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Basi
 features of time{delayed feedba
k s
hemes for the 
ontrol of 
haos are reviewed. The

method is applied to high{power ferromagneti
 resonan
e experiments in YIG spheres beyond the

Suhl threshold. Chaoti
 motion is suppressed and regular periodi
 states are stabilised.

Sin
e the pioneering work on 
ontrol of 
haos [1℄ prob-

lems of 
ontrol have developed to one of the most im-

portant topi
s in applied nonlinear s
ien
es over the last

de
ade [2℄. Although 
ontrol theory is a well developed

dis
ipline in engineering and applied mathemati
s (
f.

e.g. [3,4℄) the new aspe
ts proposed by physi
ists 
on-


ern the usage of non-invasive methods to stabilise one

of numerous unstable states embedded in a 
haoti
 sys-

tem. A se
ond milestone in this business 
on
erns the

usage of time{delayed measured signal to 
onstru
t suit-

able 
ontrol for
es for stabilising time periodi
 states [5℄.

Su
h an approa
h 
an easily be applied even in 
ompli-


ated experiments [6,7℄ sin
e neither a proper mathemat-

i
al modelling of the internal dynami
s nor a fan
y data

pro
essing are required for employing the 
ontrol s
heme.

Su
h 
onditions o

ur frequently in fast experimental sys-

tems.

Time{delayed feedba
k s
hemes use a measured signal

s(t) of the system and derive the 
ontrol for
e from the

time{delayed di�eren
e s(t) � s(t � �). Here the delay

time � is 
hosen in su
h a way that it 
oin
ides with the

period of the orbit to be stabilised, so that the 
ontrol

for
e �nally vanishes when the target state is rea
hed.

The 
ontrol s
heme is sket
hed in �gure 1. From the

theoreti
al point of view the analysis of the 
ontrol per-

forman
e results in the dis
ussion of delay systems whi
h

are a priori in�nite dimensional even if their free dynam-

i
s is quite simple [8℄. Thus a deeper understanding of

the 
ontrol properties has been developed only re
ently

[9{11℄. Employing a linear stability analysis the 
ontrol

performan
e 
an be redu
ed to 
hara
teristi
 exponents

� + i
 where su

essful 
ontrol 
orresponds to negative

values � < 0 for the real part. Under very general 
on-

ditions [12℄ the 
hara
teristi
 equation determining the

exponents 
an be written as

� + i
 = �+ i!

+K(�

0

+ i�

00

)(1� exp[�(� + i
)� ℄) : (1)

Here � + i! denotes the stability exponent of the free

orbit with � > 0, and the parameter �

0

+ i�

00

takes all

the details of the 
ontrol s
heme into a

ount, i.e. the

properties of the measured signal and the 
oupling of the


ontrol for
e.

h(t) s(t)=g[x(t)]
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FIG. 1. Control s
heme for time{delayed feedba
k 
ontrol.

The 
ontrol loop is displayed in gray. The 
ontrol for
e 
on-

sists of the 
ontrol signal �s(t) = s(t) � s(t � � ) and the


ontrol amplitude K whi
h a
ts as a linear ampli�
ation.
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FIG. 2. Response spe
trum of an ele
troni
 
ir
uit sub-

je
ted to delayed feedba
k 
ontrol within the 
ontrol domain

(� = 1:25�s). Peaks are 
aused by the leading exponent.
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The stability exponents 
an be measured e.g. by ap-

plying linear response methods. Here one superimposes

a small harmoni
 for
ing and dete
ts the 
ontrol signal.

Within the 
ontrol interval the position and widths of the


orresponding lines in the Fourier spe
trum yield imag-

inary and real part of the stability exponents (
f. �gure

2). The measured exponents 
an be 
ompared with the

theoreti
al predi
tion, eq.(1). Evaluation of the latter is

quite straightforward (
f. [13℄). One obtains a 
hara
ter-

isti
 butter
y shaped 
urve for the real part whi
h results

in a �nite 
ontrol interval where � < 0. This behaviour

is a

ompanied by a frequen
y splitting phenomenon for

the imaginary part, 
aused by a 
ollision of two distin
t

exponents. The general theory �ts well with experimen-

tal results, even a quantitative 
oin
iden
e up to 5% is

observed.
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FIG. 3. Real part � and frequen
y deviation �
 = 
� !

of the leading stability exponent in dependen
e on the 
ontrol

amplitude K for an ele
troni
 
ir
uit experiment (
f. �gure 2).

Symbols: experimental results, line: numeri
al �t a

ording

to eq.(1) with ���

0

= 0:036, �

00

= 0 and �� = 1:07, !� = �.

