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Abstract

Gibbs measures of dynamical systems are investigated using the corresponding cor-
relation function and power spectrum. The method is shown to be equivalent to the
concept of order—¢ power spectra which has been developed previously. A technique for
the computation of these spectra is presented. As an application we specially focus on
the treatment of type I intermittent model maps and investigate their phase transition.
In the vicinity of the phase transition point the order—¢ power spectra are shown to
obey some typical scaling relation which is captured neither by the topological pressure
nor by the ordinary power spectrum.
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1 Introduction

Two decades ago the thermodynamical formalism has been developed in the context of the
mathematical formulation of equilibrium statistical mechanics and the ergodic theory of
dynamical systems [1, 2, 3]. Recently this method has become popular among physicists
in analysing nonlinear dynamical systems [4, 5]. One of the main aims of this method
consists in investigating the different invariant measures of a certain dynamical system to
get information about the local structure of the chaotic invariant set. For this purpose the
variational principle [6]

Prig) =sup {1 (1) + [ i} (1)

has been used, where T denotes a discrete dynamical system z,4+1 = T(z,) ! on some metric
space, ¢ a (piecewise) continuous function, h,(T) the Kolmogorov Sinai entropy and the
supremum is taken with respect to all T invariant measures g. Under certain mathematical
conditions the supremum is attained at a measure p, called Gibbs measure, which depends
on the chosen function ¢. The topological pressure Pr(y) may admit different analyti-
cal branches corresponding to different local structures of the invariant set [7, 8]. These
structures are reflected by the different Gibbs measures. To investigate the quantity (1) a

transfer operator £, and its formally adjoint ,CL acting on the space of continuous functions
respectively on the space of measures have been introduced [3]. Its eigenvalue problem
0 0)1,(0 0 0) (0
L,h0 = OpO L1500 = \©),0) 2)
for the largest necessarily positive eigenvalue yields the topological pressure and the Gibbs
measure via the relations

Pr(p) =D, dp, = hOan® . (3)

©

But explicit expressions of this transfer operator have been given only for special cases like
one dimensional or expanding maps or shift systems of the finite type [9].

A different but widely equivalent approach often used by physicists is based on the inves-
tigation of the large fluctuations of temporal coarse grained quantities U, (z) = 32"= u(T*(x))/n.
Here T* denotes the i times iterated map and u(z) the quantity under consideration. The
large fluctuations are appropriately described by the characteristic function [10, 4]

D(g) = Jim + Infexp(gna(r))) (4)

and its derivatives (u)(q) := ®'(q), x(¢) := ®"(¢q). The average (...) over the initial points
is usually taken as a long time average or an average with respect to the SRB measure. For
a large class of systems (axiom A, one dimensional expanding maps) the quantities (1) and
(4) have proven to be identical if one identifies ¢ = qu— A 2, where A denotes the logarithm
of the local expansion rate [11]. Nevertheless it should be pointed out that even in one

! A generalization to time continuous systems is straightforward.
2In the sequel we use ¢ := qu — A as an abbreviation.



dimensional non—hyperbolic maps both quantities may differ, reflecting a dependence of the
quantity (4) on the measure which constitutes the average (...) [4, 8, 12]. In general the
characteristic function can be related to the eigenvalue problem of the transfer operator [13]

(Heh) () = [ 80 = T() explgu(y)) hly)dy )

acting on the space of (piecewise) continuous functions. The largest eigenvalue yields the
quantity (4) in the same way as described by eq.(3). It should be stressed that the identity
of the operators £, and Hy have been shown only for one dimensional systems. To our
knowledge it is an open question whether there exists any relation for higher dimensional
maps.

The considerations presented above demonstrate that the quantities (1) and (4) contain
only the stationary information concerning the Gibbs measure. In order to deal with the
time correlations of these dynamical systems which are beyond the usual double time corre-
lation approach [14] one of the authors has introduced a weighted correlation function and
the corresponding power spectrum [15]

Cyj) = Jlm T (T (2))u(T*(2)) explgnll, (2)))/(exp(gnt’s (+)))
Iw) = n%%iu(m))e—m explgnl, ()))/{explgnU,(2)) . (6)
k=0

It has been shown that these quantities, called order—¢ correlation function and —power
spectrum, are determined by all the eigenvalues of the operator (5). For this reason it is
highly probable that they contain information about the dynamical system which is not
contained in the description given by the topological pressure.

