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Abstra
t

We apply standard proje
tion operator te
hniques known from nonequi-

librium statisti
al me
hani
s to eliminate fast 
haoti
 degrees of freedom

in a low{dimensional dynami
al system. Through the usual perturbative

approa
h we end up in se
ond order with a sto
hasti
 system where the fast


haoti
 degrees of freedom are modelled by Gaussian white noise. The a
-


ura
y of the perturbation expansion is analysed in detail by the dis
ussion

of an exa
tly solvable model.
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1 Introdu
tion

Elimination of fast degrees of freedom is one of the 
lassi
al and 
entral issues

of nonequilibrium statisti
al physi
s. There exist numerous 
on
epts to model

the in
uen
e of a deterministi
 thermodynami
 heat bath by e�e
tive sto
hasti
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for
es or noise, resulting either in Langevin equations or sto
hasti
 di�erential

equations, in Fokker{Plan
k equations, in Master equations or Boltzmann equa-

tions and so on. The thermodynami
 properties of the heat bath, in parti
ular its

thermodynami
 limit, plays a double role. On the one hand the limit guarantees

the de
ay of 
orrelations of bath variables. On the other hand, by a variant of

the law of large numbers the statisti
s of the heat bath and in parti
ular of the

sto
hasti
 for
es be
omes Gaussian. Furthermore, 
u
tuation dissipation rela-

tions display on the level of the slow variables the Hamiltonian stru
ture of the

underlying mi
ros
opi
 dynami
s.

Problems whi
h are related with the dynami
s on di�erent time s
ales are

known for 
enturies, e.g. in 
elestial me
hani
s. Thus time s
ale separation and

elimination of fast variables are a 
entral issue in quite di�erent 
ontexts [1℄, e.g.

for the investigation of instabilities in physi
al, 
hemi
al or biologi
al systems

[2℄. It is a 
ommon feature of all these examples that one typi
ally has a �nite

number of fast degrees of freedom and time s
ale separation 
omes through the

values of the parameters of the system. Depending on the type of the fast motion

one 
an group elimination s
hemes whi
h are qualitatively di�erent.

If the fast motion is purely relaxatory then elimination of the fast degrees of

freedom is usually 
alled adiabati
 elimination [3℄. In formal terms the full system

has a slow invariant manifold and one obtains a deterministi
 e�e
tive equation

of motion for the slow variables. This 
ase is very well understood even from a

rigorous mathemati
al point of view (
f. e.g. [4℄, [5℄). When the motion of the

fast variable is periodi
 in time then the elimination is performed by averaging

the fast degrees of motion. Again one obtains a deterministi
 e�e
tive equation

of motion for the slow part of the dynami
s [4, 6℄. Here we 
onsider the third

possibility where the slow degrees of freedom are 
oupled to a �nite number of

fast 
haoti
 modes and where no manifold redu
tion 
an be applied.

Su
h problems arise for instan
e in 
limate resear
h [7℄ or mole
ular dynami
s.

For numeri
al purposes in long time simulations, but also for prin
iple reasons,

the elimination of the fast modes is often highly desirable. Already a �nite

number of fast 
haoti
 modes share with thermodynami
 heat baths the de
ay

of 
orrelations so that the reasoning sket
hed above indi
ates that fast 
haoti


degrees of freedom 
an be modelled by suitable sto
hasti
 pro
esses. Of 
ourse

one should not expe
t a Gaussian statisti
s from the very beginning sin
e nothing


omparable to the law of large numbers is available in a system with a �nite

number of degrees of freedom. On the other hand, a simple temporal average

resulting in an e�e
tive deterministi
 des
ription of the slow dynami
s is a rather


oarse approximation, if fast 
haoti
 modes are 
onsidered, as we will show. In

fa
t as one of our main results we will derive a Fokker Plan
k equation for the

slow variables, eq.(13), where drift and di�usion 
onstants represent the features

of the fast degrees of freedom and whi
h 
an be 
al
ulated by time averages,

eqs.(14){(16).

