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Abstract

g—phase transition points in the context of the thermodynamical formalism of dy-
namical systems arise via the degeneracy of eigenvalues of the corresponding transfer
operator. The scaling behaviour near bifurcation points of dynamical systems 1s investi-
gated by a mean field like expansion for the characteristic equation of this operator. Scal-
ing relations in the vicinity of g—phase transition points which are brought about by a
doubly respectively triply degenerated eigenvalue are explicitly derived. For the charac-
teristic function (topological pressure) this relation reads ¢(q) ~ In v, +3%¢((q—q.)/d%)
where the exponent a = 1,1/2,1/3 of the bifurcation parameter § depends on general
properties of the phase transition point. The approach explains the universal features
of the scaling behaviour.

PACS No.: 05.45



1 Introduction

The thermodynamical formalism originally introduced in the context of ergodic theory of
dynamical systems and the mathematical formulation of equilibrium statistical mechanics
[1, 2] has been applied recently to problems in nonlinear dynamics, chaotic systems and tur-
bulence [3, 4, 5]. The aim of this approach consists in the investigation of temporal coarse
grained, that means finite time averaged, quantities and their fluctuations due to the irregu-
lar motion in the system under consideration. Usually one considers the fluctuations of the
local expansion rate, which is due to Bowen’s theorem [2] of special importance. But also
different quantities have been treated in this context [5]. It has been shown that the large
fluctuations contain the essential information about the dynamics and the structure of the
strange invariant set [6]. These large fluctuations can be described appropriately by a char-
acteristic function ¢(q), termed topological pressure in the mathematical literature, which
corresponds to the free energy of statistical mechanics in the above mentioned thermody-
namical formulation. Nonanalyticities in this function, called q—phase transitions, indicate
a singular local structure of the chaotic attractor [7]. For this reason these transitions can
be observed at bifurcation points of dynamical systems, especially at crisis points, and a
typical scaling behaviour in the quantities of interest emerges in their vicinity [8, 9, 10]. In
a preceding publication we have pointed to an explanation for the surprising fact that the
corresponding scaling functions do not depend on the special system under consideration
[11]. It is the aim of this article to extend this idea to more complicated bifurcations.

To be definite and to state the notation let us consider a discrete dynamical system
Zp41 = T'(2,,) although our approach is applicable to more general situations as will become
clear in the sequel. As a slight generalisation of the usual thermodynamical formalism
we want to investigate the fluctuations of several scalar quantities uy(z), ..., upr(z) [12].
Following the lines of the one observable case the essential information concerning the
nonlinear system is contained in the generating function
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Here ¢ = (q1,...,qu) and w = (uq,...,ups) denote a shorthand vector notation, 7% means

the i—times iterated map 7' and the ensemble average (...) is meant with respect to a
distribution of initial points which is usually assumed to be the natural one (SRB measure).
The expansion on the right hand side of eq.(1) can be understood easily by using a transfer
operator whose explicit expression reads in this context [13]

() (@) = [ 6o = T()e I 4 On(y)y @

The main behaviour of the expansion (1) is determined by the eigenvalues I/((Il) of this
operator ! where for simplicity in the notation we want to assume a discrete spectrum
ordered according to the relation 1/((10) > |1/((Il)| > |I/((1k)|7 0 < I < k although a continuous part

! J((ll) denote some expansion coefficients.



can be incorporated directly in our approach. The quantities of interest, the characteristic
function (topological pressure)

6(g) = lim ~In(ed i W@y = Iy ) "
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which determines the stationary fluctuations of u(z) as soon as the damping rates 74’ and
the corresponding frequencies w((II) governing the temporal correlations [14]
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can be related to the eigenvalues of the operator (2). A phase transition that means a non
analyticity in the quantities (3) and (4) is brought about by a degeneracy of eigenvalues.
This situation can occur at bifurcation points of dynamical systems [9, 15]. In a preceding
publication we have shown [11] that for the case of a doubly degenerated eigenvalue the
scaling behaviour in the vicinity of a bifurcation point can be obtained in a general way
from the characteristic equation of the operator (2)

P(vg,6,q) =0 . (5)

Here 6 > 0 denotes a bifurcation parameter leading to a bifurcation that means to a de-
generacy of eigenvalues in the limit § | 0. It is the objective of this publication to extend
this approach beyond the case of a doubly degenerated eigenvalue as well as to incorporate
the multi variable case ¢ = (q1,...,qas). 1t should be pointed out that our approach yields
a theoretical explanation for the occurence of the scaling behaviour and the general form
of the scaling functions which is independent of the model under consideration. In section
2 we review the previously treated situation for the broader multi variable case. Section 3
contains the discussion of the more involved case of a triply degenerated eigenvalue. Some
illustrative examples are investigated in section 4. Finally our results will be summarized.

2 Doubly degenerated eigenvalue

The main idea in deriving the scaling relation from eq.(5) is based on a few reasonable
presuppositions and needs no explicit reference to a special dynamical system. For the
situation treated in this section these presuppositions read:

P41) Eq.(5) should yield two largest eigenvalues which are well separated from the remainin
d g g g
part of the spectrum. The largest eigenvalue should be real. In the limit § | 0 they

should become degenerated 1/((10)(5 10) = 1/((11)(5 1 0) for certain g values leading to a
phase transition.

(P42) Eq.(5) should be analytic in ¢ and q.



(P43) The system should admit an attracting set so that ¢ = o, vg = 1 is the largest solution
of eq.(5) for all values of § [16]. That means

Plvg=1,6,g=0)=0 . (6)

Before we proceed a few remarks on the meaning of these presuppositions seem to be
suitable. The first presupposition restricts the bifurcation of the dynamical system to
a certain class which contains for example the symmetry breaking chaos transition [15].
Especially when chaotic sets are involved in the bifurcation it has turned out that often
only a finite number of eigenvalues govern the phase transition. The second presupposition
puts some constraints on the choice of the bifurcation parameter. Our parameter ¢ is in
general a function of the bifurcation parameters of the original system whose explicit relation
to the latter is not needed for the present purpose. Although our approach cannot yield a
priori this relation it can be easily determined a posteriori if the scaling behaviour is for
example computed numerically. Contrary to these the third presupposition is not essential
and can be omitted if one wants to treat repelling invariant sets.