It is one main aim of this article to show how the quantities (6) are related to the Gibbs
measures presented at the beginning. This goal will be achieved in section 2 where together
with a new interpretation of the quantities (6) an efficient method for their computation
via the transfer operator (5) will be presented. In order to avoid the several mathematical
pitfalls which have been mentioned in this introduction we will concentrate on the treatment
of one dimensional maps. Nevertheless we want to stress that most of our considerations
can be carried over to higher dimensional systems of the axiom A type without great effort.
In the remainder of this article we will focus on type I intermittent maps which are known
to have a remarkable structure in their ordinary power spectrum [16] and are well studied
concerning their meromorphic structure [17]. In order to keep the calcualtions essentially
analytical we construct a piecewise linear model for this non—hyperbolic case in section
3. Furthermore we give a detailed discussion of the phase transition emerging near the
bifurcation point from the viewpoint of the corresponding Gibbs measures. The power
spectra in the different phases will be analysed in section 4. The investigation of the
immediate vicinity of the phase transition point is devoted to section 5. We will finish our
article with some concluding remarks.



2 Generalized power spectrum

At the beginning we want to state the notation. Let 7T denote a one dimensional map,
u a piecewise continuous function and v a not necessarily 7" invariant measure. By (v|h)
we denote the bilinear expression [ hdv acting on the function space and its dual. For an
arbitrary 7T invariant measure u let us consider the double time correlation function

Chip) i= (ulu- (wo ) = [ u(*(2))u(e)dp (7)

and the corresponding power spectrum 3

2

I(wip) = Jim {p] ) (8)

n—0oo

n—1
Z e—iwk . (uo Tk)
k=0

which are as usual related via the Wiener—Khinchin theorem

C(lkl;p) = %/_zf(w;u)e_”kdw
Iwip) = i C(|kf; e . (9)
k=—co

The meaning of these quantities is clear from their definition. They characterize the double
time correlations of the transformation T" with respect to the invariant measure g which may
not be the natural one [18]. But in the case of the SRB measure these quantities coincide
with the ordinary correlation function and power spectrum. Let us further mention that
the spectrum (93) contains a ¢ contribution at w = 0 as long as the relation (u|u) = 0 does
not hold.

In order to relate these objects to the quantities (6) two main steps have to be performed.
Although the limits in the definition (6;) may not be interchanged it can be shown that the
order—q correlation function can be obtained by the following Cesaro like limit (cf. [19] for
similar results)

Cq(j) = lim lnz_:<U(T”’“(96))1L(T’“(96))eXlD(ann(96))>/<e><1o(ann(96))> - (10)

n—oo
k=0

Furthermore the following relation between the g—weighted average of an arbitrary function
¢ and the average with respect to the Gibbs measure is valid [2, 6, p.219]

i (LS ) explantra ) texptantrn(0))) = [ g, (11)
k=0

Here fi, denotes the Gibbs measure with respect to the function ¢ = gu — In|7’|. Both
relations can be obtained also in an elementary way by using the spectral decomposition of
the correlation function which is given in [15]. Using eqs.(61), (7), (10) and (11) we obtain

Cylk) = Clhs i) - (12)

bwe (—m, ), Hw;p) = I(—w; p).



From the validity of the Wiener—Khinchin theorem for the quantities (6) (cf. ref.[15]) we
further conclude

1) = Iwif) - (13)
As a consequence of this relation the order—¢ power spectrum [, (w) reflects directly the time
correlations associated with the corresponding Gibbs measure. Furthermore the relations
(12) and (13) allow for a computation of these quantities by the transfer operator £, = H.

For this purpose we first mention that in view of the definition (5) for arbitrary functions
f and ¢ the relation

g(@)(Hyf)(x) = /g(T(y))5($ = T(y)e™ W fy)dy = (Hy((goT) - f)(®)  (14)
holds, which by induction results in

g(@)(H) ) = (H) ((go TF) - flz) (15)

Referring back to the representation (3) of the Gibbs measure by eigenelements of the
transfer operator we obtain for the correlation function (12)

Cok) = WONwoT ) u-h®) = WO N (w0 T%) - - 1)

w\ Kk
= <y<0>|u-(%g/Ag()))k(u-h(Om:/u(x) (%) (u- KON (2)d® . (16)

Using the Wiener—Khinchin theorem (9) the order—¢ power spectrum reads

w —iw
€

€ U\ — uy\—
Iq(w) = <V(O)|u'{(1_/\((10)%q) 1"’(1 /\((JO)%q) 1—1}(u-h(0))>

= /u(x) {(1 - %%};)—1 + (1 - %%;)—1 - 1} (u- hO)(2)dr® . (17)

The computation of the power spectrum has now been reduced to the evaluation of the
resolvent of the transfer operator. At least in special examples this seems to be easier to
evaluate than the computation of the whole spectrum which is desired to apply the method
proposed in [15]. Finally we stress the well known fact that in the case of piecewise linear
Markov maps the operator (5) admits a finite dimensional matrix representation [20]. In
this case eq.(17) reduces to a matrix equation. The details of this case are briefly outlined
in appendix A.

