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1. Introdu
tion

Spe
tral properties of linear operators play an important role in quite diverse �elds of

theoreti
al physi
s, e.g. the time evolution operator in dynami
al systems theory, the

Hamiltonian in quantum me
hani
s, and transfer operators in equilibrium statisti
al

me
hani
s. Various types of �{fun
tions have been introdu
ed as a tool to evaluate the

spe
trum of linear operators [1℄. Roughly speaking �{fun
tions provide an intelligent

way for writing down the 
hara
teristi
 equation of a linear operator. In parti
ular

there exist suitable expansion and approximation s
hemes for evaluating �{fun
tions in a

systemati
 way (
f. e.g. the seminal arti
le [2℄ on 
y
le expansions of dynami
al systems).

Evaluating the analyti
 behaviour one is able to determine e.g. ergodi
 properties of

dynami
al systems, spe
tral properties like the density of states in quantum physi
s, or

the partition fun
tion and spatial 
orrelations in statisti
al physi
s (
f. [3℄ and referen
es

theirin for a 
omprehensive overview).

The analyti
al properties of �{fun
tions are therefore of great interest. Only in

simple 
ases, like uniformly hyperboli
 dynami
al systems or statisti
al me
hani
s in

the high{temperature phase, one has to some extent an overview over the analyti
al

stru
ture. Qualitative 
hanges like bifur
ations in dynami
al systems or thermodynami


phase transitions in statisti
al physi
s are re
e
ted by qualitative 
hanges of the

spe
trum of the 
orresponding linear operator and thus leave 
hara
teristi
 �ngerprints

in the analyti
 properties of �{fun
tions. Classi
al examples are intermittent motion

whi
h 
auses bran
h points [4℄, phase transition behaviour in spin 
hains 
aused by

long range intera
tions [5, 6℄, or anomalous transport in low{dimensional deterministi


dynami
al systems [7℄. But there are only a small number of examples available where

the �{fun
tion 
an be evaluated by analyti
al means.

Here we 
ompute the �{fun
tion for a simple model of equilibrium statisti
al

physi
s, a spin model with global 
oupling. Su
h a mean �eld model exhibits a phase

transition in the thermodynami
 limit if the strength of the 
oupling 
onstant ex
eeds

a 
ertain threshold. We will dis
uss in detail how the analyti
al properties of the �{

fun
tion re
e
t the phase transition. We keep our analysis elementary so that the whole

presentation is 
ompletely self{
ontained.

2. Mean �eld spin model

If Z

N

denotes the partition fun
tion of a system with N parti
les then the 
orresponding

�{fun
tion is de�ned through the relation

�(z) = exp

 

1

X

N=1

z

N

N

Z

N

!

: (2.1)

The 
omplex valued argument z plays the role of a fuga
ity{like quantity. Sin
e the

asymptoti
 behaviour of the partition fun
tion is given by Z

N

� exp(�Nf) for large N ,

where f denotes essentially the free energy per parti
le, the expression (2.1) develops



The Ruelle �{fun
tion for mean �eld models 3

a singularity at z = exp(f). A
tually this singularity is the singularity with smallest

modulus in z.

The logarithm of the �{fun
tion, ln �(z), is obviously the formal integral of the

grand partition fun
tion with respe
t to z. But 
ontrary to the grand partition fun
tion

the �{fun
tion dire
tly relates to the properties of transfer operators [2℄. Thus �{

fun
tions play a prominent role when spe
tral properties of linear operators are at

stake, like in quantum 
haos, ergodi
 theory, or equilibrium statisti
al me
hani
s. The

analyti
al properties of the �{fun
tion, i.e poles and other singularities, dire
tly re
e
t

the spe
trum of the 
orresponding linear operator. Of parti
ular interest are 
ases when

qualitative 
hanges are involved, e.g. in the vi
inity of phase transition points.

