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1. Introdu
tion

Although 
ontrol of 
haos by time{delayed feedba
k has been introdu
ed more than one

de
ade ago [1℄ it is still one of the most a
tive �elds in applied nonlinear s
ien
e [2℄.

Several variants of the original time{delayed feedba
k s
heme have been proposed to

improve the 
ontrol performan
e. Among those are s
hemes employing multiple delays

to stabilise strongly unstable orbits [3℄ or s
hemes using modulation of the 
ontrol

parameters with a period di�erent from the periodi
 target state [4, 5℄ to over
ome

the so 
alled odd number limitation from whi
h time{delayed feedba
k 
ontrol su�ers

[6℄. It has been reported re
ently that time{dependent modulation improves the 
ontrol

performan
e in autonomous systems by several orders of magnitude [7, 8℄. Whereas

in autonomous systems the phase of a periodi
 target state does not play a signi�
ant

role a phase sele
tion me
hanism may take pla
e when a time{dependent 
ontrol loop

is applied. Thus removing the Goldstone mode of the original dynami
s the 
ontrol

performan
e may be enhan
ed. We study the very basi
 nature of this me
hanism

with analyti
 tools by investigating the simplest time dis
rete model subje
ted to time{

delayed feedba
k 
ontrol. Applying standard linear stability analysis we dis
uss in

detail the 
hange in 
ontrol performan
e indu
ed by the external time{dependen
e of

the 
ontrol loop.

2. Modulated 
ontrol of the logisti
 map

Consider the logisti
 map subje
ted to time{delayed feedba
k 
ontrol for stabilising a

periodi
 orbit of period p. The equation of motion reads

x

n+1

= 1� �x

2

n

+K

n

(x

n

� x

n�p

) : (1)

Whereas the original Pyragas s
heme 
orresponds to a �xed value of the 
ontrol

amplitudeK

n

� K we are here 
onsidering the in
uen
e of a time{dependent parameter

having the same period as the target state, K

n

= K

n+p

. We are investigating

the simplest nontrivial 
asez p = 2, i.e. 
ontrol of the period{two orbit x

�

0=1

=

(1�

p

4�� 3)=(2�). The periodi
 modulation of the 
ontrol amplitude reads K

2`

= K

0

,

K

2`+1

= K

1

. It is already obvious that for su
h a 
hoi
e the phase of the orbit matters.

Whereas for the plain logisti
 map the \two" orbits x
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are identi
al the initial phase enters the 
ontrol problem sin
e the 
ontrol amplitude K

n

is time dependent.

For the theoreti
al analysis we resort to linear stability analysis. For that purpose

we rewrite eq.(1) as a �rst order di�eren
e equation of higher dimension. Introdu
ing

z In our model the time{dependent modulation does not matter for �xed points. Only the time average

will determine the stability.
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where

f

K

(x; x

0

) = 1� �x

2

+K(x� x

0

) (3)

denotes the right hand side of eq.(1). The period{two orbit z
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= (x

�

0

; x

�

1

; x

�

0

), z
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=

(x
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) is of 
ourse determined by the �xed point of the se
ond iterate of the map

(2), where the two di�erent 
hoi
es F

K

1

(F

K

0

(z)) and F

K

0

(F

K

1

(z)) 
orrespond to opposite

phases between the orbit and the 
ontrol loop. Thus the stability properties of the orbit

may depend on the phase. It is of 
ourse suÆ
ient to analyse one 
ase, e.g. F

K

1

(F

K

0

(z)),

sin
e the other 
hoi
e is just obtained by inter
hanging the values of K

0

and K

1

in the

�nal result.

