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Abstract

Numerical continuation tools are nowadays standard methods for the bifurcation analysis
of dynamical systems. Unfortunately the full power of these methods is still unavailable in
experiments, in particular, if no underlying mathematical model is at hand. We here aim
to narrow this gap by providing control based continuation of periodic states which can be
ultimately implemented in real world experimental setups. Taking inspiration from atomic
force microscopy, we develop experimentally relevant control and tracking tools for time

periodic solutions in driven nonlinear oscillator systems based on stroboscopic maps.
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1 Introduction and experimental context

Tools to analyse the phase space structure of dynamical systems are probably at the heart
of most subjects in science and engineering. Approaches which exploit linear dynamical
properties have a well established tradition, which to some extent dates back more than a
century. Linear tools still provide some of the most powerful methods to analyse dynamical
behaviour, as most vividly illustrated by the success of linear response theory, which under-
pins among others large branches of physics and chemistry (see e.g. textbooks such as [1]).
Within the context of data science one should probably also mention the seminal idea of [2]
which did plant the seed for a whole universe of successful data analysis tools exploiting the
concept of linearity.

With the advent of nonlinear dynamics and chaotic behaviour at about four decades ago
the need to supplement these approaches by suitable nonlinear techniques became apparent
(see e.g. [3]). From a plain theoretical perspective bifurcations as well as unstable solutions
are a key to understand the dynamics in systems with a finite number of degrees of free-
dom. The importance of unstable solutions is also emphasised by the fact that these orbits
may provide a skeleton for an otherwise observable stable chaotic behaviour [4]. Powerful
numerical tools have been developed to explore the bifurcation and phase space structure
of low dimensional dynamical systems, whenever the mathematical equations of motion are
accessible [5]. We ultimately aim at taking this idea to the next level and make bifurcation
analysis and tracking of unstable solutions available in an experimental context, when no
underlying equations of motion are at hand. Equation free analysis can be viewed as a first
step in such a direction since the ideas proposed in [6] have the potential to reduce a mi-
croscopic model with a huge number of degrees of freedom to an effective low dimensional
macroscopic dynamics where bifurcation analysis becomes a meaningful approach. But con-
trary to a theoretical analysis the detection and tracking of bifurcations in an experimental
setting becomes a challenge as unstable states are not directly accessible. For this reason one
ultimately relies on control techniques which on the one hand are able to stabilise unknown
periodic states and which on the other hand have no impact on the target state so that the
control force finally vanishes. We ultimately aim at proposing a true model-free approach
by developing concepts for phase space reductions and bifurcation analysis to analyse real
world experiments for which no underlying mathematical model is available (see e.g. [7]
for a recent application in the context of crowd management), and which cannot be tackled

by state of the art methods. In this context experimental control techniques are a key for



stabilising and tracking experimentally unstable states, and these techniques can then even
be considered as a kind of novel spectroscopic tool for systems analysis.

There exists a considerable number of noninvasive feedback control methods in the liter-
ature which are able to stabilise unstable equilibria or unstable periodic orbits and where in
principle no a priori knowledge of the unstable state is required. These methods may be suit-
able for stabilising physical systems and to implement a model-free approach by identifying
effective phase space structures based on plain observations. The class of washout filter-
aided feedback control methods introduced in [8, 9, 10] can be understood as a proportional-
plus-integral control to stabilise unstable stationary points. Linear stability theory can be
utilised to prove linear stabilisation of equilibria or periodic orbits of the closed-loop system
by washout filter-aided feedback control under certain conditions [10]. The seminal work of
Ott, Grebogi and Yorke [11] was based on a similar reasoning where, however, some a priori
knowledge of the Poincare map is required. These essential details, such as an estimate of
the target state, can be obtained from data, normally by a suitable preprocessing of experi-
mental time series, and [12] presents generalisations of these ideas covering stabilisation and
tracking of unstable orbits as well as a successful application of the method in a model of
atomic force microscopy. Stabilisation of unstable periodic orbits with a feedback control
using a time-delayed signal has been introduced in [13] and applications can be found e.g. in
[14]. In the same spirit Sieber and Krauskopf [15] proposed a method based on time-delayed
feedback control to stabilise periodic orbits. The authors used pseudo-arclength continua-
tion for tracking of periodic orbits and this method succeeds in experiments even when fold
bifurcations occur. An experimental application of this approach for pendula in the vicin-
ity of saddle-node bifurcations is presented in [16]. Pyragas et al. suggested the simplest
instalment of a state observer and proportional feedback to deal with the stabilisation of
unknown equilibria in experiments [17, 18]. The method has much in common with the
previously mentioned washout filter-aided feedback control [9, 19]. These methods have the
limitation that tracking around a fold bifurcation fails at the bifurcation point. A numerical
implementation of an equation-free approach where a bifurcation diagram at a macroscopic
scale is obtained by applying pseudo-arclength continuation with a feedback control law to
equations on a microscopic scale can be found in [20]. Application of feedback control with a
suitable prediction of target states has been proposed in [21] to explore bifurcation diagrams
for laboratory experiments. Along similar lines an implementation of an experimental contin-

uation scheme based on local proportional-derivative control for forced non-linear oscillators



is presented in [22, 23, 24, 25].