Let us begin the derivation of the scaling relations by inspecting the situation at the

bifurcation point § | 0. In general the eigenvalues V((Il)((s 1 0) can be viewed as hyperspheres

in the g-vg—space where due to (Pq1) the hyperspheres 1/((10)(5 1 0) and 1/((11)(5 1 0) cross
along the set (cf. Fig.1)

ro={qvg(610)=v (51 0)} . (7)

This codimension 1 manifold in the g—space yields the phase transition line. Fig.1 displays
the geometrical settings described above. Let us now consider how this situation changes
if a non vanishing bifurcation parameter is introduced. For this reason let g, € I', denote
a fixed but arbitrary chosen point on the phase transition line and v, = 1/((10*)(5 1 0) the
corresponding eigenvalue. Owing to (P41) a second order polynomial can be extracted from

the characteristic equation so that eq.(5) reads

v, 2 v, _
0= Plrg.5.q) = {(—q ~1) 4 s (2 1) +g<5,q>} Plug.ba)  (8)
where P denotes the non vanishing part in the vicinity of the phase transition point vg = Vs,
61 0,q = q,. The first factor is written in the variable vg /v, — 1 for simplicity. For g € I's,
6] 0 eq.(8) yields due to (Pj1) a doubly degenerated solution so that

- 1 o
9(610,4)=7/*(610,q) gel. . (9)
Especially for ¢ = g, this eigenvalue is given by v, which results in the stronger relations
f(610,q.)=0, ¢(610,q.)=0 . (10)

After these general considerations (Pj2) guarantees the existence of a Taylor expansion of
the functiuons f and g. Taking eq.(10) into account it reads

f6q) = %5+ f°1 1 Aq: 40,
g(6,q) = 9105 + g01 :Aq: —|—g2052 + g11 VAN B 902 :Aq:Aq: +03 (11)

— Fig.1



where the abbreviating notation

B:CIZ:ZIZ:...:ZIZ:IZBMU.“W$M$U...$W (12)
. Uy...w —_—
n—times n—times
and
Aq:=q—q. (13)

has been introduced and O,, denotes the contribution of n** and higher order. The coeffi-
cients in the expansion (11) are now restricted by our presuppositions as can be seen in the
following way:

i) 6 L 0: Then eq.(8) yields taking the expansion (11) into account

v 2 v
0= (22— 1) + g™ Aqs+0(2gP 5g] (2 - 1)) (14)
By (Pdl) this equation admits a real solution. But as Agq has no definite sign the
relation
g"'=o (15)
follows.
ii) ¢ = gq,: Now eqgs.(8) and (11) lead to
2
0= (ﬁ_1) +9105+0(52,5<ﬁ—1)) . (16)
Vs .
The same reasoning as above yields
g <o (17)

where the difference to eq.(15) comes from the fact that § can take only non negative
values.

iii) g, = o: This case can occur if the phase transition manifold (7) crosses the origin of
the g-space. Then by (P43) v. = 1 holds and eq.(8) yields by making reference to
eq.(6)

9(6,g=0)=0, (q.=0) . (18)

Inspecting the expansion (11) one obtains
g"°=0, ¢*°=0, (g.=o0) . (19)

Therefore the relation ¢, = o implies g'® = 0. The reverse is in general not valid but
holds in the generic case as g, # o, ¢'° = 0 would require for an additional constraint
which can be removed by a small perturbation. For this reason we will concentrate on
the cases g, = o, ¢'° = 0 respectively q, # o, ¢'° < 0 and omit the above mentioned
non generic situation.



iv) g=¢q €1',,0 ] 0: Then eq.(9) and the expansion (11) yield

N . 1 . 2 .
9" 4-q.:q-q.:— (M 1a-a.:) +0(a—q.) =0 (20)
which means that
1 2
902::13::13:—1 (fOI:a::) =0, ifax tangenttol', . (21)

Due to this relation the expansion coefficients are related to the shape of the phase
transition line.

With these settings the two different cases ¢, = o and g, # o can be analysed easily.
Case A, q, = o: By making reference to eqs.(15) and (19) the expansion (11) reads

a) = [0+ q:+0;
q = g'l':q:6+g"”:q:q:+03 . (22)
Using the scaling abbreviations

vg —1=:0vs, q=:0s (23)

where g and s are of the order O(1) in the limit of small § the characteristic equation (8)
reads

0=v5+ (fP+ " is)vs+g'lis:+g"%:s:5:4+0(9) (24)
and leads to the following asymptotic behaviour in the region 0 < § < 1 2

ngo/l):—%(flo—l-fm :s:):|:¢%(f10—l-f01 :5:)2—gll:s:—g":s5:5: . (25)

This expression can be considerably simplified if one splits s in a tangent and normal part
according to s = s + (sm)n. Here n denotes a vector normal to the phase transition
manifold at g, (cf. Fig.1). Inserting this in the radicant of eq.(25) and using the realtion
(21) the second order contribution in s’ vanishes. Then the radicant has the general
form A : sT : +B where the coefficients A and B depend on the normal part (sn). If the
coefficient A does not vanish identically this expression takes negative values by choosing s”
appropriately. As a consequence s becomes a complex quantity in contradiction to (Pq1).
Hence A vanishes identically which means that only the normal part (sn)n contributes to
the square root. Rewriting finally eq.(25) for the original quantities (23) one obtains the
scaling relation

q
L1 = s (1)

H&O/l)(az) — _%(flo + Ol + ¢i(f1o + fOl(zn))? — gl (zn) — ¢°2(zn)? (26)

2The + sign corresponds to z/JéO) as I/Ef) > 1/8).



where fOl:= f9' :m i ¢ :=g'" :n:and ¢°2 := g% : n : n ;. Both terms of the scaling
function can be interpreted easily. The first contribution arises through the ¢ dependence
of the eigenvalues which is also present in the "unperturbed” (6 | 0) system. The square
root yields a ¢ dependent scaling normal to the phase transition manifold. If one varies
g along this manifold this term yields only a constant difference between the eigenvalues
resulting from the finite value of the bifurcation parameter.