Linearision of the equation of motion (2) results in the Ja
obian matrix
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and �

`

denotes the derivative with respe
t to the `

th

argument. The 
hara
teristi


equation determining the stability of the target state is obtained from the matrix (4) as
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where the abbreviation z :=

p

4�� 3 
ontains the dependen
e on the parameter of the

map. Obviously the 
hara
teristi
 equation is asymmetri
 in K

0

and K

1

re
e
ting the

possible preferen
e of a parti
ular phase. For su

essful 
ontrol all eigenvalues � must

be smaller than one in modulus. The Jury 
riterion (
f. appendix) yields ne
essary and

suÆ
ient 
onditions for stability.

3. Linear stability analysis of the 
ontrol problem

Instead of using the 
ontrol amplitudes K

0

and K

1

it is more 
onvenient to introdu
e

the mean value and the amplitude of the modulation

� =

1

2

(K
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+K

1

); � =
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2

(K

1

�K

0

) : (7)
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Evaluating the stability using eq.(6) and the Jury 
riterion (
f. appendix) is

straightforward. Before dwelling on the general 
ase we �rst summarise the results

for the original time{delayed feedba
k s
heme without modulation.

For K

0

= K

1

= K, i.e � = 0 and � = K the saddle node 
riterion (A.2) yields

z

2

= 4� � 3 > 0 whi
h is always satis�ed for parameter values where the period{two

orbit exists. The 
riterion indi
ating period doubling bifur
ations, eq.(A.3), reads

z

2

= 4�� 3 < (2K � 1)

2

+ 1 : (8)

The �rst Hopf 
riterion (A.4) yields the 
onstraint K

2

< 1. Thus the 
ontrol

amplitude may be limited from the very beginning to the domain jKj < 1. The se
ond

Hopf 
riterion (A.5) yielding the two inequalities (A.6) and (A.7) �nally leads to the


onstraints

z

2

= 4�� 3 < (2K + 1)(1�K

2

)=K

2

(9)

and

z

2

= 4�� 3 > �(2K

2

� 2K + 1)(1�K

2

)=K

2

: (10)

Sin
e the right hand side of eq.(10) is negative in view of the 
onstraint jKj < 1, the

inequality (10) does not yield a 
ondition for the 
ontrol domain. Thus we just need to


onsider the inequalities (8), (9), jKj < 1, and z

2

= 4� � 3 > 0. Figure 1 summarises

the results of our analysis. We obtain a "lower" 
ontrol threshold 
aused by a period

doubling bifur
ation and an "upper" threshold through a Hopf instability. The 
ontrol

domain shows for z

2

> 2 the typi
al triangular shape (
f. Figure 1, the part of the

hat
hed area above the dotted line) whi
h is known from general 
onsiderations on

time{delayed feedba
k 
ontrol [9℄. In parti
ular, 
ontrol fails if the Lyapunov exponent

of the unstable orbit ln jz

2

� 1j be
omes too large.

Let us now investigate how the 
ontrol properties 
hange when a modulation of

�nite amplitude � is applied. For that purpose we evaluate the stability 
riteria (A.2),

(A.3), (A.4), (A.6), and (A.7) for the polynomial (6). The 
ondition on the saddle node

bifur
ation (A.2) again results in z

2

= 4��3 > 0. The period doubling 
onstraint (A.3)

yields (
f. eq.(8))

(z + 2�)

2

< (2�� 1)

2

+ 1 : (11)

The �rst Hopf 
ondition (A.4) leads to

(�

2

��

2

)

2

< 1 : (12)

Finally the se
ond type of Hopf 
onstraint, eqs.(A.6) and (A.7), results in (
f. eq.(9))

(�
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2
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2

� 2�(1� �

2

+�

2
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2
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2

) (13)

and (
f. eq.(10))
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2
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2

+�

2

) : (14)
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Figure 1. Control domain for plain time{delayed feedba
k 
ontrol of the period{two

orbit of the logisti
 map. (PD) (full line): boundary 
aused by period doubling (
f.

eq.(8)), (H2.1) (broken line): boundary 
aused by Hopf instability (
f. eq.(9)). The

hat
hed area indi
ates the stable domain. For parameter values z

2

< 2 (i.e. below the

dotted line) there is no need for 
ontrol sin
e the free system K = 0 already has a

stable period{two orbit.

