m

1

H

+ � � � (71)

The 
onsequen
e for our driven system is that, negle
ting H

in

in eq.(71), one has

the same subspa
e as used se
tion 3. Therefore for H = H

harm

with the pump term

(66), one 
an exa
tly evaluate the exponent (71) of the statisti
al operator whi
h then

reads

H

st

(t)j

�!0

= 
onst. +

X

k

�h!

k

sign(!

k

� !=2)

q

(!

k

� !=2)

2

� jV

k

j

2

h

2

�f(!

k

� !=2)a

y

k

a

k

+ h=2(exp(�i!t)V

k

a

y

k

a

y

�k

+ exp(i!t)V

�

k

a

k

a

�k

)g; (72)

provided min

k

fjV

k

j

�2

(!

k

� !=2)

2

g 6= 0. For the 
ase H

in

6= 0, one expe
ts, that an

approximation 
orresponding to eq.(28), will modify the result (72) by damping rates

and frequen
y shifts similar to eq.(64). For this 
al
ulation however, the s
aling (42)

with an � smaller than the inverse re
urren
e time together with the thermodynami


limit must be reexamined.

A former attempt to 
al
ulate �

st

for the parallel pump [19℄ was restri
ted to the 
ase

of a time independent rotated Hamiltonian. Regarding four magnon intera
tions, the

author 
ould show, that this intera
tion stabilizes the system in a way, whi
h is known

from the very su

essful phenomenologi
al S{Theory [7℄. The damping rates, however,


ould not be in
orporated in �

st

, so that the threshold for the driving amplitude was

redu
ed to zero. As the approa
h of our paper provides a possibility to take the damping

rates in the Hamiltonian into a

ount, one 
an expe
t that taking all these ideas together,

there is a 
han
e to �nd a 
omplete mi
ros
opi
 formulation for the steady state of a

parallel pumped system.
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Appendix A. Properties of the transformed Hamiltonian

It will be shown that the transformed Hamiltonian

^

H 
ommutes with H

(0)

. Further it

is pointed out that in some 
ases

^

H 
an be obtained from a set of di�erential equations

with respe
t to the 
oupling.



Bogoliubov 
oupled os
illators 15

Appendix A.1. Di�erential equation for U(1)H

A

ording to eq.(21) we must �nd lim

t!1

U(t)H. Therefore a di�erential equation for

this quantity is established. For the formalism of se
tion 2 the spe
ial de
omposition

(1) of H is not needed. Thus for �xed h in H we introdu
e

L

x

(t) = L� x exp(��t)L

(1)

; (A.1)

and make use of L

x=h

(t) = L(t) and L

x=0

(t) = L at the end. The equation of motion

for U

x

(t) is de�ned as

�

�t

U

x

(t) = iU

x

(t)L

x

(t): (A.2)

So from its Lapla
e transform one easily �nds the expansion of lim

t!1

U

x

(t)H =

lim

s!0

sW

x

(s)H into powers of x

lim

t!1

U(t)H = H + x (L + i�)

�1

L

(1)

H + x

2

(L+ 2i�)

�1

L

(1)

(L + i�)

�1

L

(1)

H

+ x

3

(L+ 3i�)

�1

L

(1)

(L + 2i�)

�1

L

(1)

(L+ i�)

�1

L

(1)

H + � � � : (A.3)

Applying L� xL

(1)

to this series yields

i (L� xL

(1)

) lim

t!1

U

x

(t)H = �x

�

�x

lim

t!1

U

x

(t)H: (A.4)

This equation 
an also be obtained without expli
itly using the power series. For the

validity of the result it is important that the limit t!1 and the derivative with respe
t

to x 
an be inter
hanged.

Appendix A.2. Consequen
es for

^

H

Let us de�ne

^

H

x

= lim

�!0

lim

t!1

U

x

(t)H; (A.5)

then one sees that

^

H

x=h

=

^

H;

^

H

x=0

= H: (A.6)

Taking �! 0 in (A.4) implies

(L� xL

(1)

)

^

H

x

= 0: (A.7)

This means, that for x = h it must hold

[H

(0)

;

^

H℄ = 0: (A.8)

The di�erential equation (A.4) does not only imply the 
ommutator of

^

H with H

(0)

,

but 
an also serve, to determine

^

H itself. De�ne the proje
tion operator P

x

onto the

null spa
e of L� xL

(1)

, then it follows from (A.7) that

P

x

^

H

x

=

^

H

x

(A.9)

whereas eqs.(A.4) and (A.5) yield

P

x

�

�x

^

H

x

= 0: (A.10)
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If one has a basis of the null spa
e of L� xL

(1)

, eq.(A.10) provides a set of di�erential

equations for the 
oeÆ
ients of the basis ve
tors, and allows to 
al
ulate

^

H

x=h

=

^

H.

We will illustrate this possibility for two simple examples.

The �rst example again shows the general form of

^

H, although the method is not

appropriate for pra
ti
al use. Let have H

x

= H� xH

(1)

= H

(0)

+ (h� x)H

(1)

an energy

spe
trum whi
h is not degenerate

H

x

jn

x

i = E

n

(h� x)jn

x

i; hn

x

jm

x

i = Æ

nm

; (A.11)

then P

x

a
ting onto F in Hilbert spa
e gives P

x

F =

P

m

jm

x

ihm

x

jFjm

x

ihm

x

j, so that

from eqs.(A.9) and (A.10) it follows

^

H

x

=

X

n




n

(x)jn

x

ihn

x

j; P

x

�

�x

^

H

x

=

X

n




0

n

(x)jn

x

ihn

x

j = 0; (A.12)

i.e. 