3 Type I intermittency and phase transition

Intermittency, which is a very common phenomenon from the experimental point of view,
can be analysed in theoretical terms by low dimensional systems. Type I intermittency
is known for a long time to be related to a saddle node bifurcation and can therefore be
described by one dimensional maps [21]. We want to investigate this phenomenon in our



framework presented above. In order to keep our calculations basically analytical we will
construct a piecewise linear model map (cf. [22]).
As the lifetime of laminar states tends to infinity the map producing intermittency

(N)

passes unstable periodic orbits of increasing length a; ', which can be used to construct a
Markov partition according to the intervals IIEN) = (agf)l, aggN)). On these intervals the map
is assumed to be linear a presupposition which is arbitrarily well satisfied in the vicinity of

the bifurcation point (cf. Fig.1). If AaﬁgN) = aECN) —agﬁ)l denotes the length of these intervals

then the slope of the map on these sets is given by 7£N) = Aagﬁ)l/AaéN), (Aa(N) = 2).

N+2
We have imposed some symmetry constraints on the map aECN) = —a(_]\;) in order to simplify

the considerations. Our results are not essentially influenced by this requirement. As the
laminar lifetime 2NV, which acts as a bifurcation parameter in our map, increases the values
aECN) may change even for fixed k. To achieve the N dependence in a uniform way we require
that the interval widths are given by

Aag\],\f_gl_k = Aa(_]\]f\;_l_k = ckoe(N), 0<k<N (18)
with a N independent sequence ¢;. The normalization constant o™) is determined by
N+1 N
1= Z AagN) = o) Z cr - (19)

The asymptotic behaviour of the sequence ¢, for large k determines the order of the tangency
of the map in the limit of large N. If ¢ >~ k7%, a > 1 then it can be checked easily that the
order of the tangency is given by a/(a — 1). As we are interested in quadratic tangencies
we will require ¢, ~ k=2. To be specific we will choose in our derivations and numerical
calculations ¢y = 1/[(k+ 1)(k + 2)] although our analytical results are independent of this
special choice. To complete our model we have to specify the function u. Of course we
can deal with a piecewise constant function taking arbitrary values on the intervals of the
Markov partition. But we will concentrate for simplicity from the beginning on the simple
choice of a function taking values 0 and 1 in the laminar respectively turbulent regions,

0 if zeUV_y 1V
uwy =47 Ui 0 (20)
if z¢ IN-|—1

Main parts of our results do not depend on this choice.
With these settings we can write down the finite matrix representation of the transfer
operator (cf. appendix A)

ON 0 eq/%(vfi)l
1/7% 0
mwe=1 o 10N, : - (21)
: KR ) 0
0 . 0 1/7](VN) eq/%(vj\_fl_)l

> Fig.1



Its characteristic equation determining the eigenvalues A, can be obtained after a straight-
forward computation,

g (N N
1= aUW% {Z cpAy GNFITR) 4 3 CkAq—(kH)} : (22)

Furthermore the right and left eigenvectors hy and vg which are related to the eigen-
functions and eigenmeasures of the transfer operator and its adjoint via the relations

h(z) = N'H ~ hixe(z) *and vy = V(IIEN)) are easily written down as

A“%Ql Nt1—k € : (N)\=(N+2—j)
he = NS X ATy htt
A j=-N

) (N+1-k)
vy = N /\q_ YNy (23)
Aag\ﬂh

From these equations we get the following result for the Gibbs measure u; = ﬂq(Ilg

hyvy, of the interval IIEN)

L~}

k
6
H-N+k = EZ TN Dy

N4k = {1—a Z ]+1)}HN-|—17 0<k<N . (24)

(0)

The expression has been written in two different parts for simlicity and Aq
largest solution of eq.(22) which is positive by Perron’s theorem. pn4; is determined by
the normalization condition