It is not easy to spot the in
uen
e of the modulation � on the stability diagram.

Con
erning the period doubling threshold (11) the modulation shifts the boundary

in verti
al dire
tion so that for negative � an in
rease of 
ontrol performan
e is

expe
ted. We re
all that di�erent signs of � just 
orrespond to the two di�erent phase

lags between the orbit and the 
ontrol loop. For the boundaries generated by Hopf

instabilities no su
h simple dependen
e 
an be obtained from eqs.(13) and (14). Figure

2 
ontains 
ontrol diagrams for di�erent values of the modulation amplitude. As in

the 
ase without modulation only the 
onditions (11) and (13) determine the 
ontrol

boundaries. Negative amplitudes in
rease the 
ontrol domain till �nally the period

doubling 
onstraint disentangles from the Hopf 
ondition at about � � �0:6. For

smaller � values the 
ontrol domain de
reases again. An additional boundary appears

at small values of z

2

= 4�� 3 whi
h is 
aused by the se
ond root of the period doubling


onstraint (11). This boundary shifts upwards if � is de
reased. In 
on
lusion, there

exists an optimal value for the modulation amplitude. Above all a remarkable 
hange

of the size of the 
ontrol domain is observed for � values with di�erent sign expressing

the preferen
e of a parti
ular phase lag.

4. Con
lusion

As shown by the previous analysis modulated time{delayed feedba
k 
ontrol enhan
es

the 
ontrol performan
e of autonomous systems. As time{dependent modulation breaks

the time translation invarian
e 
ertain phase lags between the periodi
 orbit and the


ontroller are sele
ted due to enhan
ed stability properties. In our parti
ular model the
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Figure 2. Control domain for modulated time{delayed feedba
k 
ontrol of the period{

two orbit of the logisti
 map (
f. �gure 1). (PD) (full line): boundary 
aused by period

doubling (
f. eq.(11)), (H2.1) (broken line): boundary 
aused by Hopf instability (
f.

eq.(13)). The hat
hed area indi
ates the stable domain. Parameter values z

2

< 2 (i.e.

below the dotted line) yield stable period{two orbits even without 
ontrol. Plots in

the same row 
orrespond to opposite phase lags.

period{two orbit, whi
h a

ording to the plain time{delayed feedba
k method 
an be

stabilised in a limited parameter range only, be
omes a

essible for 
ontrol in mu
h larger

parameter domains. As a modulation of 
ontrol parameters is trivial to implement in

experimental setups the method looks promising from the point of view of appli
ations.

Our analysis 
an be 
arried out for higher periodi
 orbits as well. We expe
t

a similar in
uen
e of phase lags on the 
ontrol performan
e but the full analyti
al

dis
ussion be
omes quite tedious even if one sti
ks to simple one{dimensional maps. In

addition, one has to keep in mind that 
ontrol of orbits with high periods may 
all for
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extended 
ontrol s
hemes [3℄ be
ause of the limitations mentioned above.

Modulated 
ontrol sele
ts a parti
ular phase lag of the target state. Thus the 
ontrol

method may be also feasible for phase lo
king and enhan
ement of syn
hronisation

between di�erent subsystems. Of 
ourse su
h advan
ed topi
s require the investigation

of model systems whi
h are far beyond our simple toy example.