To investigate the analyti
al properties of eq.(2.1) we resort to a simple spin system

whi
h displays a phase transition in the thermodynami
 limit. Consider the globally


oupled Ising Hamiltonian

�H = �H

N

X

�=1

�

�

�

J

2N

N

X

�;�=1

�

�

�

�

(2.2)

where �

�

= �1 denotes the single site spin variable and J � 0 the 
oupling 
onstant.

It is standard textbook knowledge that the system undergoes a se
ond order phase

transition at H = 0 and J = J




= 1. For simpli
ity we have absorbed the temperature

� in the parameters of the model. Evaluation of the partition fun
tion for �nite N is

standard and yields (to keep our presentation self{
ontained we have summarised the

main 
omputational steps in Appendix A, although the 
al
ulation 
an be found in most

textbooks on statisti
al me
hani
s)

Z

N

= 2

N

r

N

�

Z

1

�1

exp (�Ng(u)) du (2.3)

where

g(u) = u

2

� ln 
osh

�

u

p

2J +H

�

: (2.4)

Combining eqs.(2.1) and (2.3) we obtain for the �{fun
tion

ln �(z) =

1

X

N=1

z

N

N

Z

N

=

1

p

�

Z

1

�1

Li

1=2

[2z exp (�g(u))℄ du (2.5)

where we have used the polylogarithmk [8, 9℄

Li

s

[z℄ =

1

X

N=1

z

N

N

s

(2.6)

whi
h is a generalisation of Eulers dilogarithm (
f. e.g. [10℄ for a re
ent appli
ation of

the polylogarithm in statisti
al me
hani
s). We are thus left with the dis
ussion of the

analyti
al properties of the integral (2.5).

k Usually one reserves the notion polylogarithm for eq.(2.6) with integer s. For non integer values of

s one sometimes 
alls eq.(2.6) Jon
qui�eres fun
tion whi
h is 
losely related to the Ler
h trans
endent.
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Figure 1. Left: potential (2.4) in the high{temperature regime for J = 0:5. Right:

modulus of the derivative of the inverse bran
h, 1=jg

0

(g

�1

1

(v))j, (
f. eq.(3.2)).

3. Analyti
al properties of the �{fun
tion

As a simple exer
ise let us �rst 
onsider the 
ase without intera
tion J = 0. Be
ause

of eq.(2.4) the inverse of g(u) has two bran
hes g

�1

1;2

(v) = �

p

v + ln(
osh(H)) and

substitution yields

ln �(z) =

1

p

�

Z

1

� ln 
osh(H)

1

p

v + ln(
osh(H))

Li

1=2

[2z exp(�v)℄ dv

=

1

p

�

Z

1

0

1

p

v

Li

1=2

[2z 
osh(H) exp(�v)℄ dv

= � ln (1� 2z 
osh(H)) : (3.1)

For the last step we used the identities (B.3) and (B.2) of the polylogarithm. Thus the

�{fun
tion has a simple pole at z = 1=(2 
osh(H)) = exp(f).

Let us now 
onsider a non vanishing 
oupling but let us fo
us on the 
ase without

external �eld, H = 0. In the high{temperature regime J < J




= 1 eq.(2.4) yields

a symmetri
 
onvex fun
tion with a minimum at the origin (
f. �gure 1). Thus the

inverse 
onsists of two bran
hes g

�1

1

(v) = �g

�1

2

(v) � 0 like in the 
ase of vanishing


oupling. Using substitution eq.(2.5) reads

ln �(z) =

2

p

�

Z

1

0

1

jg

0

(g

�1

1

(v))j

Li

1=2

[2z exp(�v)℄ dv : (3.2)

Sin
e the �rst fa
tor of the kernel, 1=jg

0

(g

�1

1

(v))j, has a square root singularity at v = 0

and is otherwise analyti
 (
f. �gure 1) the analyti
al properties of the whole expression

are inferred by applying the asymptoti
 property (B.5) of the polylogarithm. Thus using

g

0

(u) = 2(1� J)u

�

1 +O(u

2

)

�

(3.3)

g

�1

1

(v) =

r

v

1� J

(1 +O(v)) (3.4)

we obtain form eqs.(3.2) and (B.5) the asymptoti
 result

ln �(z) ' �

1

p

1� J

ln(1� 2z) : (3.5)
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Figure 2. Numeri
al evaluation of the �{fun
tion (2.5) for z < 1=2 and di�erent

values of the 
oupling: squares J = 0, 
ir
les J = 0:5, triangles J = 0:9. Dotted lines

indi
ate the slope a

ording to the analyti
ally obtained asymptoti
 behaviour (3.5).