Case B, q, # 0 Then by eq.(15) and the remark following eq.(19) the expansion (11)
reads

fé,9) = 7 :Aq:+0(5]Aq))
9(6,q) = ¢'% +9%:Aq:Aq:+0(8%8]Aq],|Aq") . (27)
Introducing the different scaling abbreviations
Ya __. Vs, Aq=:Vés (28)

due to the fact that g contains a contribution of first order the characteristic equation (8)
reads

0=02+f":s:9s+9""4+¢"%:s:5:+0(V0) (29)

and possesses the asymptotic solution

1 1
¢go/1):—§f01:s:j:¢1(f01:s:)z—goz:s:s:—glo . (30)
The same reasoning as presented in case A yields the scaling relation

s e (29)

Vs V6
1 1
HY @) = # (302 - g72) (@n)2 - g1 (31)
where fO1 := fO' 1 n :, ¢°2 := ¢°? : n : n : and n denotes a vector normal to the phase

transition manifold at g,. Concerning the discussion of the different contributions of the
scaling function we refer to case A.

It goes without saying that the scaling relations for the characteristic function ¢ and
the damping rates can be immediately obtained from eqs.(3),(4),(26) and (31). Table 1
summarizes the main results of this section.

3 Triply degenerated eigenvalue

Let us now concentrate on the main part of this article, the case of a bifurcation leading
to a triply degenerated eigenvalue of the transfer operator. Before we are going into the
details some general remarks seem to be necessary. It is reasonable to assume that simple
bifurcations of chaotic sets governed by one bifurcation parameter lead to a doubly degen-
erated eigenvalue of the transfer operator. This situation is similar to local codimension

— Thl.1



one bifurcations in the theory of ordinary differential equations where only one or a pair of
complex conjugated eigenvalues crosses the imaginary axis. To produce generically higher
order codimension bifurcations several parameters have to be introduced into the unfolding
[17]. This indicates that also in the case considered here several parameters must be intro-
duced, whereas we have two possibilities at the hand. On the one hand one can consider
the situation of more than one bifurcation parameter. On the other hand one can enlarge
the set of fluctuating variables u(z). We follow in this article the second idea which yields
in a loose thermodynamical analogy a more than one dimensional phase space (g—space). It
has been demonstated by analysing several examples that in this case a higher order phase
transition emerges [12, 18]. We want to investigate the scaling behaviour near these phase
transition points from our general point of view.

Let us now state the presuppositions necessary to derive the scaling behaviour from

eq.(h):

(P¢1) Eq.(5) should admit three largest eigenvalues which are well separated from the re-
maining part of the spectrum. The largest eigenvalue should be positive. In the limit
0 | 0 the eigenvalues should become degenerated 1/((10)(5 10)= 1/((11)(5 10)= 1/((12)(5 10)

for certain g values leading to a phase transition.
(P42) identical to (P42)
(P¢3) identical to (P43)

(P¢4) In the limit § | 0 the three eigenvalues should be real and analytic in a neighborhood
of the phase transition point.

Concerning (P{1)-(P3) we refer the reader to the remarks made in section 2. By (P4)
we restrict the discussion to phase transition points where three phase transition lines
meet (cf. Fig.2). This situation is mostly shared by concrete examples. We are not sure
whether the opposite case, that means one real and two complex conjugated eigenvalues in
a neighborhood of the phase transition point (6 | 0), can occur in dynamical systems. We
refer the reader to appendix A where the details of this case are briefly outlined.

Again we start our discussion by analysing the situation at the bifurcation point § | 0.
As the eigenvalues are real in the vicinity of the phase transition point due to (P¢4) they can
be viewed as hyperspheres in the g-vg—space which cross along the manifolds (cf. Fig.2)

L= {glvg@10)=vi(010) =051 0)})
Ty = alv(6L0)=v§@10)}, (i/5)=(0/1),(1/2),(0/2) .  (32)

U'(i/;) represents the codimension one phase transition manifold on which two eigenvalues
become degenerated. They meet in the codimension two manifold I', of triply degenerated
eigenvalues. By this situation the g—space is divided into three parts (phases) corresponding
to the different largest eigenvalue. The scaling relation connected with the manifolds f(i/j)
was treated in section 2. Let us therefore concentrate on I', and choose g, € [, arbitrary

— Fig.2



but fixed. v, := vg (4 | 0) denotes the critical eigenvalue. Then by (P¢1) a polynomial of
third order can be extracted from the characteristic equation so that eq.(5) simplifies to

0= (”_‘1 _ 1)3 +a(s,q) (Z—q - 1)2 +b(3,q) (”_‘1 _ 1) +e(bq) (33)

I/* ES *

Instead of this representation the elimination of the second order term by introducing

1
=2 + ga((s, q) (34)

Vs

turns out to be useful. Then eq.(33) results in

2+ F(6,q)2+G(5,q) =0 (35)
where
F(b,q) = b(,q) - %az(& q)
G6.9) = el6.q)~ ;b6 @alda) + ma’(Ga) (36)

Let us state a few general properties of the quantities (36). If one considers the limit
6 | 0 and takes a ¢ value on the codimension two phase transition manifold ¢ € I'. then
eq.(35) admits a triply degenerated solution which means

F(610,4)=0, G(610,4)=0, gel. . (37)

If one chooses especially ¢ = q,. this degenerated eigenvalue coincides with v, so that by
eq.(33)

a(6}0,¢g,)=0, 66)0,q,)=0, ¢(610,q,)=0 . (38)
Taking a g value on the neighboring codimension one manifolds ¢ € f(i/j) the limit ¢ | 0
yields a doubly degenerated solution of eq.(35) so that

D(510,§)=0, §€Tlgy (39)

where as an important quantity for the subsequent calculations the discriminant of eq.(35)

pe.ay=(Sra) + (Se0a) (10

has been introduced. Finally we stress that the largest solution of eq.(33) is positive which
means that eq.(35) has either three real solutions or one real solution which is larger than
the real part of the complex conjugate ones. This constraint results in

q) <0 3 real solutions
q) <0 1 real solution (41)

Nel



which can be seen for example by considering the explicit solutions of the cubic equation
(cf. eqs.(63), (64)).
Owing to (P2) we are able to write down the following expansions of the coefficients F

and &

F s,
G (s,

) = F105+F01:Aq:—I—F2052+F11:Aq:5+F02:Aq:Aq:—|—03
) = G+ G :Aq:—I—GQO(SQ—I—G11 :Aq:5+G02:Aq:Aq:+G3053—|—
GM:Aq: 8 +G2:Aq:Aq:6+G*” : Aq:Aq:Aq:+0, (42)

q
q
where the zero order contribution vanishes due to eq.(37). By considering special cases we
put some constraints on the expansion coefficients.