While our subsequent analysis will be entirely theoretical, our approach is inspired by
real world experiments on fast time scales where a model-free approach has so far never been
put to a test. As a paradigmatic experimental setup we consider atomic force microscopy
which is a quite versatile method to inspect surfaces and attached structures or objects
thereon, down to the nanoscale [26, 27]. The sensor element is a bending micro-cantilever of
crystalline Silicon or amorphous SisN4 with a tip at one end. Most popular is the dynamic
mode, where the cantilever is driven into oscillation via a dither or shaker piezo. A registra-
tion laser spot is reflected from the top end of the metal-coated cantilever onto a segmented
photodiode. The photocurrents are dynamic and they serve as a measure of the vertical and
lateral displacement of the tip upon cantilever bending or torsion. Many attempts have been
undertaken to model force microscopy, using driven, damped harmonic oscillator models with
more or less complicated tip-sample contact models. A theory-reality gap persists, mainly
due to poorly controllable effects such as dissipation, capillary forces, patch charges, soft
crashes, and others. Nonlinear effects are already caused by anharmonicities of the bending
cantilever. In frequency scans of dynamic force microscopy close to a surface, a low and a
high amplitude branch with an unstable branch at intermediate amplitude does exist (cf.
figure 1(b)). Jumping between the two stable branches during acquisition of topography
is a common distortion, particularly with mobile molecular species, requiring manual inter-
vention. Especially beyond the resonance frequency of the cantilever a rather broad range
of tip sample separations is prone to such imaging instabilities. In [28] stabilisation of an
unstable cantilever oscillation has been managed, leading to reduced noise. For suspended
two-dimensional materials the analysis of nonlinear dynamics enabled determination of elas-
tic and heat transport properties [29, 30]. In standard force microscopy two bistabilities can
be accessed, one in the attractive (soft interaction) and another in the repulsive (strong in-
teraction) regime [31]. In experiments with control electronics, the unstable branches cannot
be reproduced, and the resonance curves take on shark fin signatures, see figure 1(b). In
addition chaotic motion of microcantilevers has been reported in [32, 33, 34, 35].

Atomic force microscopes may therefore serve as a paradigmatic model system to test a
model-free approach properly for systems at the nanoscale and on the kHz frequency scale.
The device clearly displays instabilities and bifurcations known from dynamical systems
theory. Hence it looks promising to apply suitable control techniques to track unstable

periodic orbits and to continue related unstable branches and bifurcation points. We aim
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Figure 1: a) Experimental time series (voltage at the photodiode vs time) for an atomic force
microscope microcantilever in dynamic mode with driving frequency of 53.7kHz. b) Nonlinear
resonance curve (amplitude of the oscillation vs. driving frequency) for an atomic force microscope
in dynamic mode. Experimental frequency sweep (shark fin) under ambient conditions, in the
vicinity of a Si surface (attractive interaction), exposing a clearly visible jump (left arrow) from
a high amplitude branch to a low amplitude branch when sweeping from high to low frequencies
(cross, bronze). A jump, though much smaller in size (right arrow), from the low amplitude to
the high amplitude branch appears as well when sweeping from low to high frequencies (circle,
blue). The amplitude has been estimated from the Fourier coefficient of the first harmonic (cf. as

well a)).

at proposing a control scheme which can stabilise unknown periodic states and which does
not require any kind of data processing, i.e., the control is based on the measurement of
a single data point per period. In addition, the scheme needs to be non invasive, i.e.,
control forces have to vanish asymptotically so that the final state is a periodic solution of
the system without control. These constraints rule out various of the control techniques
mentioned previously, for instance, no time consuming data processing can be done, e.g., to
reconstruct potential target states from observed data. We want to stress again that we see
here atomic force microscopy just as a motivation. We do not claim that the control scheme
developed here can be instantly implemented in experiments. Nevertheless, we consider the
theoretical challenge of designing a control scheme within the limitations described above to
be of interest from the plain theoretical point of view. Of course that does not rule out that
our ideas may ultimately find an experimental realisation within atomic force microscopy.
We introduce in section 2 a simple driven oscillator model which will be used to illustrate

our control design, and we set up the required notation for the formal analysis of the Poincare



map. Linear proportional full state feedback on a system parameter in the Poincare map
will be used to achieve stabilisation of unstable periodic orbits and the details are outlined
in section 3. The selection of optimal control gains and the analytic procedure for tracking
unstable branches is introduced in section 4 where we also cover the limitations of the control
design which are determined by controllability conditions known from classical control theory.
Various generalisations of the concept, such as the impact of a ceiling function for the control
feedback, or the use of delayed observations in cases where full state feedback is not feasible
are covered in section 5. Finally we also discuss the impact of our theoretical considerations

for the real world application outlined above.