Inset: the same data for J = 0:99.

Thus the �{fun
tion develops a bran
h point (1 � 2z)

�1=

p

1�J

. The exponent of the

bran
h point 
hanges 
ontinuously when 
hanging the 
oupling strength J . The a
tual

value of the exponent is determined by the prefa
tors of our asymptoti
 expansion and

thus depends on the 
oupling strength. Overall, even in the high{temperature phase

the �{fun
tion develops a nontrivial analyti
al behaviour in 
ontrast to spin 
hains with

�nite range intera
tion, where meromorphi
 behaviour prevails. The exponent of the

bran
h point tends to minus in�nity when the phase transition point J = J




= 1 is

approa
hed. The analyti
al result may be 
on�rmed by numeri
al evaluation of the

integral (2.5) (
f. �gure 2){.

In the ferromagneti
 
ase J > J




= 1, H = 0 the potential (2.4) develops minima

v

min

= g(�u

min

) at u = �u

min

. In the range v

min

� v � 0 two additional bran
hes of

the inverse exist, g

�1

3

(v) = �g

�1

4

(v) � 0 (
f. �gure 3). Using appropriate substitutions

the �{fun
tion (2.5) splits into two di�erent 
ontributions and thus reads

ln �(z) = ln �

1

(z) + ln �

2

(z) (3.6)

where we have introdu
ed the abbreviations

ln �

1

(z) =

2

p

�

Z

1

v

min

1

jg

0

(g

�1

1

(v))j

Li

1=2

[2z exp(�v)℄ dv (3.7)

ln �

2

(z) =

2

p

�

Z

0

v

min

1

jg

0

(g

�1

3

(v))j

Li

1=2

[2z exp(�v)℄ dv : (3.8)

Be
ause of the di�erent inverse bran
hes the �{fun
tion develops as usual a produ
t

stru
ture �(z) = �

1

(z)�

2

(z) where the analyti
al properties of the two fa
tors are

determined by the expressions (3.7) and (3.8). As in the previous 
ase the fa
tor

{ Numeri
al evaluation of the polylogarithm and of the 
orresponding integrals has been a
hieved with

Mathemati
a

r


.
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Figure 3. Left: potential (2.4) in the low{temperature regime for J = 2:5. Right:

modulus of the derivative of the two inverse bran
hes, 1=jg

0

(g

�1

1

(v))j (full line) and

1=jg

0

(g

�1

3

(v))j (broken line), (
f. eqs.(3.7) and (3.8)).

�

1

(z) has a bran
h point for 2z exp(�v

min

) = 1 sin
e in this limit the two square root

singularities of the kernel 
ollide. Using the expansions

g

0

(u) = g

00

(u

min

)(u� u

min

)

�

1 +O

�

(u� u

min

)

2

��

(3.9)

g

�1

1

(v) = u

min

+

s

2

g

00

(u

min

)

p

v � v

min

(1 +O (v � v

min

)) (3.10)

eq.(3.7) yields

ln �

1

(z) ' �

s

2

g

00

(u

min

)

ln(1� 2z exp(�v

min

)) (3.11)

when taking the asymptoti
 result (B.5) into a

ount. For the fa
tor �

2

(z) we expe
t

at least two bran
h points to o

ur, at 2z exp(�v

min

) = 1 and at 2z = 1 sin
e the

�rst fa
tor of the kernel provides square root singularities at v = v

min

and at v = 0.