N+1 et (N N
— Z [ = Oé(N)E {Z(2N+ 9 _ k)Ck(/\((JO))_(zN-I_Q_k) + Z(k_l_ 1)Ck(/\((10))_(k+1)},uN+1

denotes the

(25)

To get the explicit expressions for the topological pressure (4) and the Gibbs measure
(24) we have to calculate the largest solution of eq.(22). As the coefficients of this polynomial
are positive and depend on ¢ in a monotonous way this solution is an increasing function
of g. Especially the asymptotic limit N — oo on which we will concentrate in this section
is of special interest because a phase transition in the vicinity of the bifurcation point is
expected, which reflects the different local structures of the attractor [20, 22, 23]. First of

all /\((10) > 1 holds in this limit. If /\((10) > 1 for some ¢ value above a critical value ¢. then

eq.(22) yields
e’ 1
=55 (5p) 0

()

4Xk denotes the characteristic function of the interval I




with the abbreviation ®

1

g(z) = ol Z =14 — - In(1-2) . (27)
z
k=0

(0)

Here g. is determined by the requirement that A, approaches 1 from above. In view of
eqs.(19) and (26) this leads to
g =1n2 . (28)

Inspecting this result one recognizes that at ¢ = ¢. a non—analyticity that means a phase
transition occurs which separates two different branches (phases) of the analytical behaviour.
Below the phase transition point /\((10) equals unity whereas /\((10) > 1 in the case ¢ > ¢.. The

situation slightly above the phase transition point can be easily read off from eq.(26). For

0<q—gq., /\((10) — 1 < 1 we obtain the asymptotic relation ©

0 _ o979 SN () ORI S
Ay =1~ h(g=q) D(q) =In A7 ~ n(g= ) (29)
which depends only on the order of the tangency but not on any details of the map that
means on details of the sequence ¢r. As our function u possesses vanishing derivative
at the tangency point the result (29) differs slightly from the behaviour that will emerge
if the local expansion rate will be chosen as the observable [23]. But in both cases the
phase transition is indicated by a divergency occuring in the second derivative x(q) of the
characteristic function. For completing our discussion we have solved eq.(22) numerically
for several values of the bifurcation parameter N. Fig.2 shows the typical behaviour of the
characteristic function and its derivatives near the phase transition point. As NN increases
the quantities approach the N — oo limit discussed above.

To get more insight into the nature of the phase transition let us investigate the Gibbs
measures (24) in more detail. In the case ¢ > ¢. the relation /\((10) > 1 holds for large N so
that the normalization condition (25) reduces to

o0

o - - h ! !
1= e 37 (k4 e (WD)~ = e chgl(w)uoo
k=0 ¢ 1
= - A (1 - ) (30)
A

q

which yields a finite value for po, := limy oo pinv41. Furthermore according to eq.(24) ug
tends to zero for £ < 0 but remains finite for positive k in the limit N — oco. This means that
the measure is concentrated in the region & > 0 and is supported by the repelling invariant
set (cf. eq.(48)). For this reason this phase is called the turbulent or hyperbolic phase. In
the opposite case ¢ < ¢. we have /\((10) — 1 in the limit N — oco. Then the normalization
condition (25) yields pn41 = O(N™1) (for the detailed computation we refer to appendix

5In defining the logarithm the complex plane is slashed along the negative real axis.
®Using a result of [24] it can be shown that this relation depends only on the asymptotic behaviour
Cr ™~ k2.

> Fig.2



B). Furthermore eq.(24) leads to yy = O(N~!) because the sums remain finite in view of the
eigenvalue equation. As only a finite number of the intervals IIEN) of the Markov partition
remain outside a fixed neighbourhood of the origin in the limit N — oo, the Gibbs measure
is concentrated at this point approaching a § distribution. For this reason the phase is
dominated by the laminar points and is called laminar or non—hyperbolic phase.

Let us close this section by a brief view on the spectrum of the transfer operator (21)
in the limit of large N. Beside the real eigenvalue analysed above one can show that the
remaining 2N +1 solutions of eq.(22) accumulate on the unit circle (appendix B) leading to a
continuous part of the spectrum in the limit N — oo. The phase transition discussed above
is therefore accomplished by a degeneracy of a single eigenvalue with a continuous part of
the spectrum. Such a behaviour has also been observed in different non—hyperbolic systems
[8, 22]. The fact that in the hyperbolic phase the system admits only one discrete eigenvalue
is based on the very simple structure of the repeller in the region > 0 which possesses no
intrinsic frequency. Different models that means differnt choices of the c¢; for low k values
can introduce additional discrete eigenvalues. Of course the nature of the continuous part
of the spectrum is not affected, as it is determined by the asymptotic behaviour for large k
values.