2 Stroboscopic map and periodic states

As a motivation to develop the theoretical concepts for tracking unstable states with a view to
perform a data based experimental bifurcation analysis, let us consider the one-dimensional
motion of a particle in an external potential subjected to damping and a periodic harmonic

drive with amplitude h
t=v, 0=—yv—U'(x)— hcos(wt). (1)

For the purpose of a numerical illustration we will choose later a Toda oscillator [36] in
non-dimensional units with

U(z) =exp(—z) +z —1 (2)
and parameter values

_ o

=10"2, h=8x10"3 )
Fy ) X ) w T

(3)

Eq. (1) is an example for a two-dimensional non-autonomous differential equations with

T-periodic time-dependence which can, in general, be written as

szu(zat)7 f#(zvt) :fu(zﬂH‘T)- (4)

Here the two-dimensional vector z describes the state of the system, f, the right hand sides,
and the subscript p takes the dependence of the system on a static real-valued external
parameter into account. We will base our theoretical considerations on the fairly general

class of equations given by eq. (4), and that clearly covers the concrete physical example

eq. (1).



As we are finally interested in stabilising and tracking time-periodic solutions of eq. (4)
it will turn out to be convenient to capture the dynamics in terms of a stroboscopic map. If
z(t) = €u(t, z9) denotes the solution of the system eq. (4) with initial condition z(0) = zo,
that means

atCM(t’ ZO) = fu(CM(t’ ZO)at)7 CM(Ov ZU) = 20 (5)

the stroboscopic map F), is given by

Zny1 = Fu(zn) = Cu(T, zn) - (6)

Here z, = z(T,,) denotes the solution at times 7T,,, where T}, stands for discrete time points
with fixed phase of the driving field, e.g., T;, = nT is the end of the n-th period of the
drive. In experimental terms a stroboscopic map is easily realised by recording the output
at integer multiples of the period only. While it is obvious how to obtain the stroboscopic
map, eq. (6), based on numerical integration over one period, we finally aim at a scheme
which does not require the precise form of the map F), and thus can be implemented as well
in experiments. For the time being let us assume that we have access to the dynamics and
to the stroboscopic map, say via eq. (5).

A T-periodic solution of eq. (4) turns out to correspond to a fixed point of the stroboscopic
map, i.e.,

Zyx = F;L(Z*) (7)

with z(t) = €u(t, z«) = €u(t + T, z,) being the periodic time dependent state. The condition
eq. (7) determines the fixed point manifold z, = z,(u) in dependence on the system param-
eter. Using z,, = z, + 0z, a linear stability analysis of eq. (6) yields the so-called variational
equation

0zp+1 = DF,(2.)0z2, (8)

where DF),(z,) denotes the Jacobian matrix at the fixed point. Stability requires all eigen-
values of the Jacobian to be contained in the unit circle. The so called Jury criterion [37]
gives necessary and sufficient conditions for the stability in time discrete dynamical systems.
For a two-dimensional map F),(z) these conditions can be expressed in terms of the trace
and the determinant of the two-dimensional Jacobian matrix DF),(z,) evaluated at the fixed

point z,. The stability criteria read

det(DF,(2,)) < 1, |tr(DF,(2.))| < 1 + det(DF,(z,)). 9)



To illustrate the considerations so far we resort to the example defined in egs. (1-3).
The state vector is given by z = (z,v) and we chose the frequency w as our external static
parameter p. Integration over a period simply gives the stroboscopic map and iteration
gives a discrete time series (2o, z1, .. .) which contains position and velocity at discrete times
T, = nT. Numerical simulations demonstrate that this series ultimately may converge to a
fixed point z, = (x4, v«). Skipping the transient we record the fixed point while we change
the parameter p in a quasi-stationary way. While we could simply record each component
of the state vector z, = (zx,vs) we chose here the combination r2 = 22 + v2/w? as this
quantity would give the actual amplitude of the oscillation if the solution were a plain
harmonic function. The result displayed in figure 2 clearly shows the usual tilted nonlinear
resonance curve with a region of bistability which contains as well an invisible unstable state.
This unstable state normally determines the basin boundaries of the two coexisting stable
branches via a separatrix. We aim to complete this bifurcation scenario by supplementing

the unstable state with a method which can then also be implemented in experiments.
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Figure 2: Nonlinear resonance in the driven Toda oscillator, egs. (1) and (2), with parameters

as in eq. (3). Stable fixed points of the stroboscopic map, 72 = 22 + v?/w?, in dependence on
the driving frequency, w. Circle (blue): adiabatic parameter downsweep, cross (bronze) adiabatic

parameter upsweep.



