Control of chaos by time—delayed feedback in high—power ferromagnetic resonance
experiments
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Basic features of time—delayed feedback schemes for the control of chaos are reviewed. The
method is applied to high—power ferromagnetic resonance experiments in YIG spheres beyond the
Suhl threshold. Chaotic motion is suppressed and regular periodic states are stabilised.

Since the pioneering work on control of chaos [1] prob-
lems of control have developed to one of the most im-
portant topics in applied nonlinear sciences over the last
decade [2]. Although control theory is a well developed
discipline in engineering and applied mathematics (cf.
e.g. [3,4]) the new aspects proposed by physicists con-
cern the usage of non-invasive methods to stabilise one
of numerous unstable states embedded in a chaotic sys-
tem. A second milestone in this business concerns the
usage of time—delayed measured signal to construct suit-
able control forces for stabilising time periodic states [5].
Such an approach can easily be applied even in compli-
cated experiments [6,7] since neither a proper mathemat-
ical modelling of the internal dynamics nor a fancy data
processing are required for employing the control scheme.
Such conditions occur frequently in fast experimental sys-
tems.

Time—delayed feedback schemes use a measured signal
s(t) of the system and derive the control force from the
time—delayed difference s(t) — s(t — 7). Here the delay
time 7 is chosen in such a way that it coincides with the
period of the orbit to be stabilised, so that the control
force finally vanishes when the target state is reached.
The control scheme is sketched in figure 1. From the
theoretical point of view the analysis of the control per-
formance results in the discussion of delay systems which
are a priori infinite dimensional even if their free dynam-
ics is quite simple [8]. Thus a deeper understanding of
the control properties has been developed only recently
[9-11]. Employing a linear stability analysis the control
performance can be reduced to characteristic exponents
A +iQ where successful control corresponds to negative
values A < 0 for the real part. Under very general con-
ditions [12] the characteristic equation determining the
exponents can be written as

A+iQ=A+iw
+ K(x' +ix")(1 —exp[—(A+i)7]) . (1)
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Here A + iw denotes the stability exponent of the free
orbit with A > 0, and the parameter x’' + ix" takes all
the details of the control scheme into account, i.e. the
properties of the measured signal and the coupling of the
control force.
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FIG. 1. Control scheme for time-delayed feedback control.
The control loop is displayed in gray. The control force con-
sists of the control signal As(t) = s(t) — s(t — 7) and the
control amplitude K which acts as a linear amplification.
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FIG. 2. Response spectrum of an electronic circuit sub-
jected to delayed feedback control within the control domain
(7 = 1.25us). Peaks are caused by the leading exponent.

fpermanent address: School of Mathematical Sciences, Queen Mary / Univ. of London, Mile End Road, London E1 4NS, UK



The stability exponents can be measured e.g. by ap-
plying linear response methods. Here one superimposes
a small harmonic forcing and detects the control signal.
Within the control interval the position and widths of the
corresponding lines in the Fourier spectrum yield imag-
inary and real part of the stability exponents (cf. figure
2). The measured exponents can be compared with the
theoretical prediction, eq.(1). Evaluation of the latter is
quite straightforward (cf. [13]). One obtains a character-
istic butterfly shaped curve for the real part which results
in a finite control interval where A < 0. This behaviour
is accompanied by a frequency splitting phenomenon for
the imaginary part, caused by a collision of two distinct
exponents. The general theory fits well with experimen-
tal results, even a quantitative coincidence up to 5% is
observed.
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FIG. 3. Real part A and frequency deviation AQ = Q —w
of the leading stability exponent in dependence on the control
amplitude K for an electronic circuit experiment (cf. figure 2).
Symbols: experimental results, line: numerical fit according
to eq.(1) with —rx’ = 0.036, x”" = 0 and At = 1.07, wr = 7.