0

n

(x) = 0. Together with 


n

(x) = 


n

(0) = E

n

(h) it therefore results

^

H =

^

H

x=h

=

X

n

E

n

(h)jn

(0)

ihn

(0)

j (A.13)

whi
h means that the Hamiltonian H is transformed to the eigenbasis fjn

x=h

i = jn

(0)

ig

of H

(0)

. It is 
lear that this is just another way to obtain the result of the adiabati


theorem. In the approa
h through eq.(A.10) however, diverging phase fa
tors are

eliminated from the beginning.

If the null spa
e of L � xL

(1)

o

urring in eq.(A.10) 
an be restri
ted to a �nite

subspa
e, then the resulting di�erential equations may be useful to 
al
ulate

^

H. We

will illustrate this point dealing with an example. For simpli
ity we take one os
illator

with

H

(0)

= �h! a

y

a; H

(1)

= �h=2V (a

y

a

y

+ aa): (A.14)

As L � xL

(1)

does not lead out of the spa
e spanned by a

y

a

y

; aa; a

y

a; 1, P

x

a
ting

onto this spa
e produ
es a linear 
ombinations of the two possible operators, H

x

=

H

(0)

+ (h� x)H

(1)

, and unity. We therefore 
an write

^

H

x

= 


0

(x) + 
(x)H

x

(A.15)

with the initial 
ondition

^

H

x=0

= H

x=0

. This ansatz ful�lls eq.(A.9), whereas eq.(A.10)

yields

P

x

�

�x

^

H

x

= 


0

0

(x) + 


0

(x)H

x

� 
(x)P

x

H

(1)

= 0: (A.16)

So with the expli
it expression for P

x

H

(1)

P

x

H

(1)

= lim

�!0

i�(L�xL

(1)

+i�)

�1

H

(1)

= �V

2

(h�x)f!

2

�V

2

(h�x)

2

g

�1

(�h!=2+H

x

)(A.17)

one obtains the di�erential equations

0 = 


0

(x) + V

2

(h� x)f!

2

� V

2

(h� x)

2

g

�1


(x)

0 = 


0

0

(x) + �h!V

2

(h� x)f2(!

2

� V

2

(h� x)

2

)g

�1


(x): (A.18)
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Integration with the initial 
onditions 
(0) = 1 and 


0

(0) = 0 yield the well known result

^

H =

^

H

x=h

= 


0

(h) + 
(h)H

(0)

= �h=2 (

p

!

2

� V

2

h

2

� !) + �h

p

!

2

� V

2

h

2

a

y

a: (A.19)

It remains the question, whether the di�erential equations (A.10) 
an be used in

more general 
ases by taking an ansatz in a restri
ted null spa
e,

^

H

x

=

P

0

�




�

(x)P

x

G

�

,

and trun
ating P

x

�

�x

^

H

x

. There seems to be 
han
e to �nd su
h an approa
h for the

system treated in the text, as our basi
 results follow from algebrai
 methods for

inverting Liouville operators.

Appendix B. On the thermodynami
 limit

Let

f

�k

(t) =

X




f




exp(i
t)

g

�k

(t) =

X




0

g




0

exp(i


0

t) (B.1)

denote the 
orrelation fun
tions appearing in eq.(53) for a system of �nite size. We

assume that sensible thermodynami
 limits �k ! 0 exist. Time reversal symmetry of

the 
orrelation fun
tions and the properties of the va
uum state imply that

f




= f

�


; g




0

= g

�


0

; g




0

=0

= 0: (B.2)

The spe
trum of the 
onvolution whi
h is determined by

f

�k

(t)
 g

�k

(t) =

Z

1

�1

F

�k

(!) exp(i!t) d! (B.3)


onsists of 
ourse of a sum of distributions

F

�k

(!) =

X


6=


0

Æ(! � 
)� Æ(! � 


0

)

i(
� 


0

)

f




g




0

+ i

X




0

6=0

Æ

0

(! � 


0

)f




0

g




0

: (B.4)

Applying Lapla
e transform to eq.(B.3) and taking the limit s! 0 we arrive at

lim

s!0

�

Z

1

0

exp(�st)f

�k

(t) dt

Z

1

0

exp(�st)g

�k

(t) dt

�

= lim

s!0

Z

1

�1

1

s� i!

F

�k

(!) d! = �

Z

1

�1

1

i!

F

�k

(!) d!: (B.5)

For the last step we need that the �nal integral exists. Straightforward algebra using the

properties (B.2) shows that the value of the integral is given by f


=0

P




0

6=0

g




0

=(


0

)

2

and

that it remains �nite in the thermodynami
 limit. If we now perform the thermodynami


limit �k ! 0 in eq.(B.5) we obtain

lim

�k!0

lim

s!0

�

Z

1

0

exp(�st)f

�k

(t) dt

Z

1

0

exp(�st)g

�k

(t) dt

�

= �

Z

1

�1

1

i!

F

�k!0

(!) d! =

Z

1

0

f

�k!0

(t) dt

Z

1

0

g

�k!0

(t) dt: (B.6)

The last expression just follows using the inverse Fourier transform of eq.(B.3) and

observing that the spe
trum a

ording to eqs.(B.2) and (B.4) obeys the symmetry

F

�k!0

(!) = �F

�k!0

(�!).
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