3 Instantaneous full state feedback

A bifurcation analysis and the corresponding numerical continuation tools can easily sup-
plement the data shown in figure 2 with the unstable branch. To achieve such a goal in
experiments one needs to design control tools to stabilise and track unstable states based on
observations. In addition, such a control has to be non-invasive as the control should not
alter the position of the final unstable state. As we deal here with time periodic solutions of
time continuous dynamical systems we base our approach on the stroboscopic map, eq. (6),
since just the stabilisation of unstable fixed points is at stake. We chose the parameter p as
our control input, so that u becomes a dynamical quantity u,. The simplest way to install
a closed loop control is by linear state feedback. That means on each time step we update

the parameter p by a linear function of the current state, so that

pn = pr+ o’ - (2, — zR). (10)

Here a’ = (a1, az) are the two control gains and pp and zg denote reference values which

result in a single offset. The closed loop dynamics then reads
Zny1 = F,, (z,) . (11)
The fixed point of eq. (11) is given by (see as well eq. (10))
2= Fy(2), pe=pntal (2 — 2n). (12)

Hence the fixed point z, and the corresponding parameter value u, are determined by the
intersection of the fixed point manifold given in eq. (7) and a hyperplane which is determined
by the reference values (ug, zg). By making the system parameter p a dynamical quantity
we aim at stabilising fixed points which have been previously unstable, by a suitable choice
of the control gains a”. Stability of the fixed point is governed again by the variational

equation of eq. (11) which reads
0zn41 = DF), (24)0zn + 0, F, (24) (aT 8zy) = Adzy, (13)
where the 2 X 2 square matrix A is given by
A=DF, +0F.®a’. (14)

and the contribution caused by the control F, ® a’ is the dyadic product of the control

gains and the coupling of the control action to the dynamical system. Here, and in what



follows, we use the shorthand notation
DF, =DF,, (z:), OF.=0,F, (2«) (15)

to abbreviate the Jacobian matrix and the parameter derivative of the system at the fixed
point. Stability of the fixed point subjected to control is again determined by the Jury
criterion for the matrix A, cf. eq. (9). To evaluate these conditions we need the trace and

the determinant of the the expression eq. (14). They are simply given by

tr(A) = tr(DF,)+a’ -9F,

det(A) = det(DF,)+ al -adj(DF,)0F,. (16)

Here adj(DF,) denotes the adjugate matrix which has the property that the matrix product
DF.adj(DF) results in the determinant det(DFy). That means the adjugate is a kind of
scaled inverse matrix. Even if the Jacobian DF, becomes singular the adjugate matrix is
still well defined.

The Jury criterion for the matrix A (see eq. (9)) gives three linear inequalities for the
control gains a’. These inequalities determine a simplex, that means a triangle, in the
parameter space of control gains. As long as the vectors OF, and adj(DFy)0F, are linearly
independent the two equations eq. (16) can be solved for the control gains a’ for any values
of tr(A) and det(A). That means we can always find control gains so that the matrix A has
eigenvalues which guarantee linear stability, i.e., so-called pole placement is possible. Thus
the region for successful control in the parameter plane of control gains becomes a nonempty
triangle. To perform pole placement and to ensure a stable state, one needs to solve eq. (16)
for given left hand side for the control gains a’. That requires the coefficient matrix to be
non singular, i.e. that {0F,adj(DF,)0F.} is a set of linearly independent vectors. This
condition of linear independence is equivalent to the linear independence of {0F,, DF,0F.},
i.e., to the classical condition of controllability. The equivalence is obvious for a nonsingular
matrix DF} but it can also be shown to be valid for singular matrices with a little bit of linear
algebra. Hence, our condition for successful control coincides, of course, with the classical
engineering controllability condition for the matrix defined in eq. (14).

Even if the controllability condition is violated, that means if the set {OF,, DF,0F.} is
linearly dependent so that OF; is an eigenvector of DF, one can show by a short calculation,
using for instance a coordinate system where DF is diagonal, that one can still find control

gains so that the system becomes stable, as long as the eigenvector of D F, which differs from

10



OF, corresponds to a stable direction of the system without control. This case corresponds
in the following sense to the seminal control algorithm proposed by Ott, Grebogi and Yorke
[11] more than three decades ago. The original OGY control algorithm has been essentially
motivated by a geometric construction whereby the control force in phase space is applied in
the direction of the unstable manifold to push the phase space point on the stable manifold
in phase space. The internal dynamics of the system then moves the phase space point
towards the desired target state at a rate determined by the stable eigenvalue of the target
state. Formally, this successful algorithm violates the condition of controllability. The vector
which determines how the control force couples to the system, OF, is an eigenvector of the
Jacobian matrix of the system, DF. Thus the two expressions OF; and DF,0F, are linearly
dependent. Even though the formal condition of controllability is violated stabilisation works
nevertheless. Controllability is in fact a stronger condition as controllability ensures that by
proper control gains eigenvalues of the system with control can be placed at will, a feature
which the original OGY algorithm does not share (see as well [38]). Thus violation of
controllability does not necessarily mean that stabilisation fails, as briefly outlined above.
To demonstrate the feasibility of the proposed approach we illustrate the control again
for the driven Toda oscillator, eq. (1) and (2). For the control input we use the parameter w,
i.e., the frequency. This quantity is often easily accessible and adjustable in experiments, but
the dynamics normally depends in a very sensitive way on the frequency of the drive. At the
end of each period we record the state of the system given by the values of z(7},) and v(T},).
One then uses the linear law, eq. (10), to determine a new value for the frequency which is
then kept constant during the following period. This process is repeated after completion of
each period, so we apply the control in a stroboscopic way. The time T, for the end of the
n-th period is now not any longer an integer multiple of a base period. For the control law,
eq. (10), we made up reference values ur = wg and z% = (vg,vg) as well as control gains
ol out of thin air. We demonstrate successful control of the unstable state in the region

of bistability, see figure 2, simply by time traces, see figure 3. Frequency w, and amplitude

2

n

converge to values which are on the unstable branch of the nonlinear resonance curve,
cf. figure 2. We should however remark that control may fail if initial conditions are set
far away from the unstable target state, i.e., the scheme so far has occasionally bad global
properties.