The leading bran
h point, i.e. that with smallest modulus, 
an be obtained using the

expansions (3.9) and

g

�1

3

(v) = u

min

�

s

2

g

00

(u

min

)

p

v � v

min

(1 +O (v � v

min

)) : (3.12)

We hen
e obtain

ln �

2

(z) ' �

s

2

g

00

(u

min

)

ln(1� 2z exp(�v

min

)) : (3.13)

Thus the �{fun
tion develops a leading bran
h point z = exp(v

min

)=2 with exponent

�2

p

2=g

00

(u

min

) and a bran
h point at z = 1=2 whi
h is apparently mu
h more diÆ
ult

to evaluate.

Finally, at the 
riti
al point J = J




= 1, H = 0 the potential has two inverse

bran
hes only g

�1

1

(v) = �g

�1

2

(v) so that eq.(2.5) redu
es again to eq.(3.2) where now
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Figure 4. The double logarithm of the �{fun
tion in dependen
e on � ln(1 � 2z)

for J = 0:9999 (symbols). Full line: asymptoti
 behaviour for J = J




a

ording to

eq.(3.16a), dotted line: linear graph with slope 1=4 (
f. eq.(3.16b)). Inset: the same

data in a double logarithmi
 plot (
f. �gure 2). Crossover to normal behaviour appears

at about z = 20 sin
e J < J




= 1.

the expansions

g

0

(u) =

g

IV

(0)

3!

u

3

�

1 +O

�

u

2

��

(3.14)

g

�1

1

(v) =

�

4!

g

IV

(0)

v

�

1=4

�

1 +O(

p

v)

�

(3.15)

are valid. Using the asymptoti
 formula (B.3) and (B.4) respe
tively, eq.(3.2) evaluates

to

ln �(z) '

4

p

3

2

p

�

�(1=4)Li

s=3=4

[2z℄ (3.16a)

'

4

p

3

2

p

�

(�(1=4))

2

(1� 2z)

�1=4

: (3.16b)

Thus the �{fun
tion in the 
riti
al 
ase develops an essential singularity at z = 1=2.

A triple logarithmi
 plot 
learly displays the 
riti
al exponent �1=4 (
f. �gure 4).

Furthermore, the asymptoti
 formula (3.16a) is even able to 
apture the z{dependen
e

in a large region of the 
omplex plane.

4. Dis
ussion

We have analysed the analyti
al properties of the Ruelle �{fun
tion of the globally


oupled spin model in the high{ and low{temperature regime as well as at the 
riti
al

point J = J




= 1. In the high{temperature phase J < J




the �{fun
tion has a bran
h

point at z = 1=2 with asymptoti
 expansion (
f. eq.(3.5))

�(z) ' (z � 1=2)

�1=

p

1�J

; (J < J




; z ! 1=2) : (4.1)
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Figure 5. Inverse �{fun
tion in dependen
e on z in the ferromagneti
 phase (J = 2),

left: real part, right: imaginary part. Bran
h points o

ur at z = exp(f) = 0:3607 : : :

and z = 1=2 
ausing a 
ut along the real axis. The inverse �{fun
tion takes small

values along this 
ut between z = exp(f) and z = 1=2 (
f. �gure 6). Apparently no

further singularities are visible.

The exponent diverges when the 
riti
al point is approa
hed. In the low{temperature

phase J > J




the �{fun
tion develops two bran
h points at z = exp(f) and at

z = 1=2 where f < � ln 2 denotes the mean �eld free energy per parti
le. While the

leading bran
h point 
orresponds to the thermodynami
 equilibrium the non leading

bran
h point is generated by the metastable state. The leading term of the asymptoti


expansion reads (
f. eqs.(3.11) and (3.13))

�(z) ' (z � exp(f))

�2

p

2=g

00

(u

min

)

; (J > J




; z ! exp(f)) (4.2)

where the exponent is essentially determined by the mean �eld magneti
 sus
eptibility.