The typical shape of the leading eigenvalue yields a fi-
nite control interval with two thresholds, a lower and an
upper critical control amplitude. At the lower threshold
control sets in via a reverse flip bifurcation. Provided the
bifurcation is supercritical one expects that in the Fourier
spectrum of the measured signal a peak at half the basic
frequency disappears when one enters the control inter-
val on increasing K. Such a prediction is confirmed by
experiments (cf. figure 4). At the upper threshold the
eigenvalue spectrum develops a nontrivial imaginary part
indicating a Hopf bifurcation. Thus sideband frequencies
are visible in the Fourier spectrum of the signal. Both
features are typical for time—delayed feedback methods.

The size of the control interval depends on properties
of the free orbit, in particular on its Lyapunov exponent
A. For larger values of A the spectrum displayed in fig-
ure 3 is essentially shifted upwards. A more thorough

analysis shows [14], that the control interval vanishes for
AT = 2. Such a constraint limits the original scheme to
weakly unstable orbits. Multiple delay times have proven
to be fruitful to stabilise highly unstable periodic orbits
[15]. The method is quite robust and easy to implement
either by filtering the control signal electronically or by
implementing multiple delays using the travelling time of
signals, e.g. through a resonator in optical experiments.
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FIG. 4. Fourier spectrum of the measured signal, without
control (K = 0: chaotic), below the lower critical control am-
plitude (K < KUY period two), within the control interval
(KUY < K < K®): periodic), and above the upper control
threshold (K > K" quasiperiodic).

A severe limitation of conventional delayed feedback
schemes results from the fact that only orbits with a com-
plex stability exponent can be stabilised [10,11]. This
restriction can be relaxed by means of a time dependent
modulation of the control amplitude K [16,17]. Such ap-
proaches have been successfully applied in experiments
[16]. The method relies to some extent on the quite com-
plicated structure of the eigenvalue spectrum which ex-
plores the infinite dimensionality of the phase space (cf.
[18]). As an alternative control loops have been pro-
posed recently which contain an additional unstable de-
gree of freedom [19]. Although such an idea is to some
extend known in control theory, its combination with
time—delayed feedback methods is new and the scheme
has not yet been applied in real experiments.

Time—delayed feedback methods do not require the
knowledge of the orbit to be stabilised in advance. Sev-
eral empirical and semiempirical schemes have been pro-
posed to find suitable delay times from properties of
the control signal [20,21]. These methods are essentially
based on observing dominant peaks in the Fourier spec-
trum of the control signal and adjusting the delay time
within an iteration process. Such schemes can be based
on theoretical arguments by a proper analysis of the full
delay system including the control force [22].

It is well known by engineers that control loop latency,
i.e. the time lag needed for coupling the control force to
the system under consideration, severely limits the effi-
ciency of traditional control methods [23]. Such reser-



vations apply for time—delayed feedback control as well,
and one may quantitatively express such a constraint in
terms of the control loop latency, the period of the orbit,
and its Lyapunov exponent [24].

Altogether the mechanism of time—delayed feedback
control is meanwhile well understood from the theoretical
point of view. Here we are going to apply such concepts
for controlling chaos in strongly driven magnetic systems.
Magnetic systems are strongly nonlinear devices via the
coupling of effective magnetic fields to the internal de-
grees of freedom. They are considered as paradigms for
nonlinear dynamics and pattern forming systems, which
are to date only poorly understood [25].
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FIG. 5. Setup for the ferromagnetic resonance experiment.