The basic idea of the stroboscopic control algorithm can be summarised in non technical

terms in the following way. One adjusts an external parameter at the beginning of each

11
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Figure 3: Successful control of the unstable state in the driven Toda oscillator, eq. (1) and (2),
with parameter setting according to eq. (3), see figure 2 for data without control. The frequency
w has been used as control input p. Reference values in the control law eq. (10) are wg = 0.97,
xr = (zr)1 = —0.28, vg = (zr)2 = —0.54 while gains have been chosen as a; = 4.9 and a = 8.5.
Time series of the stroboscopic map with control, eq. (11), and initial condition x(0) = xzg,
v(0) = vg (blue, open symbols, lines are a guide to the eye); a) frequency value w,, b) amplitude
estimate r2 = 22 +v2 /w?. For comparison the corresponding time series for optimal control gains,

see section 4, are shown as well (bronze, full symbols).

period to a new value so that the parameter becomes a time dependent piecewise constant
quantity. The control gains are adjusted in such a way that the time dependent parameter
converges to a constant value while at the same time the state of the system converges to
a periodic solution. By design this periodic solution is an unstable state of the original
dynamics, with a parameter value which is given by the limit obtained during the control
process. The offset in the control law enables one to tune this limit value and to select the
target state. Above all, the scheme is able to stabilise an unknown periodic state without
the need of any data based estimation or reconstruction in phase space, and the scheme is

non invasive, even though there is no quantity in the control loop which tends to zero.

4 Optimal control gains and tracking

From a linear perspective optimal control gains result in transients as short as possible, i.e.,
these gains cause the fixed point to become superstable with both eigenvalues of A vanishing
(see figure 3 for an illustration). Solving eqs. (16) with tr(A) = det(A) = 0 for a’ gives

1 L
ol = Y det(DF) + v-tr(DFy) (17)
vl . OF,

12



where

ut = ((OF.),,— (0F.),)

v = (- (adj(DF.)OF.), , (adj(DF)IF.),) (18)

are orthogonal vectors to the set {0F%, adj(DFy)0F.}. The analytic computation of these
optimal control gains requires the knowledge of DF, and OF,. It is not surprising that
without any knowledge about the underlying dynamics an a priori determination of optimal
control gains cannot be achieved. It is in fact already quite remarkable that we were able to
show that for a generic dynamical system there exists a range of gains where stabilisation of
the target state is possible. Based on this observation it is then possible to find such gains
in experiments and optimise their values when looking, e.g., at the transient dynamics or at
the spectral width of residual signals, as the latter gives an estimate of the eigenvalues of
the system subjected to control (see, e.g., [39] for an application of such a general idea in a
different control setting). Hence maximising such linewidths by tuning the gains will result
in optimal control gains as well.

Let us here study in more detail the analytic impact of eq. (17). At least in numeri-
cal simulations the required derivatives can be quite easily computed from the variational

equation of eq. (5), along the lines of the stroboscopic map. In fact, the Jacobian matrix
DF,(z0) = 02,Cu(T, z0) = Xu(T, z0) (19)

follows from the derivative of the time dependent solution with respect to the initial condition
and thus results in the so called fundamental matrix X,. Taking the derivative of eq. (5)

with respect to the initial condition we obtain
0 X ,u(t,z0) = Dfu(Cu(t, 20), ) Xu(t, 20), Xu(0,20) =1. (20)
Similarly, we have for the derivative of the stroboscopic map with respect to the parameter
OuF(z0) = 0uCu(T, z0) + OrCu(T, 20) 0T = Nu(T, 2z0) + fu(Fu(20),T)0,T (21)
where the derivative d,,¢,, of the solution ¢, with respect to the parameter obeys (see eq. (5))
Onpu(t, z0) = DFu(Cult, 20), )nu(t, 20) + 0 fu(Cult, z0),t), mu(0,20) =0.  (22)

If we integrate eqs. (20) and (22) together with eq. (5) we obtain the stroboscopic map,
eq. (6), and the relevant derivatives, egs. (19) and (21). Hence the optimal control gains,

eq. (17), are easily accessible.