i) 6 L 0: Then eq.(42) reads
F(610,q) = F°:Aq:+F":Aq:Aq:+0(|Aq|")

G(610,q) = G":Aq:+G":Aq:Aq:+
G : Aq:Aq:Aq:+0(|Aq") . (43)

By presupposition (P¢4) eq.(35) possesses three different solutions which can be ex-
panded as z; = 2z} : Ag: +..., i =1,2,3. Inserting this expansion together with the
expression (43) into eq.(35) and requiring three different solutions for the expansion
coefficients z! one gets

F'' =0, G =0, G"”=0 . (44)
ii) ¢ = q.: Now eq.(42) reads

F(o.q.) = F%+0(&)

G(8,q,) = GY5+G*6%4+0(8°) (45)
and eq.(40) yields
1 10\? oo 110\, 110420\ 53 4

The relation G'° > 0 contradicts eq.(41) as one obtains in this case from eq.(45) and
(46) G > 0, D > 0. Therefore
G <0 (47)

holds.

iii) g, = 0: As due to (P3) v = 1 is valid we conclude from eqs.(6) and (33) that

c(d,g=0)=0, (g.=0) . (48)

10



iv)

By eq.(38) the expansions of a(d,q) and b(d, q) contain no contribution of order zero.
Inspecting now the relations (36) eq.(48) results in

G"=0, (g.=o) . (49)

Refering to the discussion following eq.(19) we want to stress that the situation G'° =
0, g, # o is not generic. Nevertheless this case will be treated also in the sequel. Its
meaning will become clear in the next section. Furthermore we have strong evidence
that in the case ¢, = o the Taylor expansion of b(4,¢q,) contains no contribution of
first order in 4. Even we are not able to show this relation in a strict sense we can
give a heuristic explanation in appendix B. As an immediate consequence we obtain
from eq.(36)

FP=0, G*=0, (q.=0) . (50)

But then the expansion (42) yields by taking eqs.(44) and (49) into account
G(6,q) = G"M:Aq:6+0;
D(é,q) = (%GH Aq: 5)2 +05 . (51)
As D > 0 but GG has no definite sign the relation
Gl'=o, (q.=o0) (52
follows from the constraint (41).

qg—=—qel, ] 0: If one chooses a g value on the codimension two phase transition
manifold eq.(37) yields

F(5\L07(~1) = FOQ:q_q*:q_q*:+O(|q_q*|3):0
G(5\L07(~1) = GOS:q_q*:q_ *q_q*+0(|q_q*|4):0 (53)

]

which means

F?:z:2:=0, G®:z:2:2:=0, ifz tangent to .. (54)

g=4qc¢c f(i/j), 6 1 0: If the ¢ value is chosen on the codimension one phase transition
manifold we get from eq.(39)

1 3 . 3 1 . B B 2 N
<§F02:q—q*:q—q*:) +<§G03:q—q*:q—q*:q—q*:) +0(lg—q.]") =0
55)

—~

so that

1 o1 ? .
<§F02 T :) + (—G03 gt :) =0, if = tangent to ['(;/;). (56)

11



By eqgs.(54) and (56) the coefficients are related to the shape of the phase transition man-
ifolds. By straightforward algebra the different cases q, = o and g, # o can be discussed
separately.

Cuase A, q, = o: With respect to eqs.(44),(49), (50) and (52) the expansion (42) reads

F(s,q) = F*P+F':q:64+F%:q:q:+03
G(oq) = G +G":q:8°+G7%:q:q:6+G":q:q:q:404 . (57)

Introducing the scaling abbreviations
z=:0ts, q=:0s (58)

the eigenvalue equation (35) is written as

W3+ Fa(s)vs +Gals)+0(8) =0 (59)
where
Fy(z) = FOLFY 2.+ F2 .2 :.2:
Galz) = G+G"':2: 4G :2:2: 4G22 :2: . (60)

The discriminant 5 )
Date) = (574(@)) + (564) (61)

determines whether eq.(59) has entirely real or complex solutions. In the case D4 < 0 the
three solutions are real which means that by eq.(4) the frequencies vanish. In the opposite
case Dy > 0 eq.(61) allows for complex solutions that means non vanishing frequencies.
The explicit solutions can easily be written down in both cases by using the formula of
Cardano. Rewriting these expressions for the old variables (cf. eq.(58) and (34)) one gets
the scaling relation

vy —1=6H1 (%) i=0,1,2 (62)
where
DA (iIZ = %) >0
H&O)(a:) = aa(x)+ 2% (x)
HP(@) = BP(2) = aalz) - b} (@) +iV3hy(2)

(
=
1 Ga@) D))" DA’
b = 5 (-75) {(” i) i(l‘VGﬁm) }

as(z) = —-(a"®+a":z) (63)

W =

12



and

H&O)(a:) = ag(z)+ra(z)cos(©4(z))
Hﬁll)(a:) = aa(z)+ra(z)cos (@A(a:) + 4%)
Hﬁf)(m) = aa(z)+ra(z)cos (@(:13) + 2%)
) 1/3 - 1/6
ra(z) = 2 rGAQ( ) (1 4(?5(;)))
O4(z) = %arg (— |gjgz;| 4+ 4(%?((;)) ) e0,7/3] . (64

We want to notice that the contribution a4 of the scaling functions comes from the expansion
of the transformation (34).
Case B, q. # o (G1° # 0): Using eq.(44) one obtains for the expansion (42)

F (s,
G(6,

) = F105+F2052+F11:Aq:5+F02:Aq:Aq:—|—03
) = G + G5 + G :Aq:5+G3053—|—G21:Aq:52—|—
G2:Aq:Aq:64+G¥:Aq:Aq:Aq:+0, . (65)

q
q

With the scaling abbreviations
2 =:0"%ps, Aq=:5"s (66)

the eigenvalue equation (35) reads

U5+ Fa(s)vs +Ga(s) + 0031 =0 (67)
where

Fg(z) = F%:z:x:

Gp(z) = GY"+G®:z:z:2: . (68)

Again the zeros of the discriminant

Dy = (Srs@) + (San@) (69)

separate the different regions in g—space where zero and non vanishing frequencies occur.
The scaling relations can be obtained from eq.(67) as in case A and read

(1)

v, DWEAY] .
9 _j~s2g0 (W) i=0,1,2 (70)