We suspe
t that in both 
ases, the high{ and the low{temperature phase, no further

singularities appear, apart from those mentioned above. But a real proof requires a more

sophisti
ated dis
ussion of the integral (2.5). However, a dire
t numeri
al evaluation

(
f. �gure 5) 
on�rms su
h a 
onje
ture. Eqs.(4.1) and (4.2) 
an be obtained simply

by inserting the saddle point approximation of the partition fun
tion (2.3) into the

de�nition (2.1). But su
h a reasoning misses the non leading bran
h point of the low{

temperature phase.

To unveil the nature of the nonleading singularity at z = 1=2 we 
onsider a sli
e

along the lower edge of the 
ut, z = x� i0+

�(x) = r(x) exp(i'(x)) = lim

"!0+

�(x� i") : (4.3)

Figure 6 
learly reveals the leading singularity at z = exp(f) and the nonleading bran
h

point at z = 1=2. The modulus Re(ln �(x)) = ln r(x) shows logarithmi
 behaviour and

the 
omplex phase Im(ln �(x)) = �(x) simultaneously develops a dis
ontinuity at the

leading singularity. A
tually su
h a property is not a 
oin
iden
e as both quantities are

tied together by a Kramers{Kronig type relation (
f. Appendix D). For the nonleading

bran
h point the role of modulus and phase are seemingly inter
hanged as logarithmi


behaviour appears for the phase and the dis
ontinuity for the modulus. Sin
e the leading
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Figure 6. Real and imaginary part of the logarithm of the �{fun
tion along the real

axis, z = x � i0+, for J = 2. Symbols: evaluation of eq.(2.5), line: evaluation of

eq.(4.6). Singularities at z = exp(f) = 0:3607 : : : and at z = 1=2 are 
learly visible (
f.

�gure 5).

bran
h point of ln �(z) is of the type (z � exp(f))

a

we 
onje
ture that the nonleading

bran
h point is a power law with imaginary exponent (z � 1=2)

i�

. In fa
t

ln (z � 1=2)

i�

�

�

z=x�i0+

= i� ln jx� 1=2j � �� (4.4)

holds where the 
omplex phase � of z�1=2 = x�1=2�i0+ jumps from � = � to � = 2�

when x 
hanges from x < 1=2 to x > 1=2. Thus eq.(4.4) reprodu
es all the analyti
al

features visible in �gure 6 at the se
ond bran
h point. A

ordingly the imaginary part

of the exponent, �, 
an be obtained e.g. from the s
aling behaviour of '(x) at x = 1=2.

Fortunately eq.(C.4) eventually provides us with a simple analyti
al expression for

'(x). By virtue of �(x+ i") = (�(x� i"))

�

we have

�2i'(x) = lim

"!0+

(ln �(x+ i")� ln �(x� i")) : (4.5)

Using eqs.(2.5) and (C.4) we just obtain

'(x) = �

Z

u�0; ln(2x)�g(u)

2

p

ln(2x)� g(u)

du : (4.6)

Although this integral 
annot be solved by elementary methods its asymptoti
 properties

for x! 1=2 
an be obtained quite straightforwardly (
f. Appendix E). We end up with

'(x) '

s

2

�g

00

(0)

ln jx� 1=2j =

1

p

J � 1

ln jx� 1=2j : (4.7)

Comparison with eqs.(4.3) and (4.4) yields for the imaginary part of the exponent

� = 1=

p

J � 1 so that the singular part of the �{fun
tion at z = 1=2 is inferred to

be

�(z) ' (z � 1=2)

i=

p

J�1

; (J > J

C

; z ! 1=2) : (4.8)
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Su
h a result ni
ely 
omplies with the high{temperature behaviour, eq.(4.1), sin
e the

formally negative sus
eptibility of the metastable state 
auses a bran
h point with

imaginary exponent in the low{temperature phase.