We would like to mention approa
hes whi
h have been made for systems whi
h
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are driven by a fast sto
hasti
 motion. Note that for su
h a system a di�usion

approximation of the slow motion is known already for several de
ades. It is even

proven rigorously that on a �nite time interval the fast sto
hasti
 motion 
an

be redu
ed to a kind of observational Gaussian white noise whenever time s
ale

separation is pronoun
ed [8℄. Furthermore a kind of Langevin dynami
s has been

derived [9℄. These approa
hes resemble response theory as used e.g. by physi
ists

for ages for the dis
ussion of sto
hasti
 systems [10℄. Sin
e the mathemati
al

rigorous 
on
ept is 
onstrained to �nite time intervals, the analysis is in general

neither able to 
ope with noise indu
ed transitions nor to des
ribe a

urately

the stationary behaviour of the dynami
s. Nevertheless there exist 
ertain model

systems where one 
an relax su
h a 
onstraint and where fast 
haoti
 degrees of

freedom 
an be mapped to a Gaussian white noise due to 
ertain s
aling properties

[11℄.

In this paper we 
onsider general model systems with two time s
ales, where

the slow degrees of freedom x are 
oupled to fast variables y

dx

dt

= f(x;y)

dy

dt

=

1

"

g(x;y) : (1)

The small parameter 0 < "� 1 mediates the separation of time s
ales, where f

and g are assumed to be of the order of unity. It is our goal to approximate the

motion of the slow variables x by an e�e
tive equation of motion where the fast

variables y are repla
ed by a suitable sto
hasti
 pro
ess. This problem seems

to be relatively simple if the slow degrees of freedom have no ba
k{
oupling to

the fast ones, i.e. when g does not depend on x. Then y is a fairly 
ompli
ated

sto
hasti
 pro
ess where the distribution is determined by the invariant measure

of the fast dynami
s. Of 
ourse there remains the highly nontrivial task to study

whether one 
an approximate su
h a sto
hasti
 pro
ess in the limit of small "

by simpler pro
esses, e.g. a white noise pro
ess. The situation is less evident

when the slow degrees of freedom 
ouple to the fast ones. Then the properties

of an e�e
tive sto
hasti
 for
e may depend on the slow variable itself (
f. the

numeri
al simulation in [12℄). However, our formalism for the derivation of a

sto
hasti
 model for the slow degrees of freedom will be independent of whether

or not g depends on x, and the only di�eren
e will be the parti
ular dependen
e

of the di�usion term on x.

It is not a matter of prin
iple, but the elimination of fast degrees of freedom

is te
hni
ally simpler to perform if one 
onsiders the time evolution of probability

density fun
tions. The equation of motion whi
h 
orresponds to the system (1)

reads

��

t

�t

= �L�

t

(x;y) = �

�

1

"

L

0

+ L

1

�

�

t

(x;y) (2)

3



where the generator is given by

L

0

�(x;y) =

X

�

�

�y

�

g

�

(x;y)�(x;y)

L

1

�(x;y) =

X

�

�

�x

�

f

�

(x;y)�(x;y) : (3)

Eq.(2) displays a natural splitting of the generator whi
h will be used to set up

a perturbation s
heme. In addition, the redu
tion to the slow degrees of freedom


an be performed on the level of densities in a straightforward way by 
onsidering

the redu
ed density

��

t

(x) =

Z

dy�

t

(x;y) =: Tr

y

[�

t

℄ : (4)

We have introdu
ed the abbreviation Tr

y

to indi
ate the integral with respe
t to

the fast variables.

It is the essential step to derive a 
losed evolution equation for the redu
ed

density from the full equation of motion (2). The desired elimination 
an be

performed with standard proje
tion operator te
hniques whi
h are well known in

the 
ontext of nonequilibrium statisti
al physi
s [13℄. To keep our paper self 
on-

tained we review in se
tion 2 the main features of su
h an approa
h and perform

the formal perturbation expansion for the model (1). In se
ond order pertur-

bation expansion we will derive a Fokker{Plan
k equation where the di�usion is

given in terms of properties of the fast 
haoti
 dynami
s. In fa
t, the 
ru
ial

part of the approa
h 
onsists in the proper 
hoi
e of the proje
tion operator.

In 
ontrast to one of the previous approa
hes [12℄ here we dire
tly end up with

e�e
tive drift and di�usion 
oeÆ
ients whi
h are given in terms of time averages

of the fast dynami
s.

Our perturbation expansion is still a formal pro
edure and we 
annot prove

its 
onvergen
e. However, properties of the perturbation expansion 
an be under-

stood when 
omparing with exa
tly solvable model systems. For that purpose we

dis
uss in se
tion 3 a linear system 
oupled to a fast Ornstein{Uhlenbe
k pro
ess.