13



where Hg) is given by eqs.(63) and (64) with ¢/, D4, G4, ay, hi, ra4, O4 replaced by
Aq/6'3, Dg, G, ag, h%, rg, ©p. Here ap reads
1
ap(x) = —§a01 gE S (71)
Case C, q, # o (G'° = 0): For later reference we also include this non generic case in
our discussion. The expansion (42) is given by eq.(65) by omitting the term G1°5. Using
the scaling abbreviations

2 =Vdhs Aq=:Vis (72)
the eigenvalue equation (35) yields
Vs + Fo(s)bs +Gols) +O(VE) =0 . (73)
Here the definitions
Fo(e) == FP4+F2? .22
Go(z) = G':2:+G% 2z 2 x: (74)

have been used and the discriminant
1 51 2
De(a) = (§Fo(@) + (560 (75)
determines the values of the frequencies. The scaling function reads in this case

(1)

14

—1~VoHY (%), i=0,1,2 (76)

where Hg) is again given by eqs.(63),(64) with the obvious substitutions and ac (@) := ap (@)
(cf. eq.(71)).

It is obvious that the scaling relations for the characteristic functions, the damping rates
and the frequencies can be derived immediately from eqs.(3),(4),(62),(70) and (76). These
scaling relations can be briefly summarized in the equations

$la) = v +38 (q ~ q*)

Vs

oe
7((11) ~ 5(17(1) (q gaq*) . =12
oy = w0 (q ;aq*) L =12 . (77)

Here the value of the exponent @ = 1,1/2,1/3 depends on the cases discussed above and
the scaling functions ¢, ) and @) possess two different analytical branches depending on
the sign of the discriminant D(Agq/§%). Table 2 summarizes the results of this section and
gives an overview of the scaling functions. Finally we want to note that eqs.(54) and (56)
do not allow for a simple separation of tangent and normal variations with respect to the
phase transition manifold. This is different to the case of doubly degenerated eigenvalues
where the separation is clearly reflected by eqs.(26) and (31).
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4 Examples

As shown in the preceeding sections a typical scaling behaviour emerges near the degeneracy
points of eigenvalues. Those degeneracies typically occur in the vicinity of bifurcation
points, especially when a crisis is involved into the bifurcation. In order to gain some more
insight into the three different cases analysed in the preceeding section we want to discuss
two simple examples. In general model sytems can be analysed numerically by evaluating
the quantity (3). This approach does not require the knowledge of the transfer operator
and leads to the scaling relations. But it usually requires a large numerical effort and is
therefore beyond the scope of this article. Analysing the transfer operator leads to a great
simplification of the calculation. It is however difficult to derive an appropriate expression
of the transfer operator for a specific model system. We refer the reader to the literature for
the treatment of special examples [18, 19]. In order to avoid this tedious procedure we will
concentrate here on simple one dimesional Markov maps for which the transfer operator can
be analysed at least approximately without great effort. Nevertheless our models have some
general properties which can be expected to be valid also in more complicated systems.

As a first example let us consider a one dimensional expanding Markov map which has
been derived as a crude approximation for the Lorenz equations ® [17] (cf. Fig.3). Below
the bifurcation point the system admits a chaotic invariant set which undergoes an interior
crises as the bifurcation point is reached. The transition matrix, that menas the matrix
representation of the Frobenius—Perron operator for this map is easily written down. In
the vicinity of the bifuracation point this large matrix can be approximated by a transition
matrix between the two unstable fixed points and the chaotic repellor [20], an aproximation
which seems to be reasonable also from the physical point of view

l—a §/2 0
a 1-45 « . (78)
0 /2 1-«w

Here « denotes the escape rate from the unstable fixed point and § < 1 the transition rate
from the chaotic repellor to one of the fixed points. The dependence of the latter on the
bifurcation parameter of the mapping depends on its geometric properties but is linear in
the case of Markov maps. The inversion symmetry of the mapping has lead to a symmetry
property of the matrix (78). In order to analyse the bifurcation using the quantity (3) a two
valued function u(z) = (u(z),v(x)) seems to be appropriate where u denotes an even and
v an odd function of its argument. The simplest choice is depicted in Fig.3, where u and
v take the values 1,0,1 respectively -1,0,1 in the neighbourhood of the relevant repellors.
Taking the transition matrix (78) into account the matrix representation of the transfer
operator then reads

(1—a)ePd  §/2 0
(Hg) = aeP™1 1-06 aebte (79)
0 §/2 (1 — a)ePte

*In contrast to the original Lorenz equations this map has two unstable fixed points outside the chaotic
invariant set in order to yield an chaotic attractor on both sides of the bifurcation point.
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where ¢ = (p,q). It is worth to mention that the expression (79) which was derived for a
very special model system depends only on the symmetry of the system and the type of the
bifurcation mentioned above. Although the dependence of & and § on the parameters of the
system is based on the special features of the system in a complicated manner it is expected
that our simple model shares a lot of properties emerging in more complicated one. At the
bifurcation point § | 0 the operator (79) possesses a triply degenerated eigenvalue v, at the
phase transition point (p., ¢x)

(1—a)eP* ™ =1= (1 —a)e T =y, (80)

and two linearily independent eigenvectors. Furthermore three phase transition lines {(p, ¢) | ¢—

¢ = Ag = 0,p—p.:=Ap >0}, {(p,g) |Ap = Ag < 0} and {(p,q) [Ap = —Aq < 0}
meet in this point. These phase transition lines divide the g—plane into three phases which
are determined by the two unstable fixed points respectively the chaotic invariant set. To
investigate the scaling behaviour emerging for § > 0 we analyse the eigenvalue equation of
the expression (79). The coeflicients of the characteristic equation (35) read in this case

F(8,q) = _%(eAp-I-Aq +eBrBays }(eAp_Aq _ Aranyz _
%(eAp—Aq C 14 8) (AP 1 4 g)

G(d,q) = %{eAp-I-Aq(eAp—Aq — 14 8) + eAPmAI(APFAT _ ] 4 §) _ (eAPFAT _ Ap-Any2y
g(eAp_Aq — 1) (ePrHR —1)§ — %{(eAp‘Aq C 1P = 8 (AR ) 4
21—7(6AP‘A‘1 +etPTA g — §)

where .