The typi
al shape of the leading eigenvalue yields a �-

nite 
ontrol interval with two thresholds, a lower and an

upper 
riti
al 
ontrol amplitude. At the lower threshold


ontrol sets in via a reverse 
ip bifur
ation. Provided the

bifur
ation is super
riti
al one expe
ts that in the Fourier

spe
trum of the measured signal a peak at half the basi


frequen
y disappears when one enters the 
ontrol inter-

val on in
reasing K. Su
h a predi
tion is 
on�rmed by

experiments (
f. �gure 4). At the upper threshold the

eigenvalue spe
trum develops a nontrivial imaginary part

indi
ating a Hopf bifur
ation. Thus sideband frequen
ies

are visible in the Fourier spe
trum of the signal. Both

features are typi
al for time{delayed feedba
k methods.

The size of the 
ontrol interval depends on properties

of the free orbit, in parti
ular on its Lyapunov exponent

�. For larger values of � the spe
trum displayed in �g-

ure 3 is essentially shifted upwards. A more thorough

analysis shows [14℄, that the 
ontrol interval vanishes for

�� = 2. Su
h a 
onstraint limits the original s
heme to

weakly unstable orbits. Multiple delay times have proven

to be fruitful to stabilise highly unstable periodi
 orbits

[15℄. The method is quite robust and easy to implement

either by �ltering the 
ontrol signal ele
troni
ally or by

implementing multiple delays using the travelling time of

signals, e.g. through a resonator in opti
al experiments.
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FIG. 4. Fourier spe
trum of the measured signal, without


ontrol (K = 0: 
haoti
), below the lower 
riti
al 
ontrol am-

plitude (K < K

(fl)

: period two), within the 
ontrol interval

(K

(fl)

< K < K

(ho)

: periodi
), and above the upper 
ontrol

threshold (K > K

(ho)

: quasiperiodi
).

A severe limitation of 
onventional delayed feedba
k

s
hemes results from the fa
t that only orbits with a 
om-

plex stability exponent 
an be stabilised [10,11℄. This

restri
tion 
an be relaxed by means of a time dependent

modulation of the 
ontrol amplitude K [16,17℄. Su
h ap-

proa
hes have been su

essfully applied in experiments

[16℄. The method relies to some extent on the quite 
om-

pli
ated stru
ture of the eigenvalue spe
trum whi
h ex-

plores the in�nite dimensionality of the phase spa
e (
f.

[18℄). As an alternative 
ontrol loops have been pro-

posed re
ently whi
h 
ontain an additional unstable de-

gree of freedom [19℄. Although su
h an idea is to some

extend known in 
ontrol theory, its 
ombination with

time{delayed feedba
k methods is new and the s
heme

has not yet been applied in real experiments.

Time{delayed feedba
k methods do not require the

knowledge of the orbit to be stabilised in advan
e. Sev-

eral empiri
al and semiempiri
al s
hemes have been pro-

posed to �nd suitable delay times from properties of

the 
ontrol signal [20,21℄. These methods are essentially

based on observing dominant peaks in the Fourier spe
-

trum of the 
ontrol signal and adjusting the delay time

within an iteration pro
ess. Su
h s
hemes 
an be based

on theoreti
al arguments by a proper analysis of the full

delay system in
luding the 
ontrol for
e [22℄.

It is well known by engineers that 
ontrol loop laten
y,

i.e. the time lag needed for 
oupling the 
ontrol for
e to

the system under 
onsideration, severely limits the eÆ-


ien
y of traditional 
ontrol methods [23℄. Su
h reser-
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vations apply for time{delayed feedba
k 
ontrol as well,

and one may quantitatively express su
h a 
onstraint in

terms of the 
ontrol loop laten
y, the period of the orbit,

and its Lyapunov exponent [24℄.

Altogether the me
hanism of time{delayed feedba
k


ontrol is meanwhile well understood from the theoreti
al

point of view. Here we are going to apply su
h 
on
epts

for 
ontrolling 
haos in strongly driven magneti
 systems.

Magneti
 systems are strongly nonlinear devi
es via the


oupling of e�e
tive magneti
 �elds to the internal de-

grees of freedom. They are 
onsidered as paradigms for

nonlinear dynami
s and pattern forming systems, whi
h

are to date only poorly understood [25℄.
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FIG. 5. Setup for the ferromagneti
 resonan
e experiment.