Su
h an analysis 
learly reveals the a

ura
y of the perturbation expansion and

the relevan
e of the renormalisation of the e�e
tive drift.

2 Elimination of fast variables

The 
onstru
tion of the redu
ed density (4) may be 
onsidered as a formal pro-

je
tion of the full density. If we model the fast degrees of freedom by a �xed

distribution �

ad

(yjx) then the redu
tion 
an be a
hieved by the proje
tion oper-

ator

P�

t

(x;y) = �

ad

(yjx)Tr

y

�

t

= �

ad

(yjx)��

t

(x) : (5)
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The normalisation of the density �

ad

ensures that P is idempotent.

Employing standard proje
tion operator te
hniques [13℄ a formally exa
t and


losed equation of motion for the redu
ed density 
an be derived

���

t

�t

= �Tr

y

[L�

ad

℄��

t

+

Z

t

0

dt

0

Tr

y

[L exp(�QLt

0

)QL�

ad

℄��

t�t

0

(6)

where we have used the abbreviation Q = I � P to indi
ate the 
omplemen-

tary proje
tion operator. The usefulness of su
h an expression and in parti
ular

the properties of perturbation expansions depends 
ru
ially on the 
hoi
e of the

proje
tion. In fa
t, there are no rules whi
h yield a unique or at least optimal

proje
tion operator for a given problem. The 
hoi
e (5) of the redu
ed den-

sity �

t

(x) for P is very natural sin
e we look for an evolution equation for the

marginal distribution in the slow variable. In a previous work [12℄ we have 
hosen

(5) with the 
onditional stationary density. Although the resulting perturbation

expansion has ni
e formal properties and 
an be written down to in�nite order

(
f. [14℄) the obtained drift and di�usion 
oeÆ
ients 
annot be linked easily to

dynami
al properties of the fast equation of motion without making additional

assumptions. Hen
e we follow here a di�erent strategy and 
hoose a di�erent

type of proje
tion operator. Eviden
e for the 
hoi
e of �

ad

(yjx) for P is pro-

vided by the 
onvergen
e of sto
hasti
 kernels (
f. [15℄) yielding the zeroth order

approximation in (13).

Let us 
onsider the invariant density of the fast equation of motion when the

slow variables x are 
onsidered as �xed parameters. This density �

ad

obeys

L

0

�

ad

(yjx) = 0 : (7)

Averages with respe
t to su
h a density 
an be written as long time averages for

typi
al initial 
onditions

hhi

ad

(x) :=

Z

dyh(x;y)�

ad

(yjx) = lim

T!1

1

T

Z

T

0

dth(x;�[t=";y;x℄) (8)

where �[t;y;x℄ denotes a solution of the fast equation of motion with initial


ondition y, i.e.

��[t;y;x℄

�t

= g(x;�[t;y;x℄); �[t = 0;y;x℄ = y : (9)

Here we assume that the dynami
s of the fast degrees of freedom is mixing so

that in addition 
orrelation fun
tions de
ay suÆ
iently rapid.

Eq.(7) ensures that the proje
tion operator (5) obeys

PL

0

= L

0

P = 0 : (10)

Su
h an algebrai
 
ondition is the 
ru
ial property for the formal perturbation

expansion. It ensures that the memory kernel is of higher order with respe
t to the
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expansion parameter and that the proje
tion operator proje
ts onto a subspa
e

whi
h is stationary with respe
t to the L

0

{dynami
s. Thus the proje
tor indeed

eliminates the fast dynami
s. Applying the standard se
ond order perturbation

expansion eq.(6) redu
es to

���

t

�t

= �hL

1

i

ad

��

t

+

Z

t

0

dt

0

hL

1

exp(�L

0

t

0

=")QL

1

i

ad

��

t�t

0

(11)

where third and higher order terms of the right hand side have just been dis-


arded. The systemati
 part, i.e. the �rst term of the right hand side, just yields

the adiabati
 average of the slow ve
tor �eld (
f. eq.(3)). Sin
e the kernel of

the integral is determined by the propagator of the fast degrees of freedom, its

evaluation is quite straightforward taking the identity

Tr

y

[h(x;y) exp(�L

0

t=")�(x;y)℄ = Tr

y

[h(x;�[t=";y;x℄)�(x;y)℄ (12)

into a

ount. The time dependen
e of the kernel is governed by the 
orrelations

of the fast system. If these 
orrelations do not de
ay suÆ
iently fast, then

the memory kernel in the Master equation (11) produ
es a 
ontribution whi
h

in
reases in time. Thus one has to require that 
orrelations of the fast system

de
ay, e.g. exponentially, in order to avoid su
h se
ular 
ontributions. It is exa
tly

this feature where we need the 
haoti
 properties of the underlying fast motion.