When approa
hing the 
riti
al point J = J




= 1 the exponents of the high{

temperature as well as the low{temperature behaviour (
f. eq.(4.1) respe
tively eqs.(4.2)

and (4.8)) be
ome singular. In parti
ular the two bran
h points of the low{temperature

phase (
f. �gure 6) approa
h ea
h other, the height of the dis
ontinuities on the real axis

in
reases (
f. eq.(4.4)), and the imaginary part of ln �(z) �nally displays a dis
ontinuity

with in�nite jump. Thus, at the 
riti
al point J = J




the �{fun
tion develops an

essential singularity at z = 1=2. The asymptoti
 expansion reads (
f. eq.(3.16b))

�(z) ' exp

�

C(1� 2z)

�1=4

�

; (J = J




; z ! 1=2) (4.9)

where the numeri
al value of C is approximately given by C = 4:880199.

Summarising the results, eqs.(4.1), (4.2), (4.8), and (4.9), we �nd a quite

sophisti
ated analyti
al behaviour of the �{fun
tion. Even in the high{temperature

phase the fun
tion is not meromorphi
 
ontrary to models with short range intera
tion.

That is, however, not surprising sin
e from a formal perspe
tive a global intera
tion

is never small, no matter what is the size of the 
oupling 
onstant J . In the

low{temperature phase we expe
t two bran
h points, one 
orresponding to the

thermodynami
 stable and one 
orresponding to the metastable state. The exponents

are essentially determined by the square root of the respe
tive formal sus
eptibilities.

Our results have been entirely based on the properties of the potential (2.4). Thus

any \double well" potential produ
es the same stru
ture of the �{fun
tion, and our

expansions yield the generi
 properties of �{fun
tions for Ginsburg{Landau models.

We have studied in detail the in
uen
e of a mean �eld ferromagneti
 phase

transition on the analyti
al properties of the Ruelle �{fun
tion. Although our model is

quite simple su
h a result may be useful to test the quality of approximation s
hemes

when �{fun
tions in the presen
e of phase transition points have to be evaluated. The

dimensionality of the underlying latti
e did not play any role in our 
onsiderations.

A
tually the de�nition of �{fun
tions for higher{dimensional latti
es is far from obvious

and the question is far from being settled (
f. [11℄). Thus our results may 
ontribute as

well to the question how to introdu
e appropriate �{fun
tions in su
h a setup.

Appendix A. Partition fun
tion

If S =

P

�

�

�

denotes the total magnetisation and g

S

the multipli
ity of states with

magnetisation S then the partition fun
tion reads

Z

N

=

X

S

g

S

exp(HS + JS

2

=(2N))

=

X

S

g

S

exp(HS)

1

p

�

Z

1

�1

exp

�

�y

2

+ yS

p

2J=N

�

dy (A.1)
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Using S = �N + 2k, k = 0; : : : ; N and g

S

=

�

N

k

�

eq.(A.1) results in

Z

N

=

r

N

�

Z

1

�1

exp

�

�Nx

2

�

N

X

k=0

�

N

k

�

exp

�

�(x

p

2J +H)(N � 2k)

�

dx

=

r

N

�

Z

1

�1

exp

�

�Nx

2

�

exp

�

�N(x

p

2J +H)

��

exp

�

2x

p

2J + 2H

�

+ 1

�

N

dx

= 2

N

r

N

�

Z

1

�1

exp

�

�Nx

2

�


osh

N

�

x

p

2J +H

�

dx (A.2)

whi
h in fa
t 
oin
ides with eq.(2.3).

Appendix B. Polylogarithm

Analyti
al properties of the polylogarithm (2.6) are well known [8, 9℄. Here we


on
entrate on a few essential features. The polylogarithm is analyti
 apart from z = 1.

At that point the asymptoti
 relation

Li

s

[z℄ '

�(1� s)

(1� z)

1�s

; (Res < 1) (B.1)

holds while for s = 1 we obviously have

Li

s=1

[z℄ = � ln(1� z) : (B.2)

In addition, by dire
t 
omputation we obtain the identity

Z

1

0

x

�

Li

s

[z exp(�x)℄ dx

=

1

X

N=1

Z

1

0

z

N

N

s+�+1

y

�

exp(�y) dy

= Li

s+�+1

[z℄�(1 + �) (� > �1; jzj < 1) : (B.3)