4 Power spectrum

As the Gibbs measure changes drastically during the phase transition a similar change in
the power spectrum is expected reflecting the time correlations in both phases. To study
the power spectrum of our intermittent model system we can easily use eq.(17) respectively

its matrix representation (cf. appendix A). In the case of our special function u(z) it reads
7

L) = {1,() + T,(~w) — Duna

1
Jy(w) = _— . 31
q( ) 1_ ;z;})ﬂg ( )
¢~ '/ N+1,N+1

The resolvent governing eq.(31) can be computed easily as the structure of the transfer
matrix (21) is rather simple. After a straightforward calculation we end up with (Appendix
C)
1
N 2N+2-k SN k41
1= a(N)eq_qc {Zi\;o Ck (ﬂ) + Z{c\fzo Ck (%) }

A )

(32)

Jy(w) =

We will analyse this expression in the hyperbolic and non—hyperbolic phase.
i) Hyperbolic phase, ¢ > q., N — oo : As /\((10) > 1 in the limit of large N the first sum

in eq.(32) vanishes in this limit. Hence we obtain
1

J,(w) =
) @)

(33)

7(~ -)N+1,n+1 denotes the lower right matrix element.



where the abbreviation (27) has been used. /\((10) is determined by the solution of eq.(26).
The power spectrum is given by eq.(31) with pnyq determined by eq.(30). Our result (33)
shows that the spectrum is a smooth function of w without a strong frequency dependence.
Especially near the phase transition point ¢>¢. the expression can be evaluated easily using
the relation (29). Referring back to eq.(30) we obtain immediately

. (34)
1 ~
M O

To evaluate eq.(33) we have to distinguish between two frequency regions:

w > /\((10) — 1: The limits ¢ | g, /\((10) 1 1 can be taken in eq.(33) as the expression remains
regular. Using In(1 — ) = In|2sin 4| + i(w — 7)/2, w € (0,7) and inserting eq.(33) into
eq.(31) we end up with

1 —cosw)In|2sin €| 4+ =¥ sinw

Iy (w) ~ { (1 — cosw){(In]2sin £])2 + (5522}

In the low frequency region # > w > /\((10) — 1 this expression reduces to 7/(— 1n(/\§0) —

Dw(Inw)?) showing a w™! decay modified by logarithmic contributions. But this behaviour
is mainly suppressed by the small prefactor.

w = O(/\go) — 1): Inserting the abbreviation w =: (/\((10) — 1)@ and the asymptotic result
q—q.=~ —(/\((10) - 1) 1n(/\§0) — 1) (cf. eq.(29)) into eq.(33) and equating the leading order in

the small quantity /\((10) — 1 we obtain after a straigthforward expansion

e 1 (116 Q)
)= <A§0>—1><ln<A§0>—1>>3{ R } (36)

where Q(&) = arg(1—iw), Q € (—m, 7). This result shows clearly that the spectrum consists
of a single line centered at w = 0. The linewidth is roughly given by /\((10) — 1 whereas the
behaviour for large & shows again the w™! decay.

ii) Non-hyperbolic phase, ¢ < q.,N — oo : Now /\((10) — 1 in the limit of large V. Using

the asymptotic relation /\((10) ~ 1 —In(exp(g. — ¢) — 1) /(2N) which can be obtained from the
eigenvalue equation (22), eqs.(25) and (32) simplify in the leading order of N (cf. appendix
B)

1
HNTL = 2N (1 —exp(q — q.)) (37)
Jo(w) ~ : (38)

=1 eq—qc{(eqc_q _ 1)€iW(2N—|—3)g(e—iw) + g(eluJ)}

where g denotes again the series (27). Inserting the expression (38) into eq.(31) we obtain the
asymptotic expansion of the power spectrum for large N. The denominator of this equation
changes rapidly with the period 27 /(2N) ~ 27 /7 where 7 denotes the mean length of the
laminar motion. This behaviour leads to a line spectrum, whose positions are separated
by 27 /7 (cf. Fig.3a). We have confirmed this qualitative argument by an elementary but

10



tedious discussion of the expression (38) (cf. appendix C). From the same analysis we obtain
that the envelope of the line spectrum obeys in the small frequency region the following
relations for small, intermediate and large ¢. — ¢ values