In addition we may employ a Markov approximation. After some quite

straightforward algebra (
f. appendix) we end up with the Fokker{Plan
k equa-

tion

���

t

�t

= �

X

�

�

�x

�

D

(1;e�)

�

(x)��

t

(x) +

X

�;�

�

2

�x

�

�x

�

D

(2;e�)

��

(x)��

t

(x) : (13)

The e�e
tive di�usion is given by the auto
orrelation of the 
u
tuation of the

slow ve
tor �eld

D

(2;e�)

��

(x) =

Z

1

0

dt

0

hÆ

ad

f

�

(x;�[t

0

=";y;x℄)Æ

ad

f

�

(x;y)i

ad

(14)

where

Æ

ad

f(x;y) = f(x;y)� hfi

ad

(x) (15)

denotes the stati
 
u
tuation. The e�e
tive drift 
onsists of the adiabati
 average

of the slow ve
tor �eld and a renormalisation by 
haoti
 
u
tuations

D

(1;e�)

�

(x) = hf

�

i

ad

(x) +

X

�

Z

1

0

dt

0

hf

�

(x;y)�Æ

ad

f

�

(x;�[t

0

=";y;x℄)=�x

�

i

ad

:

(16)

Sin
e by assumption the 
orrelation fun
tions of the fast 
haoti
 dynami
s de
ay

on a time s
ale proportional to ", the integrals in eq.(14) and eq.(16) 
onverge, if
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we impose some regularity assumptions. The 
oeÆ
ients of the e�e
tive Fokker{

Plan
k equation (13) are just adiabati
 averages and 
an be 
omputed as plain

temporal averages with respe
t to the fast dynami
s (
f. eq.(8)).

Our perturbation expansion results to lowest nontrivial order in a Fokker{

Plan
k equation. Equivalently one may des
ribe the slow degrees of freedom by

a sto
hasti
 di�erential equation with a Gaussian white noise (
f. e.g. [16℄ for

expli
it expressions). From su
h a point of view the validity of the perturbation

expansion is not obvious. Gaussian sto
hasti
 for
es are unbounded in 
ontrast

to the real fast degrees of motion whi
h typi
ally have �nite amplitude even in

the limit of small ". In 
ertain situations the properties of exit time or tunnelling

problems may depend on whether the for
es driving the slow degrees of freedom

have �nite or in�nite amplitude. If for instan
e the amplitude of the fast modes

y is small one may apply linear response theory to the system (1) and the non-

trivial aspe
ts of exit time dynami
s are suppressed 
ompletely. However the

mathemati
al approa
hes mentioned in se
tion 1 state that regardless of su
h


onstraints the fast motion 
an be approximated by Gaussian sto
hasti
 for
es

on �nite time intervals provided the time s
ale separation is pronoun
ed (
f. the

numeri
al simulations in [12℄).

If we extend the formal expansion of eq.(6) to higher orders then we obtain

evolution equations whi
h do not any longer display a Fokker{Plan
k stru
ture

but 
ontain higher order derivatives. These 
ontributions are not a priori small

in a mathemati
al setting. Furthermore, in any �nite order beyond the se
ond,

the density may loose its positivity so that no simple mapping of the density

equation to a sto
hasti
 di�erential equation might be possible.

Thus the validity of the perturbation expansion on long time s
ales is a rather

subtle subje
t and �nally might involve the amplitude of the fast modes y, too.

To 
larify this issue to some extent it helps to 
onsider simple model systems

that 
an be solved analyti
ally. One should not expe
t an ultimate answer to all

the questions just raised, but at least one gets some insight into the quality of

the Born approximation (11).