13



The reference values (ug, zr) in eq. (10) determine the actual fixed point z, to be sta-
bilised and the corresponding parameter value p.. By a slow quasi-stationary change of the
reference values it is possible to track unstable states. While not required, it is suitable to
set reference values close to the desired target state (i, z.). When control is achieved one
may then increment the reference values (g, zr) in the direction of the curve of fixed points.
Suitable increments can thus be obtained from the tangent vector of this manifold, which is

given in terms of the differential of the fixed point condition z, = F}, (z,), that means

0= (DF,, (2¢) —1)dz+ 0, F,, (z:)dp. (23)
Hence
du det (DF, — 1)
| (24)
dz —adj (DF, — 1) OF.

so that the vector of increments is parallel to a vector determined by the Jacobian matrix
and derivatives of the stroboscopic map. The increments can be computed explicitly with
the quantities that have been already used to determine the optimal control gains, eq. (17).
Thus no additional input is needed to implement a quasi-stationary change of the reference
values, (ugr,2r) = (i« + du, z« + dz), which allows to perform a control based tracking of
unstable states.

Again we illustrate the tracking with the driven Toda oscillator, egs. (1) and (2), with
parameter setting as in eq. (3). We implement control, eq. (10), with the frequency w being
the control input p. The control gains are adjusted to their linear optimal values, eq. (17),
where the relevant quantities can be obtained, as mentioned, from egs. (20) and (22), when
control has been successful. The reference values are changed by the tracking procedure based
on the tangent of the fixed point manifold, eq. (24), as described above. Results obtained
from a manifold upsweep and downsweep are shown in figure 4(a). We clearly recover the
full resonance line including the unstable branch (cf. figure 2 for the data without control).
Near the tip of the resonance curve the tracking fails. Here control gains start to diverge as
the controllability condition is violated. That feature is reflected by a vanishing denominator
in eq. (17), see figure 4(b) for the value of the denominator along the parameter upsweep

and downsweep.

14
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Figure 4: Control based tracking of the driven Toda oscillator, eqs. (1) and (2) with parameter
setting specified in eq. (3). For the control input the frequency is used and control gains have
been adjusted to their optimal values, eq. (17). Tracking is done by incrementing the reference
values in the control law, eq. (10), along the tangent of the control manifold, see eq. (24). a)
Stationary amplitude r2 = z2 + v2/w? as a function of the frequency (see figure 2 for the data
without control), b) value of the denominator of the optimal control gains, see eq. (10). The
denominator vanishes near the tip of the resonance curve. Red (circles): manifold downsweep,

cyan (crosses): manifold upsweep.

5 Practical challenges and extensions

The linear full state feedback along the lines of eq. (10) is just a special case of a more general

instantaneous law defined by a function h
tn = h(zn, a, vR) (25)

where v stands for some reference value used, e.g., for selecting fixed points or tracking.

The fixed point is now determined by the intersection of two manifolds
Zx = Fu*(z*)’ Mx = h(z*vaaVR)' (26)

As far as linear stability is concerned the previous analysis by and large still stands as the

variational equation of eq. (25) reads
Opi, = Oz, h(zs, 0, VR) - 02y, . (27)

Hence stability is now governed by some renormalised control gains 0, h(z., a, vg) but oth-
erwise the analysis remains unchanged. In particular, the constraint caused by controllability

still stands, even for the fairly general scheme of eq. (25). The original linear scheme, eq. (10),
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may have bad global properties, e.g., as with regards to the size of the basin of attraction
or the structural stability of the control loop. One may aim at optimising some of those

features by suitable choices of the feedback h.

5.1 Nonlinear observation and ceiling function

It is worth to consider a few special cases of eq. (25) more explicitly. If one observes the
state of the system through two observables gi(z) and g2(z) instead of the state vector, a

corresponding linear feedback reads
pin = pir +a’ - (g(za) — gr) (28)
where gr are some reference values. The variational equation
Spn = al -Dg(z.)d0z, (29)

tells us that stability is governed by rescaled control gains a’ Dg(z.) which are still inde-
pendent quantities as long as the Jacobian Dg(z,) is not singular (i.e. the two observables
are in this sense independent).

The system may depend very sensitively on the parameter . That is in particular the
case if the frequency of the drive is used as control input. Then the control tends to overshoot,
in particular for the linear law eq. (10) which is defined by an unbounded function. One
can try to cure this problem by using a ceiling function. A simple version where the control

feedback stays bounded is given by

T

o -(z;;—zR)> (30)

pn = piR + ntanh <
where 1 > 0 determines the cutoff of the control feedback. By this choice we ensure on the
one hand that the parameter stays in a neighbourhood of the reference value ur, while on
the other hand the linear stability is unaffected as the variational equation coincides with
the case of linear feedback. It may however happen that the system settles on coexisting

stable branches as for large deviations from the reference value the control feedback along

the lines of eq. (30) becomes constant.