1. (82)

Inspecting eq.(81;) we recognize that G° = 0 holds so that case C of section 3 applies. The
coefficients entering the scaling functions (74) read

% = -as
A 2
F2:Aq:Aq: = —%—(Aq)2
11, s o«
G :Aq:6 = gAp(S
2 Ap)?
G®:Aq:Aq:Aq: = gAp (%—(Aq)Q) (83)
and eq.(74) results in
2
Fo(s,t) = —d—%—tQ
2 (a s
Go(s,t) = Zs|=—+—=——-t*] . 84
0(87 ) 38(2 + 9 ) ( )

6+

(81)



Here the abbreviations s; = s = Ap/\/8, s; = t = Aq/+/8 have been used. The discriminant
(75) is in this case negative what can be checked by a straightforward computation. As a
consequence only real eigenvalues that means vanishing frequencies occur in the vicinity of
the phase transition point and the scaling functions are given by the second part of the
third column in table 2.

As shown in the previous example the symmetry of the system has lead to the occurence
of the non generic case C. In order to discuss the more general case we have to refer back to
models which do not share this property. As we are only interested in the principle aspect of
this case we will directly investigate a simple matrix representation of the transfer operator
also one can find simple one dimensional and probably higher dimensional maps from which
it can be derived. Let us consider a system which admits one attracting and two repelling
sets which decay towards the former one. As a bifurcation parameter is changed a crisis
should occur where a transition from the attracting set to one of the repellors should be
possible. Then the transition matrix reads

1- (S 921 31
0 1- 921 Q39 . (85)
(S 0 1 - 31 — (39

where § < 1 denotes the bifurcation parameter and o;; the decay rates of the repelling
sets. If we again consider the observable u(z) = (u(z),v(z)) taking constant values 1,0, 1
respectively —1,0,1 on the attracting and the repelling sets then the transfer operator
admits the simple matrix representation

(1 — 5)ep_q 21 a31€p+q
(Hg) = 0 I —ay uzgelta : (86)
deP~1 0 (1 — 31 — a32)€p+q

Due to the introduction of two fluctuating quantities we are able to detect the two level
internal structure of the repeller. At the bifurcation point § | 0 the operator (86) yields a
triply degenerated eigenvalue v, at the phase transition point (p.,¢.)

P =1 —ay = (1 — asy — ag)e* T =u, . (87)

where the three phase transition lines {(p,q) | Ap= Aq¢ < 0}, {(p,q¢) | Ap= —Aq < 0} and
{(p,q) | Aq=0,Ap > 0} meet. Furthermore one easily recognizes that the operator admits
only one eigenvector which is the generic case. In the case § > 0 the characteristic equation of
the matrix (86) can be obtained after an elementary but exhausting computation. Rewriting
it in the form (35) we get for the coefficients

F(6,q) = —a3e®75— é{(l — §)eRPTRI _ APTANZ é{(l — §)ePTR [} {eRPTAY 1}
G(6,q) = —dndse’P6 - §~31{(1 — §)eRPTRY 4 APTAL _ 91285

3 _ Ap—Ag _ 113 _ 3 Apt+Ag _ 113

5 (1—=24)e 1} 27{6 1% +

é{(l _ 5)€Ap—Aq + eAp+Aq _ 2}{(1 _ 5)€Ap—Aq _ 1}{€Ap+Aq _ 1} (88)
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where the abbreviations

a2 . a3 . Q32
Q31 . —_— Q39 .

1—0&217

(89)

0~421 .

j— s e E——
1— a3 — a3 1— a3 — a3

have been used. Obviously G'° # 0 holds so that case B applies. The coefficients contribut-
ing to the scaling functions (68) can be derived immediately. One gets

2
F2:Aq:Aq: = —%—(Aq)2
G = —dgdsed
2 Ap)?
G% . Ag:Aq:Aq: = gAp (% - (A(])Q) (90)

and the explicit expressions for the scaling functions read

82

Fg(s,t) = Y —t?

o 2 52 9
G’B(S7 t) = —0921032 + §S 5 —1 . (91)

Here the abbreviations s; = s = Ap/(sl/37 sy =t = Aq/51/3 have been introduced. The
discriminant (69) is written as

1 [ s? ? Qo1 (v s { s2 ?
DB(Svt):_ﬁ (§+t2) ‘|‘(— 212 32+§(§—t2)) . (92)

Setting this expression to zero determines the border line between vanishing and non van-
ishing frequencies. It is sketched in Fig.4. In the vicinity of the phase transition point
frequencies of order O(5'/3) occur. Furthermore one recognizes the remarkable fact that
also far away from the phase transition point non vanishing frequencies emerge in regions of
doubly degenerated eigenvalues. This is highly plausible as doubly degenerated real eigen-
values might become complex valued by a small perturbation. On the phase transition lines
however this effect is suppressed as the largest eigenvalue has to be a real quantity.

As shown by these examples the three cases A, B, C mentioned in section 3 reflect the
number of eigenvectors that the transfer operator admits at the bifurcation point. Therefore
the scaling behaviour allows for an investigation of the spectral properties even if an explicit
representation for the transfer operator is not known.

5 Conclusion

In this article we have extended a previously developed idea [11] to derive scaling relations in
the vicinity of g—phase transition points from a rather general point of view. The generality
of our approach is based on avoiding any reference to special dynamical systems but starting
directly from the characteristic equation of the transfer operator which determines the
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eigenvalues of interest. Using a few general properties of this equation we have shown
that the relevant thermodynamical quantities obey in general a scaling relation of the form
0°H((qg — q,)/0%). Furthermore we have been able to derive explicit expressions for the
scaling functions in a mean field like way. Besides this the analytical expression for the
scaling function depends only on the number of eigenvalues which become degenerated at
the bifurcation point and cause the phase transition. The surprising observation that these
scaling functions have turned out to be rather independent of the special dynamical system
[21] is explained by our results in a clear way. But we note that our approach cannot
link the concrete bifurcation parameter of a dynamical system (e.g. an inverse transition
time) to our scaling parameter § in general. We suppose that such a relation depends on
special properties of the dynamical system under consideration [4]. As we have allowed for
the treatment of the multivariable case in our framework also higher order degeneracies of
eigenvalues can be achieved in a generic way. The associated phase transitions display clearly
the different local structures of the invariant set involved. The treatment of the scaling
behaviour in their vicinity has shown that finite frequencies might emerge which mirror the
degeneracy of low lying eigenvalues. Finally we want to stress that our approach is general
enough to capture quite different situations which can be described by a transfer operator.
Considering for example stochastic nonlinear systems it is obvious that our approach yields
a noise induced scaling behaviour in the vicinity of the phase transition point even if the
precise dependence of the scaling parameter § on the noise strenght is a priori unknown.
We conclude that phase transitions involving a finite number of eigenvalues are captured
by our treatment in a unified way. Nevertheless certain kinds of non hyperbolic situations
where a continuous part of the spectrum is involved in the phase transition [9, 10] demands
for further investigations.
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Appendix A

Instead of (P4) let us assume that the characteristic equation (5) admits one real and two
complex conjugated solutions in the vicinity of the phase transition point (6 | 0). As we
are only interested in the principle aspect of this case we want to restrict the discussion
to two variables (M = 2) and denote the corresponding parameters by ¢ = (p, ¢) to avoid
unnecessary indices. For reasons that will become clear at the end we concentrate on the
4

case 6 | 0 and on the discussion of the phase transition lines The main features are

displayed in Fig.5 and we show in the sequel that they occur generically.