3 Exa
t solution of a linear model

The perturbation expansion of the previous se
tion is a formal pro
edure and it

seems quite diÆ
ult to estimate its validity. Thus we are going to set up a sim-

ple model system where exa
t solutions are available and where the features of

the expansion 
an be studied. There is unfortunately no simple time 
ontinuous


haoti
 model available whi
h 
an serve for su
h a purpose. Geodesi
 
ows on

surfa
es of negative 
urvature are te
hni
ally 
umbersome to handle and simple


haoti
 maps that 
an be generated by a ki
ked dynami
s do not �t straight-

forwardly in our setup (
f. e.g. [11℄ for a study of maps 
oupled to a dynami
al

system). In order to 
on
entrate on the essential features of our perturbation
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expansion we follow a di�erent strategy. We model the fast 
haoti
 dynami
s by

a sto
hasti
 pro
ess and we 
onsider a 
ompletely linear model so that analyti
al

solutions 
an be obtained without great e�ort. The equations of motion read

dx

dt

= ��x + �y; (� > 0)

dy

dt

=

1

"

(��y + �x) +

�

p

"

�(t); (� > 0) (17)

where � denotes a Gaussian white noise with 
orrelation fun
tion h�(t)�(t

0

)i =

2Æ(t�t

0

), and the sto
hasti
 integrals are interpreted in the sense of Stratonovi
h.

Thus the fast 
haoti
 mode is an Ornstein{Uhlenbe
k pro
ess 
oupled to the slow


oordinate. In fa
t models of this type are very well investigated, i.e. for the

study of 
oloured noise [17℄. Here we just fo
us on the elimination of the fast

degree of freedom in lowest nontrivial order of the expansion parameter ". We

have to s
ale the noise amplitude with 1=

p

" to guarantee that the 
orresponding

Fokker{Plan
k operator 
an be split a

ording to eq.(2). The generator (3) of

the dynami
s reads

L

0

�(x; y) =

�

�

�y

[��y + �x℄�

�

2

�y

2

�

2

�

�(x; y)

L

1

�(x; y) =

�

�x

[��x + �y℄�(x; y) : (18)

It splits again the motion into a fast and a slow part. The generator L

0

al-

ready 
ontains a di�usive part sin
e the fast motion is 
onstru
ted by a Gaussian

sto
hasti
 pro
ess. Our general 
onsiderations of the previous se
tion are however

not in
uen
ed by su
h a property.

It is quite straightforward to determine the adiabati
 density using eq.(7):

�

ad

(yjx) =

r

�

2��

2

exp

�

�

�

2�

2

�

y �

�

�

x

�

2

�

: (19)

Hen
e the adiabati
 average (8) and the stati
 
u
tuation (15) of the slow ve
tor

�eld read

hfi

ad

(x) = �

�

�� �

�

�

�

x

Æ

ad

f(x; y) = �Æ

ad

y = �

�

y �

�

�

x

�

: (20)

If L

y

0

denotes the adjoint operator of L

0

with respe
t to Tr

y

we have L

y

0

Æ

ad

y =

��Æ

ad

y, and the time dependent 
u
tuations are easily obtained as

1

exp(�L

y

0

t=")Æ

ad

f(x; y) = exp(��t=")�Æ

ad

y = Æ

ad

f(x; �[t="; y; x℄) : (21)

1

In order to keep for our sto
hasti
 model (17) the same notation as in se
tion 2 we take

eq.(21) as the de�nition for Æ

ad

f(x; �[t="; y;x℄).
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Thus taking the de�nition (21) into a

ount the evaluation of the e�e
tive drift

and di�usion 
oeÆ
ients (16), (14) of se
ond order perturbation theory is quite

simple and we end up with

D

(1;e�)

(x) = �

�

�� �

�

�

��

1� "�

�

�

2

�

x =: ��

e�

x

D

(2;e�)

(x) = ��

2

�

2

�

2

: (22)

The e�e
tive di�usion is determined by the time s
ale of the 
u
tuations and the


oupling strength of the fast degrees of freedom to the slow ones. The 
oeÆ
ient

�

e�

of the e�e
tive drift is renormalised by fast degrees of freedom in two ways.

The renormalisation in the �rst fa
tor is already known from 
entre manifold

theory and just takes the transformation to the slow manifold into a

ount (
f.

eq.(27)). The renormalisation by the se
ond fa
tor 
omes through the 
u
tuations

of the fast variables.