5.2 Incomplete information and time delayed observation

An important variant of the scheme outlined in eq. (28) occurs if instead of the full state

vector z only partial information, say one component, is accessible. To analyse this case in

16



slightly more detail let us use the notation z = (z,v) for the two components, and assume
that the first component x(t) is accessible. The stroboscopic measurement at times 7T),, i.e.,
at the end of the n-th period of the driving field, gives us x,, = z(73,). Since we assume
the second component to be inaccessible we are left with the option to base our feedback on
x(t) evaluated at a different time during the period of the drive. Following for instance the
reasoning of delay embedding [40] it is instructive to choose the value of &, = z(T,, — 7) as
our second observation, where 7 denotes a fixed time delay. For a theoretical analysis of a
scheme which uses such a delayed observation we recall that &, can be expressed in terms of

the solution of the equations of motion, eq. (5), as

&n = ;(Li),l(_ﬂ zn) = hy,_, (2n) (31)

since pn—1 is the actual value of the control input during the period when the delayed
observation is performed. In some sense we are aiming at a control feedback along the lines
of eq. (28) with the choice gi(z) = = and g2(2) = hy,_,(2). Since the delayed observation
already depends on the parameter value u,—1 of the past period it looks consistent to take

that also explicitly into account for the feedback law of p,,. Thus we arrive at

Bn = MR+ al(xn - xR) + 0‘2(&1 - fR) + ﬂ(ﬂn—l - :uR)

= pr+oa1(zn —zR) + a2(hy,_ (2n) — €r) + Bln-1 — 1R) (32)

with some fixed reference values ur, zr, and £g. The theoretical analysis now closely parallels
the steps of the previous sections. The fixed point of the closed loop dynamics, egs. (11) and
(32) is determined by

ze = Fy (24), o = pr + 1(zs — 2R) + aa(hy, (24) — &R) + B(ps — piR) (33)
while the variational equation with 2z, = z, + 82zp, tn = fis + Oy (cf. as well eq. (13))
0zp+1 = DF.0z, + OF0ppn, Opp = a1z, + az(dhy - 0z, + Ohyduy) + Bopin—1 (34)
provides the details about the stability of the fixed point. Here
dh. = Vb (2), O = O,.h.(2) (35)

abbreviate the gradient of the delayed observation and its derivative with respect to the

external parameter at the fixed point. Introducing rescaled gains by
&1 = ay + aa(dhy)1, b9 = as(dhy)z, B =B+ axdh, (36)
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the variational equation, eq. (34) can be conveniently written as

5Zn+l B 6zn

= (37)
(5/,Ln 5Mn—1
with
DF, 0 OF. R
B = + ® (aT,,B) : (38)
ol o 1

It is quite easy to check that, as expected, the conditions for controllability of the matrix
B coincide with the simpler case of matrix A discussed in section 3, as long as DF} is non
singular. The same statement essentially holds in the singular case, as we will see shortly.
To assess the stability properties let us focus on the characteristic polynomial of the matrix

B, eq. (38), which evaluates as
det(B — A1) = —\3 + \2 (tr(DF*) +a7 - OF, + B)

DY (det(DF*) +a” - adj(DE,)IF, + Btr(DF*)) + Bdet(DE,). (39)

The Jury criterion [37] gives again necessary and sufficient conditions for stability, but the
criterion is slightly involved for a polynomial of degree three, see e.g. [41] for a simple
application on delayed feedback control. Here we resort to the simpler concept of pole
placement which requires to find gains &* and B so that the subleading coefficients in eq. (39)
can take any prescribed numerical values. Thanks to the linear dependence of the coefficients
on the control gains that is indeed the case if det(DF) # 0 and if the set {OF%, adj(DF;)0F}
is linearly independent. The last condition coincides in fact with the controllability condition
encountered for full state feedback discussed in section 3. Even if DF} becomes singular the
condition of linear independence still guarantees successful control since the third eigenvalue
of the matrix eq. (38) just vanishes. As for the optimal control gains, i.e., for control gains
so that the stabilised orbit becomes superstable, all nontrivial coefficients in eq. (39) have
to vanish. That means these optimal control gains are given by B = 0, while &” obeys the
conditions of optimality discussed in section 4, see egs. (16) and (17). In particular, the
inclusion of the damping term Bu,_1 in the control law eq. (32) has turned out to be crucial,
as otherwise stabilisation or optimal gains could be inaccessible, see eq. (36). Finally we
need to ensure that the rescaled gains &’ and B translate into actual control gains o’ and
B via eq. (36). That requires (dhs)2 to be nonzero, a condition which means that the second
unobserved component of the state vector has a finite impact on the delayed observation, see
eq. (31). Such a constraint can thus be considered as a trivial instalment of what is called

observability in the engineering context.
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In summary, we conclude that control with incomplete state information is possible when
delayed observations are employed. If one has access to the underlying equations of motion,
the required control gains can be computed in the same way as before, since eq. (31) and
the required derivatives, eq. (35), can be obtained again from the solution of egs. (5), (20),
and (22). For the experimental context our considerations tell us that a control law along
the lines of eq. (32) will be successful for a suitable set of control gains.