We expe
t that our results show some generi
 features of modulated time{delayed

feedba
k 
ontrol. As the in
uen
e of modulated 
ontrol already shows up in �rst order

when a perturbation expansion in terms of the modulation amplitude is appliedx, the

sign of the modulation amplitude matters. Thus the 
ontrol performan
e is either

suppressed or enhan
ed depending on the sign of the phase lag between the orbit and

the 
ontroller. But of 
ourse general properties of the 
ontrol s
heme in
luding global

features are at the 
urrent stage diÆ
ult to predi
t.
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Appendix: Jury 
riterion

For the linear stability of a general time{dis
rete dynami
al system all the roots of the


hara
teristi
 equation

P (�) = a

0

+ a

1

�+ � � �+ a

N

�

N

= 0 (A.1)

must be 
ontained in the unit 
ir
le, j�j < 1. De
ades ago a ne
essary and suÆ
ient


riterion for su
h a 
ondition has been derived by S
hur and Cohn [10℄ and then further

simpli�ed by Jury [11℄. It is quite well established in the engineering 
ontext but hardly

referen
ed in the physi
s literature. In fa
t, the 
onditions on the 
oeÆ
ients for general

N are quite 
umbersome and we here just 
on�ne to the 
ase N = 3. Assuming without

loss of generality a

3

> 0 the Jury 
riterion reads

(SN) : P (1) = a

0

+ a

1

+ a

2

+ a

3

> 0 (A.2)

(PD) : P (�1) = a

0

� a

1

+ a

2

� a

3

< 0 (A.3)

(H1) : a

3

> ja

0

j (A.4)

(H2) : ja

2

3

� a

2

0

j > ja

1

a

3

� a

0

a

2

j : (A.5)

If one looks at the borderline 
ases, i.e. when one of the inequalities be
omes an identity,

then an instability in the 
orresponding dynami
al system takes pla
e. Condition (SN)

implies that a root � = 1 appears, i.e. a saddle node bifur
ation happens, whereas for

(PD) � = �1 solves the 
hara
teristi
 equation 
ausing a period doubling bifur
ation.

The two remaining 
ases (H1) and (H2) ea
h 
orrespond to a 
omplex 
onjugated pair

x The �rst order vanishes when some symmetry properties are met like e.g. for 
ontrol through

eigenmodes (
f. [7℄).
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on the unit 
ir
le indi
ating a Hopf bifur
ation. Condition (A.5) may be simpli�ed

further taking the inequality (A.4) into a

ount.

(H2.1) : a

2

3

� a

2

0

> a

1

a

3

� a

0

a

2

(A.6)

(H2.2) : a

2

3

� a

2

0

> a

0

a

2

� a

1

a

3

(A.7)

There exists a simple link between the Jury 
riterion and the Hurwitz 
riterion [12℄

whi
h is more 
ommon in the physi
s literature and whi
h applies to time 
ontinuous

systems. If

Q(�) = b

0

�

N

+ b

1

�

N�1

+ � � �+ b

N

(A.8)

denotes the 
hara
teristi
 polynomial where b

0

> 0, then the ne
essary and suÆ
ient


ondition for all roots � having negative real part 
an be expressed in terms of

inequalities for determinants

H

1
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1

> 0; H

2

=

�

�

�

�

�

b

1

b

3

b

0

b

2

�

�

�

�

�

> 0; H

3

=

�

�

�

�

�

�

�

b

1

b

3

b

5

b

0

b

2

b

4

0 b

1

b

3

�

�

�

�

�

�

�

> 0; : : : H

N

> 0 (A.9)

where all matrix elements b

n>N

have to be repla
ed by zero. The Hurwitz 
riterion is

mu
h simpler to formulate for general N than the Jury 
riterion. In fa
t, both 
riteria


an be related to ea
h other. Noting that

� = (1 + �)=(1� �) (A.10)

yields a 
onformal mapping from the left half 
omplex plane to the inner of the unit


ir
le we 
an rewrite eq.(A.1) as a polynomial to whi
h the Hurwitz 
riterion 
an be

applied

0 = (1� �)

N

P

�

1 + �

1� �

�

= a

0

(1� �)

N

+ a

1

(1� �)

N�1

(1 + �) + � � �+ a

N

(1 + �)

N

: (A.11)

But even this approa
h be
omes quite 
umbersome for general N .
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