It is quite well known that the motion of the slow variable is governed by an

e�e
tive Fokker{Plan
k equation only up to the se
ond order of the perturbation

expansion [17℄. Thus even for su
h a simple linear system no plain Fokker{

Plan
k stru
ture shows up on an exa
t level. To estimate the a

ura
y of our

perturbative result we 
ompare it to the solution of the full system. Let us �rst


onsider the stationary solution of the redu
ed density. Taking the expressions

(22) into a

ount the e�e
tive Fokker{Plan
k equation (13) yields

��

�

(x) =

s

�

e�

�

2

2�"�

2

�

2

exp

�

�

�

e�

�

2

2"�

2

�

2

x

2

�

: (23)

Sin
e the full system (
f. eqs.(18)) is a two{dimensional linear Fokker{Plan
k

system its stationary solution 
an be written down easily. For the redu
ed density

we obtain

��

�

(x)j

exa
t

=

s

�̂�

2

2�"�

2

�

2

exp

�

�

�̂�

2

2"�

2

�

2

x

2

�

(24)

where

�̂ =

�

�� �

�

�

��

1 + "

�

�

�

: (25)

Comparison shows that our perturbation expansion reprodu
es the stationary

redu
ed distribution, i.e., all its 
umulants, in the lowest nontrivial order of ".

As a se
ond quanti�er for the a

ura
y of the perturbation expansion let

us dwell on the relaxation rate, i.e. the �rst nontrivial eigenvalue of the Fokker{

Plan
k operator. These eigenvalues are just determined by the drift of the Fokker{

Plan
k equation (
f. e.g. [16℄). Eq.(13) together with the expressions (21) yields

� =

�

�� �

�

�

��

1� "�

�

�

2

�

(26)
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whereas the exa
t quantity is obtained from the diagonalisation of the determin-

isti
 part of the two{dimensional system (17)

�j

exa
t

=

�� ��=�

(1 + "�=�)=2 +

p

(1� "�=�)

2

=4 + "��=�

2

= �+O("

2

) : (27)

Here we observe in fa
t a 
oin
iden
e in
luding the �rst order in " whi
h is one

order beyond the lowest nontrivial order in ". In the one dimensional 
ase i.e. in

our approximation, both the width of the distribution and the relaxation rate are

essentially determined by D

(1;e�)

. Sin
e the width of the exa
t redu
ed density

��

�

(x) is not identi
al to the relaxation of the two-dimensional full problem, no

one{dimensional proje
tion 
an reprodu
e both results simultaneously. Our ap-

proximation reprodu
es the relaxation rate with better a

ura
y than the width

of the distribution. Su
h a property depends 
ru
ially on the proper drift renor-

malisation through the 
haoti
 
u
tuations.

4 Con
lusion

We have des
ribed a s
heme to model fast 
haoti
 degrees of freedom by suitable

sto
hasti
 for
es. The approa
h is based on a des
ription using densities and

employs standard proje
tion te
hniques whi
h are known in statisti
al me
hani
s

for de
ades. Contrary to previous work [12℄ the proje
tion operator proposed

here yields e�e
tive di�usion and drift renormalisation whi
h 
an be expressed

in terms of temporal averages with respe
t to the fast 
haoti
 motion.

The 
ru
ial step of the whole pro
edure is the appli
ation of the perturbation

expansion with respe
t to the time s
ale separation and the restri
tion to a low

order of the perturbation expansion. The formal expansion 
an be developed

easily and we end up with a Fokker{Plan
k equation respe
tively a Langevin

equation with Gaussian white noise. To 
he
k the a

ura
y of the expansion

we have analysed a simple linear model whi
h 
an be solved exa
tly. The per-

turbation expansion reprodu
es the stationary density in the lowest nontrivial

order, and it reprodu
es temporal 
hara
teristi
s in
luding the �rst order of ".

We should stress that the di�usion 
onstant is of order ", hen
e in the limit of

perfe
t time s
ale separation the di�usion tends to zero.

In general one 
annot expe
t that su
h formal expansions are uniformly valid

in time. Fast 
haoti
 degrees of freedom have typi
ally a �nite amplitude, i.e.

su
h motion 
annot indu
e transitions between di�erent stationary states if the

amplitude of 
haoti
 os
illations is too small. On the other hand any arbitrary

small Gaussian noise indu
es tunnelling phenomena on exponentially long time

s
ales. Nevertheless the modelling of fast 
haoti
 degrees of freedom may be

suitable on �nite time s
ales. But su
h subtle me
hanisms turn a real proof of

the 
onvergen
e of the expansion into a real 
hallenge and there is no ultimate

answer available yet.