For the �nite integral the leading singularity o

urs at z = 1 sin
e both fa
tors x

�

and

L

s

[z exp(�x)℄ be
ome singular at x = 0 in this limit. Thus expression (B.3) is indeed

valid as an asymptoti
 result for the �nite integral as well. In 
onne
tion with eqs.(B.1)

and (B.2) we hen
e obtain for z ' 1

Z




0

x

�

Li

s

[z exp(�x)℄ dx ' �(�s� �)�(1 + �)(1� z)

s+�

; (�s > � > �1) (B.4)

and

Z




0

x

�s

Li

s

[z exp(�x)℄ dx ' ��(1� s) ln(1� z); (s < 1) : (B.5)

Appendix C. Analyti
 
ontinuation of Li

1=2

(z)

Using the obvious identity

1

p

n

=

1

p

�

Z

1

0

exp(�nt)

p

t

dt (C.1)
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we obtain from the series (2.6)

Li

1=2

[z℄ =

1

p

�

Z

1

0

1

X

n=1

z

n

exp(�nt)

p

t

dt =

1

p

�

Z

1

0

1

p

t

z

exp(t)� z

dt (C.2)

whi
h is the well know integral representation of the polylogarithm. The integral


onverges for any 
omplex z values apart from a 
ut along the real axis, z > 1. Thus

eq.(C.2) yields the proper analyti
al 
ontinuation. It is pre
isely this main bran
h we are

using throughout our analysis. A
tually the main bran
h obeys (Li

1=2

(z))

�

= Li

1=2

(z

�

).

The behaviour of the polylogarithm along the 
ut 
an be evaluated expli
itly. Using

eq.(C.2) we have

Li

1=2

[x+ i"℄� Li

1=2

[x� i"℄ =

2i

p

�

Z

1

0

1

p

t

" exp(t)

(exp(t)� x)

2

+ "

2

dt

= 2i

p

�

Z

1

1

1

p

ln y

"=�

(y � x)

2

+ "

2

dy : (C.3)

As in the limit "! 0+ the se
ond fa
tor in the integral yields the Æ{fun
tion we obtain

for the di�eren
e of the polylogarithm between a point on the upper edge of the 
ut and

a point of the lower edge of the 
ut the result

�Li

1=2

(x) = lim

"!0+

�

Li

1=2

[x+ i"℄� Li

1=2

[x� i"℄

�

=

8

<

:

2i

r

�

lnx

if x > 1

0 if x � 1

: (C.4)

All these 
onsiderations are textbook knowledge [8℄ and 
an be generalised easily

to other values of the parameter s.

Appendix D. Kramers{Kronig type relations

The real and imaginary part of Li

1=2

[z℄ are related by a Kramers{Kronig type relation.

A similar property 
an then be dedu
ed for the logarithm of the �{fun
tion.

Thanks to the integral representation (C.2) Li

1=2

[z℄=z is analyti
 in the lower half

plane and de
ays if jzj ! 1. By Cau
hy's integral formula we have for any point z in

the interior of the lower half of the 
omplex plane

Li

1=2

[z℄

z

= �

1

2�i

I

C

Li

1=2

[w℄=w

w � z

dw (D.1)

where we 
hoose for the 
ontour C the lower edge of the real axis, i.e. w = y� i0+, and a

semi
ir
le (of in�nite radius) in the lower half of the 
omplex plane. As the integration

along the semi
ir
le does not 
ontribute to the integral we are left with

Li

1=2

[z℄

z

= �

1

2�i

Z

1

�1

1

y � z

Li

1=2

(y)

y

dy (D.2)

where we use the shorthand notation Li

1=2

(y) = Li

1=2

[y � i0+℄ to indi
ate the value of

the polylogarithm on the lower edge of the real axis. Considering now z = x� i", taking



The Ruelle �{fun
tion for mean �eld models 13

the limit "! 0+, and using the usual identity 1=(y�x+ i0+) = 1=(y�x)� i�Æ(y�x)

we obtain

Li

1=2

(x)

x

=

i

�

P

Z

1

�1

1

y � x

Li

1=2

(y)

y

dy (D.3)

where

P

R

denotes the Cau
hy prin
ipal value. Considering real and imaginary part we

end up with the Kramers{Kronig type relation mentioned at the beginning

Re(Li

1=2

(x)) = �

1

�

P

Z

1

�1

x

y(y � x)