For the purpose of an illustration we again resort to the Toda oscillator with the parameter
setting already employed in figure 3. Now, however, we base the control on the observation
of the position z(t) only, eq. (32), with the frequency being the control input, p, = wy.
Measuring the position at an intermediate time, &, = x(7,, — 7), and at the end of the
period, x,, = x(T},), we update the frequency after each period. For the choice of a suitable
time delay 7 we recall that for harmonic solutions the observation of the position with a delay
of a quarter of the period results in a value which is proportional to the velocity. Therefore
we take 7 = 1.5. While optimal control gains can be computed as outlined above, here
we make up some suitable values out of thin air. Figure 5 shows time traces of successful

stabilisation of an unstable state.

T T T T
a) 0.984 | . b) -0.285 - =
0.982 =
-0.29
3 098 * <
-0.295
0.978 .
0.976 | : 03 %°
| | | |
0 20 40 60 0 20 40 60
n n

Figure 5: Control based on measurements of the position in the driven Toda oscillator, eq. (1)
and (2), with parameter setting according to eq. (3), see figure 2 for data without control. The

frequency w has been used as control input p in the control law eq. (32) with delay time 7 = 1.5.

Reference values in the control law are wg = 0.98, zg = —0.3, gg = 0.527 while gains have been
chosen as a; = 5.0, as = —8.0, and § = 0.1. Time series of the stroboscopic map with control,
eq. (11), and initial condition z(0) = zg, v(0) = —0.53. a) Frequency value w,, b) position z,.
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6 Conclusion

We have introduced a design for the noninvasive control of an unknown periodic orbit. Our
approach is based on a stroboscopic observation of a time series and an implementation of a
full state proportional feedback for a parameter of the system. During the stabilisation the
parameter and the time dependent state simultaneously adjust in such a way that a proper
periodic orbit of the plain system at a target parameter value is obtained. Our approach
relies on simple measurements of the state of the system and does not require any further
data processing. Our design is thus able to deal with systems on fast time scales, like the
example of amplitude modulation dynamic force microscopy described as a motivation in the
introduction, and where no accurate mathematical model is available.

We have evaluated the performance of the control in terms of linear stability analysis.
That enabled us to determine optimal control gains by and large by analytic means, to imple-
ment a tracking algorithm for unstable branches, and to clarify the role and the limitations
caused by controllability conditions, which are well established in the engineering context.
By definition a linear stability approach cannot give detailed information about the global
performance of control, such as the basin of attraction of the stabilised state, or the invari-
ant manifolds which cause basin boundaries. Numerical findings indicate that the basin is
occasionally quite small, and any analytic estimate turns out to be quite challenging. We
will address this important issue elsewhere.

In typical situations information about the full state of the system is hardly available as
one often just relies on the measurement of a single scalar time series. Even in such cases our
design can succeed by employing delayed observations, as shown in the example above. With
access to the underlying dynamics one can even determine suitable control gains a priori,
and essentially by analytic means. In addition, it is worth to explore, whether the control
performance of periodic orbits can be improved by using multiple delayed observations for
a larger set of time delays and for a larger number of control gains, following in some sense
the spirit of extended time delayed feedback control [42].

While the implementation of the control design outlined above is based on the stro-
boscopic observation of an experimental time series, we have used some properties of the
underlying equations of motion for the theoretical analysis. While in numerical simulations
one has full access to the details of the dynamical system, so that the optimal control gains,
eq. (17) can be evaluated, such information is hardly available in actual real world experi-

ments, since a data based accurate estimate of the required derivatives normally turns out
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to be a delicate problem. Therefore finding suitable control gains in experimental setups
may turn out to be a considerable challenge. It is therefore still a highly nontrivial task to
design a feedback, eq. (25), in fast real world experiments so that stability estimates and
good global properties can be obtained a priori if only a scalar experimental time series is
at hand.

Our analysis has been based on linear stability and thus cannot address the questions
mentioned above in full detail. In fact numerical simulations with successful control may show
basins in phase space which are small, even if we employ dead beat control with vanishing
eigenvalues. The mechanism of stroboscopic control and the conditions for controllability do
not rely on any time scale separation. Control is successful even if the internal dynamics is
fast compared to the period of the orbit if one discounts for the well known impact of control
loop latency. Eigenvalues of the target states involved do not have to be a small perturbation
of unity so that one can deal with situations where one is either far apart or in the vicinity
of a bifurcation point. While all these aspects may turn out to be useful in applications
they make an intuitive understanding of the control performance quite challenging, if not
impossible. To make some progress it could be sensible to take a step back and to focus
on models and situations where the dynamics is a perturbation of harmonic motion, and
where time scale separation and averaging can be applied. In such cases one would be able
to gain analytic and intuitive insight into global properties of the control mechanism such as
basins of attraction or the impact of the parameter that is used to couple the control force.
In experiments the frequency and the amplitude of the drive is usually easily accessible for
control input. It would be interesting to figure out which of these variables is more suited to
optimise the global control performance such as basins of attraction or removing obstacles
caused by controllability. In that respect looking at the seemingly simple case of weakly
nonlinear systems would be a promising next step, even from the point of view of a potential

application, and details about the corresponding global analysis will be published elsewhere.
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