High—power ferromagnetic resonance experiments were
performed on spheres of yttrium iron garnet (YIG),
which is well established as a ”prototype nonlinear ferro-
magnet”. The sample was placed in a microwave cavity
and excited by a microwave field of 9.39 GHz, applied
perpendicularly or parallel to the static magnetic field
(cf. figure 5). The subsidiary absorption manifests as an
additional absorption structure at lower field, which is
well separated from the FMR main resonance and shows
a drastic broadening with increasing microwave power,
accompanied by auto—oscillations and sequences of bi-
furcations. We have systematically analysed [26] the dy-
namic behaviour of the subsidiary absorption signal at
fixed pumping frequency, as presented in figure 6. The
lower line shows the dependence of the Suhl threshold
on H (the so—called butterfly curve) '. The next line
indicates a Hopf bifurcation and corresponds to the on-
set of auto-oscillations. Further bifurcation lines above
separate regimes of different time behaviour, e.g. period
doublings, quasiperiodicity, different types of intermit-
tency or chaos. The auto—oscillation frequencies were in
the MHz range and changed dramatically on variation
of system parameters, thus making the 7 adjustment a
challenge. For the given setup an intrinsic control loop
latency of about 70ns was observed.
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FIG. 6. Experimental bifurcation diagram for high-power
ferromagnetic resonance on a YIG sphere (v = 9.39GHz) with
respect to magnetic field H and input microwave power P;,.
The lowest line indicates the Suhl threshold, the lines above
separate regimes of different time behaviour, e.g. period dou-
blings (P2, P4), quasiperiodicity (QP), different types of in-
termittency (INT II, III) or chaos.

To illustrate the applicability of the delayed feedback
control method to complex spin systems, as a first step
we considered a stable period—2 orbit (figure 7, K = 0),
which was generated through a period doubling, leaving
an unstable period—1 orbit with flipping neighbourhood
(w = m/T). This unstable orbit was selected for con-
trol. The delay time 7 = 2.09us was evaluated from
the very sharp and dominating peak in the spectrum.
Turning on the feedback and increasing the control am-
plitude K, we observed a changeover to period—1 (figure
7, K = 0.2), while the period-2 component was sup-
pressed by more than 20dB. The vanishing control signal
(below a noise level of about 1% of the diode signal) in-
dicated successful control. On further increase of K, the
orbit was destabilised again. A widening of the attrac-
tor occurred, accompanied by a Hopf bifurcation which
resulted in an additional broad peak at about 1.53MHz
(figure 7, K = 0.5). According to the theoretical expec-
tations, there is a K—window of successful control which
is limited at low K—values by a flip bifurcation and at
high K—values by a Hopf bifurcation.

In order to extend these control experiments to the
chaotic regime we looked for a parameter range where
chaos evolves via a period doubling, leading to a flipping
neighbourhood (w = w/7). However, this period dou-
bling was followed by two Hopf bifurcations making the
the situation more complex. A proper starting value for

'Here and in the corresponding figures below Pi, was normalized to the minimum threshold.



the cycle time 7 = 2.08us was obtained from the unper-
turbed spectrum, (figure 8, K = 0). The unperturbed
spectrum again shows a noisy but pronounced period—2
component. Applying a moderate feedback amplitude
(K = 0.37), the irregular behaviour was largely sup-
pressed (figure 8). The period—1 peak became rather nar-
row, the period—2 fluctuations were decreased by about
15dB, while the frequency components which resulted
from the Hopf bifurcations were less affected.
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FIG. 7. Suppression of a period-2 orbit (parallel pumping,
v = 9.39GHz, P;, = 13.3dB, H = 16130e ). L.h.s. top to
bottom: stable period-2 orbit (K = 0), controlled period-1
orbit (K = 0.2), feedback induced torus (K = 0.5). R.h.s.:
corresponding phase space representations. Note that the sta-
bilised UPO (dark) is located close to the starting period—2
orbit, while for large K an attractor widening occurs.
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FIG. 8. Suppression of chaos (subsidiary absorption,
v = 9.39GHz, P, = 8.5dB, H = 18650e ). L.h.s. top
to bottom: chaotic attractor (K = 0), stabilised period-1
orbit (K = 0.37). R.h.s.: corresponding phase space repre-
sentations. Note that the stabilised periodic orbit (dark) is
embedded in the chaotic attractor.

These experiments show that chaotic spin systems, in
spite of their complexity and fast time scale, can be
controlled by time—delayed feedback technique. General
properties and limitations of this technique, as predicted
from a system—independent theory, show up very dis-
tinctly in our experimental findings.
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