10



Appendix: The perturbation expansion

To keep our presentation entirely self 
ontained we will des
ribe the derivation

of the Fokker{Plan
k equation in more detail. Subje
t of our investigation is

the propagation of a statisti
al ensemble representing the distribution of initial

states on some bounded domain 
 of the phase spa
e. We take in the following

the physi
ists' point of view and assume for simpli
ity that the ensemble 
an

be des
ribed by a measure whi
h is absolutely 
ontinuous with respe
t to the

Lebesgue measure. Hen
e states 
an be des
ribed by densities and the Liouville{

like equation (2) whi
h is understood in the sense of distributions governs the

motion of the system. For general dynami
al systems espe
ially the existen
e

of invariant distributions whi
h are absolutely 
ontinuous 
ru
ially depends on

the underlying dynami
s. We expe
t that most parts of our approa
h 
an be

rewritten in terms of measures, but we do not give a rigorous a

ount here.

Let us assume that on 
 the forward 
ow for eq.(1) exists. Furthermore we

suppose that the dynami
s (9) in the fast variables possesses a smooth stationary

distribution �

ad

(�jx) for any frozen x and that the motion is exponentially mixing

with a mixing rate whi
h is uniformly bounded for all x. Let us 
onsider an

ensemble initially distributed a

ording to some density � for whi
h �(x;y) =

�

ad

(yjx)Tr

y

[�(x;y)℄.

We apply the Zwanzig proje
tion method [13℄ to eq.(2) and obtain

�P�

t

�t

= �PLP�

t

+ PL

Z

t

0

e

�QLs

QLPe

�L(t�s)

� ds� PLe

�QLt

Q� ; �

t=0

= � ;

(28)

whi
h is the starting point for our approximations. The �rst term of the right

hand side of (28) 
an be viewed as the self{intera
tion of the proje
ted 
ompo-

nents. For the proje
tor (5) it is the generator for the dynami
s of the adiabat-

i
ally averaged slow motion (see below). The se
ond term embodies a memory

term. The third term is determined only by the 
omplementary 
omponent of the

initial distribution and vanishes due to our assumption for the initial distribution.

Note that if su
h an assumption is not satis�ed additional 
ontributions to the

equation of motion for P�

t

may o

ur. However su
h 
ontributions will be dis-


arded sin
e they should not play any relevant role e.g. for evaluating stationary

distributions.

The Nakajima{Zwanzig equation (28) involves the dynami
s whi
h is deter-

mined by the abstra
t problem

��

t

�t

= �QL�

t

; �

t=0

= � : (29)

One 
an easily 
he
k that for a solution of (29) we always have �P�

t

=�t = 0

and hen
e P�

t

= 0 for all t provided that P� = 0. Thus (29) models the


omplementary dynami
s. Although the Zwanzig proje
tion method is a well{

established te
hnique we would like to remark that 
ontrary to the Liouville{like

11



equation (1) where solutions of asso
iated initial value problems always exist it

is a severe problem to show that eq.(29) has a proper mathemati
al meaning. A

mathemati
ally rigorous setup of the Nakajima-Zwanzig equation is a nontrivial

task. No general solution has been proposed so far to our best knowledge (
f.

[18℄ for the analysis of �nite rank proje
tion operators). In our opinion it is a


hallenge for further resear
h from the mathemati
al point of view.

Here we just fo
us on the formal evaluation of eq.(28) whi
h is based on the

essential property (10). We obtain for eq.(28) using QL = "

�1

QL

0

+ QL

1

and

the standard exponential identity

�

�t

P�

t

= �PL

1

P�

t

+ PL

1

Z

t

0

e

�QL

0

(t�s)="

QL

1

P�

s

ds (30)

�"

2

PL

1

Z

t="

0

Z

s="

0

e

�QL

0

(s��)

QL

1

e

�Q(L

0

+"L

1

)�

QL

1

P�

t�"s

d�ds :