*The argument 6 | 0 will be suppressed in the notation
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By the presupposition made above, eq.(5) simplifies in the vicinity of the phase transition
point (p«, ¢«) to

2
{Z—z — 1 - A(Ap, Aq)} { (Z—q - 1) + B(Ap, Ag) (Z—q - 1) +C(Ap, Aq)} =0 (93)
if the three largest eigenvalues are considered. Here Ap := p — p., Aq 1= ¢ — ¢, Vg =
vi(1 + A(Ap,Aq)) yields the real eigenvalue and the coefficients A, B,C are analytical
functions of their arguments. The zero order term in their expansions vanishes due to (P¢1).
Additionally the first order contribution to C'(Ap, A¢) does not vanish as eq.(93) should
yield a complex solution in the neighborhood of the phase transition point. Elimination of
the quadratic term in vg /v, — 1 by a linear transformation results in eq.(35) where

F(Ap, Ag) = C—AB—%(B—A)Q
2

G(Ap,Ag) = —CA— %(c ~AB)(B - A) + o

(B— A . (94)
The arguments of A, B,C' have been suppressed to simplify the notation. In contrast to
eq.(44) the expansions of F' and ¢ contain contributions of the order Oy and O3. By eq.(94)
both quantities are related via

G(Ap, Ag) = —%F(Ap, Ag) {24 + B) — 21—7 (244 BY . (95)

We are interested in the phase transition lines which are determined by a degenerated
eigenvalue. Referring back to eq.(39) these lines are given by the zeros of the discriminant.
Using eq.(95) this condition reads

4 1 2 1
0=D(Ap,Ag) = {F(An Ag)+ 5 24+ B)Z} {F(An Ag)+ 5 24+ B)Z}

(96)
So we obtain two phase transition lines in the vicinity of the codimension two phase tran-
sition point which are given by the equations

Fio= {(pa) | F(Ap Ag) = — (244 B)’)

B2 = {(p0) | F(dp,Ag) =~ (244 B} (o7)

These expressions are of course a trivial consequence of eq.(93). The shape of these lines can
be obtained easily using the Taylor expansions of F, A, B. They are qualitatively displayed
in Fig.5. Inspecting eq.(96) one recognizes that the sign of D does not change if one crosses
'} (D < 0) whereas it changes by crossing I'y. Referring back to eq.(41) this means that
on I'y two real eigenvalues become degenerate whereas on I'y a pair of complex conjugated
eigenvalues is born. Due to the requirement that the largest eigenvalue is real the last
mentioned transition takes place between the lower lying eigenvalues. Fig.5 summarizes our
outcomes.
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It is rather unlikely that the strange looking phase diagram (Fig.5) occurs in dynamical
systems. On the one hand this kind of phase diagram has not been observed in any dynam-
ical system. On the other hand we have some evidence but no proof at hand that this kind
of phase transition is impossible.

Appendix B

Our considerations will mainly be based on the Markov property of the operator (2)

/ (HY_gh)(x)da = / h(z)da (98)

which has not been used yet. Suppose that the transfer operator admits some probably
infinite dimensional matrix representation at ¢ = q, = 0. It possesses by presupposition
three eigenvalues which are well separated from the remaining part of the spectrum. For
this reason the matrix representation can be cast into the block form

(HE o) = ( "o ) (99)
0 ..

where H denotes a 3 X3 matrix which determines the properties of the characteristic equation
(33). Concentrating for a moment on the limit § | 0 H possesses the triply degenerated
eigenvalue v, = 1. Furthermore from eq.(98) and the structure (99) we conclude that the
sum of column elements of H equals 1. Both requirements determine H uniquely as the
identity matrix. Investigating now the case § > 0 we remark that the off diagonal matrix
elements have to be of the order O(6). Otherwise the presupposition (Py2) is violated. By
this reasoning H takes the form

1 — 012 — 013 921 d31
H= 512 1- 521 — 523 532 (100)
513 d23 1 —d31 — 032

where §;; = O(8). The characteristic equation (33) at ¢ = o is determined by

vg — 14612+ 013 —001 —d31
0 = det —512 I/q -1 + 521 + 523 —532 . (101)
—0d13 —0d23 vg — 1+ 931 + 032

From this equation it is obvious that b(d, ¢ = o) contains no contribution of first order, that
means b'0 = 0.

Appendix C

As mentioned in the introduction the characteristic function ¢(q) is strongly related to the
n—1

fluctuations of the temporal coarse grained quantity U, (z) = > ") w(T%(x))/n. We want
to make this statement explicit in this appendix.
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Let us introduce the distribution function of the fluctuating quantity U,
pal@) == (6(a — U, (2))) ~ e7"() (102)

where oo = (aq, ..., aps) and the asymptotic behaviour stated on the right hand side defines
the fluctuation spectrum o(a) [12, 22]. In the long time limit U,, approaches its ensemble
average (u) and p,, tends towards the é—distribution as o(a) > o({u)) = 0. Obviously o(a)
contains explicitly the large fluctuations of U,,. Inserting eq.(102) into the definition (3) we
obtain

o(q) = lim lln/e”o‘qpn(oa)doa . (103)

n—oo N

Using the asymptotic behaviour indicated above and evaluating the right hand side with
the saddle point method we end up with the relation [12, 23]

¢(q) = —min{o(z) — gz} . (104)
This Legendre—Fenchel transform can be inverted easily leading to

ola) = —min{o(y) —ay} . (105)