Im(Li

1=2

(y)) dy

Im(Li

1=2

(x)) =

1

�

P

Z

1

�1

x

y(y � x)

Re(Li

1=2

(y)) dy : (D.4)

These relations translate dire
tly into 
orresponding 
onditions for the logarithm of the

�{fun
tion when eq.(2.5) is employed and the 
onvergen
e of the integrals is presupposed

Re(ln �(x)) = �

1

�

P

Z

1

�1

x

y(y � x)

Im(ln �(y)) dy

Im(ln �(x)) =

1

�

P

Z

1

�1

x

y(y � x)

Re(ln �(y)) dy : (D.5)

The existen
e of su
h a relation is an analyti
al indi
ator that the logarithm of the

�{fun
tion has no singularities o� the real axis.

Appendix E. Asymptoti
 expansion of hyperellipti
 integrals

Consider

I

1

=

Z




d

1

p

�"

2

+ u

2

f(u)

du (E.1)

where f(u) has a simple zero at say u = 


0

> 0, f(u) > 0 if 0 � u < 


0

and the limits

of integration are the singularities of the kernel. That means

"

2

= d

2

f(d) = 


2

f(
) (E.2)

where d ! 0 and 
 ! 


0

if " ! 0. To obtain the asymptoti
 properties of eq.(E.1) in

su
h a limit take a small but �xed value Æ > 0 and split the integral into two parts

I

1

=

Z

Æ

d

1

p

�"

2

+ u

2

f(u)

du+

Z




Æ

1

p

�"

2

+ u

2

f(u)

du : (E.3)

The se
ond term remains bounded, uniformly in ", sin
e the singularity at the upper

limit stays integrable for " = 0. Thus the asymptoti
 properties are determined by the

�rst part

I

1

'

Z

Æ="

d="

1

p

�1 + v

2

f(v")

dv

=

1

p

f(d)

Z

Æ

p

f(d)="

1

1

q

�1 + y

2

f("y=

p

f(d))=f(d)

dy
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'

1

p

f(d)

Z

Æ=d

1

1

y

s

f(d)

f(yd)

dy

=

1

p

f(d)

Z

Æ=d

1

1

y

dy +

1

p

f(d)

Z

Æ=d

1

1

y

p

f(d)�

p

f(yd)

p

f(yd)

dy (E.4)

where we have used 0 � "y

p

f(d) = yd � Æ (
f. eq.(E.2)). As d ! 0 when " ! 0

the se
ond term remains at least bounded when we impose Lips
hitz 
ontinuity on f .

Hen
e the asymptoti
 behaviour of the integral (E.1) is given by

I

1

'

1

p

f(0)

ln

�

Æ

d

�

' �

ln "

p

f(0)

: (E.5)

If we now 
hoose "

2

= � ln(2x) and u

2

f(u) = �g(u) and observe that "

2

' 2(1=2� x)

and �g

00

(0) = 2f(0) we obtain from eq.(E.5) the result (4.7) for x < 1=2.

For the opposite 
ase 
onsider

I

2

=

Z




0

1

p

"

2

+ u

2

f(u)

du (E.6)

and follow a similar reasoning. Splitting, as before, the integral into two parts the

asymptoti
 properties are given by

I

2

'

Z

Æ="

0

1

p

1 + v

2

f("v)

dv

=

1

p

f(d)

Z

Æ

p

f(d)="

0

1

q

1 + y

2

f("y=

p

f(d))=f(d)

dy

'

1

p

f(d)

Z

Æ=d

1

1

y

s

f(d)

f(yd)

dy

' �

ln "

p

f(0)

: (E.7)

Choosing "

2

= ln(2x) and u

2

f(u) = �g(u) eq.(E.7) yields the result (4.7) for x > 1=2.
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