In this presentation we are aiming to derive an approximate equation of motion

for �

t

in
luding 
orre
tions up to order " only. Therefore we may trun
ate eq.(30)

by negle
ting the third term on the right hand side whi
h is formally of order

"

2

. Whether su
h a Born approximation is in general valid on long time s
ales

is still a very deli
ate problem. In fa
t su
h an approximation means that in

the memory kernel the full propagator exp(�QLt) 
an be repla
ed by the lowest

order 
ontribution exp(�QL

0

t="). Evaluation of the remaining 
ontributions in

eq.(30) is quite straightforward

PL

1

P�

t

= �

ad

(yjx)

X

�

�

�x

�

hf

�

i

ad

(x) �

t

(x) (31)

PL

1

e

�QL

0

(t�s)="

QL

1

P�

s

= �

ad

(yjx)Tr

y

h

X

�

�

�x

�

f

�

(x;y)

�

e

�QL

0

(t�s)="

X

�

�

�x

�

f

�

(x;y)�

ad

(yjx)

�e

�QL

0

(t�s)="

�

ad

(yjx)Tr

e

y

h

X

�

�

�x

�

f

�

(x;
e
y)�

ad

(
e
yjx)

i �

�

s

(x)

i

:(32)

Sin
e �

ad

(�jx) is stationary we have exp(�QL

0

t)�

ad

(yjx) = �

ad

(yjx) for any

t � 0. For an integrable fun
tion  whi
h vanishes at the boundaries of the do-

main 
 we have Tr

y

[ ℄ = Tr

y

[exp(�QL

0

t) ℄ for any t � 0. Therefore, eq.(32)

may be expressed in terms of the stati
 
u
tuation (15). Employing in addition

the solution of the fast equation of motion (9) with initial 
ondition y and tak-

ing into a

ount the identity exp(�L

y

0

Q

y

t)Æ

ad

f

�

(x;y) = Æ

ad

f

�

(x;�[t=";y;x℄) the

equation of motion (30) results in

���

t

(x)

�t

= �

X

�

�

�x

�

hf

�

i

ad

(x) �

t

(x)+

X

�;�

�

2

�x

�

�x

�

I

(2)

��

("; t;x)�

X

�

�

�x

�

I

(1)

�

("; t;x)

(33)
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where the two remaining integral terms have been abbreviated by

I

(2)

��

("; t;x) (34)

:=

Z

t

0

Tr

y

[Æ

ad

f

�

(x;�[(t� s)=";y;x℄) Æ

ad

f

�

(x;y)�

ad

(yjx)℄ �

s

(x)ds

and by

I

(1)

�

("; t;x) (35)

:=

Z

t

0

Tr

y

X

�

h

�

�

�x

�

Æ

ad

f

�

(x;�[(t� s)=";y;x℄)

�

f

�

(x;y)�

ad

(yjx)

i

�

s

(x)ds :

Now we employ a Markov approximation. The fast dynami
s is supposed to

be exponentially mixing. Hen
e 
orrelation fun
tions de
ay rapidly. Moreover

Tr

y

[Æ

ad

f

�

(x;y)�

ad

(yjx)℄ = 0. Thus, the kernel in eq.(34) de
ays on a time s
ale

determined by the inverse mixing rate of the fast subsystem. Repla
ing ��

s

by ��

t

and extending the integration to in�nity we 
an approximate the integral term

(34) by D

(2;e�)

��

(x) �

t

(x). Analogously, investigating eq.(35) we use the equality

Tr

y

h

�

�

�x

�

Æ

ad

f

�

(x;�[s;y;x℄)

�

f

�

(x;y)�

ad

(yjx)

i

(36)

=

�

�x

�

Tr

y

h

Æ

ad

f

�

(x;�[s;y;x℄)f

�

(x;y)�

ad

(yjx)

i

� Tr

y

h

Æ

ad

f

�

(x;�[s;y;x℄)

�

�f

�

(x;y)

�x

�

+ f

�

(x;y)

� ln �

ad

(yjx)

�x

�

�

�

ad

(yjx)

i

:

Be
ause of mixing the right hand side tends to zero as s ! 1. Thus, for all

t ex
eeding the inverse mixing rate we 
an approximate the integral term (35)

by

�

D

(1;e�)

�

(x)� hf

�

i

ad

(x)

�

�

t

(x). Putting all terms together, we obtain the

approximate equation (13).
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