Assuming the smoothness of ¢ and o the relations (104) and (105) can be cast into a
form more suitable for explicit evaluations. Defining the functions a(g) and g(a) via the

relations Do () 3¢
olx
9= 5, ‘w:d(q) y = ‘y =q(x (106)

the transformation reduce to

¢(q) = qa(q) —o(alg)), ola)=aq(a)-9(q(a)) . (107)

The scaling behaviour of ¢

¢(q) = Inwv. 469 (q ;aq*) (108)

discovered in sections 2 and 3 carries over to a scaling behaviour for the fluctuation spectrum.
From eqs.(106) and (108) we get

3¢
\y (g-q.,)/59=Y() (109)

so that eq.(107) yields the scaling relation
o(a) = aq, — v, +i{ay(a) - d(y(a))} (110)

Concerning the explicit expressions of ¢ and a we refer the reader to table 1 and 2.
Instead of performing the Legendre-Fenchel transform in eqs.(104) and (105) with re-
spect to all variables ¢ and « it is of course possible to introduce quantities where the
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transformation is applied only to a part of the arguments. The meaning of these quantities
can be guessed from the considerations made above. Let us split the observables w and the
parameters g into two groups w = (u("), u?) and q = (¢V, ¢)). Having the definition (3)
in mind one of the authors introduced a characteristic function with respect to the variables
u(!) under the constraint that the variables Ugf) take fixed values a(?) [12]
1 1)
A(qW,a?) = lim = n(ed"Vr @5(a@ - U@ () (111)
n—oo N

Here the obvious abbreviation U () := Y272 w®)(T¥(z)) /n, k = 1,2 has been used. The
function A(g(M), a?)) thus describes the cross correlation between the local averages U (!
and U®). Now we proceed along the lines presented above. Using eq.(102) eq.(111) reduces
to

1

AgW, a®) = Jim —m/e”q“)a(”pn(a“),a<2))da<1> (112)
n—oo N

where with respect to the above mentioned separation the notation a = (a(l),a@)) has

been introduced. The asymptotic behaviour of p, and the saddle point method allow for

an evaluation of the integral with the result

AlgW,a®) = - (i?{g(w(l)ﬂ(?)) —qWzMy (113)
a1

Assuming the smoothness of the functions involved this equation can be further simplified.
Introducing the functions a(V(g", a?) and g (gV), a?) via

a® —. d9(q",

y?)
zW)=aW (g, a®) > : 8y(2) ‘y(2):q(2) (qV),a(2))
(114)

q(l) _.

do (2™, al?)
dz(1) ‘

we obtain

A(q(1)7a(2)) — q(l)d(l)(q(1)7a(2)) — U(d(l)(q(1)7a(2))7a(2))
— o™, gD (gM.al) - gD (gW,aP)a® . (115)

The last equality can be derived by expressing o by ¢ via eqs.(106) and (107). Applying
eq.(108) we finally get the scaling behaviour

/) _ (1) 1 _ )
A(gM,a®) = Iy, —gPa? 44 {¢ (q 5aq* .yt (q T 70‘(2))) B

5(1
0
el (‘1(1)(;—7&‘1*70((2)) a(z)} (116)

where the function g(?) is according to eq.(114) defined by

9 ((a"V - ¢y /6%, y?)
‘ dy@)
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Table 1

q.=0 q.#0
o(a) | 564 (a/8) | Inve +Vion (Aq/V5)
7((11) 574 (q/9) Vv (Aq/\/g)

Table 1: Scaling relations in the case of a doubly degenerated eigenvalue and definition of
the scaling functions (X = A, B). For the explicit expressions we refer to eqs.(262) and

(312)
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Table 2

g.=o q. #0(G"#0) 4. #0 (G =0)
Di(q/8)>0| Dp(Ag/8%) >0 Do (Aq/VE) >0
o(q) | 6% (/) | Inw +06Y%63 (Aq/0'?) | Inw. + o6z (Aq/V5)
9 =g | i) | 0105 (8/0) Virz (Aa/V5)
o) == w3 (a/9) 51703 (2q/61%) Vg (Ag/ Vi)
Di(q/s)<0| Dp(Ag/6%) <0 Do (Aq/VE) <0
bla) | 905 (a/8) | v +8Y365 (Ag/0') | Inw. + Vo5 (Ag/V5)
ag) | 918y | 0 (ag/8 ) VIS (2g/VR)
W D) | e (aqe) | VED (8a/VE)
W) = wy) 0 0 0
6% (w)=ax (x) + b (x) | 6()=ax (@) + rx () cosOx ()
73 (x):=3h% () P (@):=rx (@) sin (O (2) + %)
SF (2)=—V3hz(x) | 7Y (2)=rx(z)sin (Ox(z)+3)

Table 2: Scaling relations in the case of a triply degenerated eigenvalue and definition of the
scaling functions (X = A, B, (). For the explicit expressions we refer to eqs.(6334), (6445),
(60), (61), (68), (69), (71), (74) and (75).
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Figure captions

Fig.1:

Fig.2:

Fig.3:

Fig.4:

Fig.b:

Diagrammatic view of the eigenvalues governing a phase transition based on a double
degeneracy (6 | 0). 1/((10)7 1/((11) denote the two largest eigenvalues and I', the phase
transition line in the two dimensional g-space (M = 2). The fixed chosen phase
transition point (v, q,) and a vector m normal to the phase transition line are also

indicated.

Diagrammatic view of the eigenvalues governing a phase transition based on a triple

degeneracy ( | 0). 1/((10)7 1/((11)7 1/((12) denote the three largest eigenvalues, (v.,q,) the

codimension two phase transition point and I' the codimension one phase transition
manifolds in the two dimensional g—space (M = 2).

Inversion symmetric Markov map after suffering an interior crisis ( ). The box
indicates the domain of the former attractor and ¢ denotes the bifurcation parameter.
Furthermore the functions u(z) ( ) and v(z) ( ) used for evaluating
the characteristic function are shown.

Diagrammatic view of the region in g—space containing finite frequencies in the case
§>0. ( ) denotes the phase transition lines (6 | 0) and ( ) the lines
of doubly degenerated eigenvalues (8 | 0) which can be obtained from eqs.(39), (68),
(69) and (90).

Diagrammatic view of the phase transition line ( ) and the line of degeneracy
between the lower lying eigenvalues ( ). In the hatched region the system
possesses complex eigenvalues.
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