High{power ferromagneti
 resonan
e experiments were

performed on spheres of yttrium iron garnet (YIG),

whi
h is well established as a "prototype nonlinear ferro-

magnet". The sample was pla
ed in a mi
rowave 
avity

and ex
ited by a mi
rowave �eld of 9:39GHz, applied

perpendi
ularly or parallel to the stati
 magneti
 �eld

(
f. �gure 5). The subsidiary absorption manifests as an

additional absorption stru
ture at lower �eld, whi
h is

well separated from the FMR main resonan
e and shows

a drasti
 broadening with in
reasing mi
rowave power,

a

ompanied by auto{os
illations and sequen
es of bi-

fur
ations. We have systemati
ally analysed [26℄ the dy-

nami
 behaviour of the subsidiary absorption signal at

�xed pumping frequen
y, as presented in �gure 6. The

lower line shows the dependen
e of the Suhl threshold

on H (the so{
alled butter
y 
urve)

1

. The next line

indi
ates a Hopf bifur
ation and 
orresponds to the on-

set of auto-os
illations. Further bifur
ation lines above

separate regimes of di�erent time behaviour, e.g. period

doublings, quasiperiodi
ity, di�erent types of intermit-

ten
y or 
haos. The auto{os
illation frequen
ies were in

the MHz range and 
hanged dramati
ally on variation

of system parameters, thus making the � adjustment a


hallenge. For the given setup an intrinsi
 
ontrol loop

laten
y of about 70ns was observed.

FIG. 6. Experimental bifur
ation diagram for high{power

ferromagneti
 resonan
e on a YIG sphere (� = 9:39GHz) with

respe
t to magneti
 �eld H and input mi
rowave power P

in

.

The lowest line indi
ates the Suhl threshold, the lines above

separate regimes of di�erent time behaviour, e.g. period dou-

blings (P2, P4), quasiperiodi
ity (QP), di�erent types of in-

termitten
y (INT II, III) or 
haos.

To illustrate the appli
ability of the delayed feedba
k


ontrol method to 
omplex spin systems, as a �rst step

we 
onsidered a stable period{2 orbit (�gure 7, K = 0),

whi
h was generated through a period doubling, leaving

an unstable period{1 orbit with 
ipping neighbourhood

(! = �=T ). This unstable orbit was sele
ted for 
on-

trol. The delay time � = 2:09�s was evaluated from

the very sharp and dominating peak in the spe
trum.

Turning on the feedba
k and in
reasing the 
ontrol am-

plitude K, we observed a 
hangeover to period{1 (�gure

7, K = 0:2), while the period{2 
omponent was sup-

pressed by more than 20dB. The vanishing 
ontrol signal

(below a noise level of about 1% of the diode signal) in-

di
ated su

essful 
ontrol. On further in
rease of K, the

orbit was destabilised again. A widening of the attra
-

tor o

urred, a

ompanied by a Hopf bifur
ation whi
h

resulted in an additional broad peak at about 1:53MHz

(�gure 7, K = 0:5). A

ording to the theoreti
al expe
-

tations, there is a K{window of su

essful 
ontrol whi
h

is limited at low K{values by a 
ip bifur
ation and at

high K{values by a Hopf bifur
ation.

In order to extend these 
ontrol experiments to the


haoti
 regime we looked for a parameter range where


haos evolves via a period doubling, leading to a 
ipping

neighbourhood (! = �=�). However, this period dou-

bling was followed by two Hopf bifur
ations making the

the situation more 
omplex. A proper starting value for

1

Here and in the 
orresponding �gures below P

in

was normalized to the minimum threshold.
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the 
y
le time � = 2:08�s was obtained from the unper-

turbed spe
trum, (�gure 8, K = 0). The unperturbed

spe
trum again shows a noisy but pronoun
ed period{2


omponent. Applying a moderate feedba
k amplitude

(K = 0:37), the irregular behaviour was largely sup-

pressed (�gure 8). The period{1 peak be
ame rather nar-

row, the period{2 
u
tuations were de
reased by about

15dB, while the frequen
y 
omponents whi
h resulted

from the Hopf bifur
ations were less a�e
ted.
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FIG. 7. Suppression of a period{2 orbit (parallel pumping,

� = 9:39GHz, P

in

= 13:3dB, H = 1613Oe ). L.h.s. top to

bottom: stable period{2 orbit (K = 0), 
ontrolled period{1

orbit (K = 0:2), feedba
k indu
ed torus (K = 0:5). R.h.s.:


orresponding phase spa
e representations. Note that the sta-

bilised UPO (dark) is lo
ated 
lose to the starting period{2

orbit, while for large K an attra
tor widening o

urs.
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FIG. 8. Suppression of 
haos (subsidiary absorption,

� = 9:39GHz, P

in

= 8:5dB, H = 1865Oe ). L.h.s. top

to bottom: 
haoti
 attra
tor (K = 0), stabilised period{1

orbit (K = 0:37). R.h.s.: 
orresponding phase spa
e repre-

sentations. Note that the stabilised periodi
 orbit (dark) is

embedded in the 
haoti
 attra
tor.

These experiments show that 
haoti
 spin systems, in

spite of their 
omplexity and fast time s
ale, 
an be


ontrolled by time{delayed feedba
k te
hnique. General

properties and limitations of this te
hnique, as predi
ted

from a system{independent theory, show up very dis-

tin
tly in our experimental �ndings.
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