4
/N < ¢ —
'uNHﬂ'w{l—l-(anw/ﬂ')?} IN<ge—g<w<r
4 p—
PN+1— N <w<(¢e—q9) " q.—q
4
PN+1— IN<(e—q) ' <w<r . (39)

In all cases an w™! power law decay of the envelope with logarithmic corrections is observed.
Therefore the power spectrum in the non—hyperbolic phase shows the same features as the
ordinary power spectrum (¢ = 0). Nevertheless we want to stress that the width of the
single spectral lines decrease with decreasing ¢ leading to a § line spectrum in the limit
¢ — —oo. This is in total accordance with our discussion of Gibbs measures, as in this limit
the Gibbs measure is carried by the unstable periodic orbit which constitutes the Markov
partition (cf. eq.(48)).

We confirm our analysis by showing numerical results of eqs.(22), (25), (31) and (32)
for N = 200 and ¢ in the hyperbolic and non-hyperbolic phase (Fig.3). Similar results
are obtained for other values of the bifurcation parameter N. In the hyperbolic phase the
spectrum mainly decreases with increasing frequency which means that the corresponding
correlation function decays rapidly. This behaviour originates from the highly uncorrelated
dynamics on the repeller which carries the Gibbs measure. In contrast the power spectrum
in the non—hyperbolic phase shows a remarkable line structure in frequency space indicating
an oscillating long time tail in the correlation function. The Gibbs measure is dominated by
laminar motions which are interrupted by intermittent bursts causing the power law decay
of the power spectrum. As ¢ is decreased the Gibbs measure is mainly determined by the
long time periodic orbits which results in a sharpening of the spectral lines.

5 Phase transition region

In this section we want to investigate the transition between the laminar and the turbulent
phase in more detail. To this end let us consider the immediate vicinity of the phase
transition point g. in the case of large but finite N. It is well known that under these
circumstances scaling relations for the topological pressure occur which characterize the
bifurcation [25]. Also for type I intermittent systems such scaling relations have been found
recently [26]. In the first part of this section we want to consider these relations for our
model. Afterwards we focus on the discussion of the power spectra in the scaling region.
Although we have the explicit expressions (22), (25) (31) and (32) for the quantities of
interest it is extremely difficult to analyse them analytically. We are therefore mainly
forced to use numerical solutions of these equations.

As shown by Fig.2c the second derivative x(¢) admits a peak at ¢nae = ¢mae(N) which
turns left and becomes narrow as NV increases. In order to establish the scaling relation we

11
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introduce a rescaled ¢ variable in such a way that the peaks occur at the same position and
with the same curvature in the maximum. With the abbreviation Ag¢nur = Gmazr — ¢ We

define

q=:qc+ Afmaz + _7)(”((] ) T . (40)

Numerically we have confirmed the following scaling relations of the characteristic function
and its derivatives with respect to the new variable z

®(q) = P(gmaz) + X (qmax)( (qm““’)))é(x)

(qmax

W) = Xgr) ( X )”zu@

qmax

X(@) = X(maz)X(2) . (41)

Here the scaling functions @, @& and ¥ are defined by the right hand side. Fig.4 shows the
result for N changing over more than one order in magnitude. A clear scaling behaviour has
been obtained for & < 1. It does not hold in the whole « region which is also known from
previous results but has not been fully understood yet. Fig.5 shows the N dependence of the
scaling parameters A¢az, (—X(qmm)/X”(qm(m))1/27 X(Gmaz) and ®(¢pa,) which indicates
an exponential dependence of the form ~ N% with exponents —0.72, —0.84, 0.64 respectively
—0.89.

Let us now turn to the discussion of the power spectra in the phase transition region. In
view of our results presented above it seems reasonable to analyse the spectra in dependence
of z instead of ¢. Furthermore having the relation lim,_o/,(w) = x(¢) (appendix C) in
mind we will normalize the spectra according to y(¢). Finally we refer back to the fact that
below the phase transition point the spectrum consists of lines at intervals 27 /(2/N). This
suggests a rescaling of the frequency according to @ = Nw/m. In view of these facts we
define a rescaled spectrum T

I(w; Nw/m) == 1,(w)/x(q) (42)

depending on the rescaled ¢ value z. Fig.6 shows the spectra which have been obtained
from eqs.(22), (25), (31) and (32) for N = 200,400,800 and several z values. First of
all we mention that for negative x values line spectra occur. The position of the lines is
independent of N indicating the correct frequency scaling in eq.(42). These spectra show
strong resemblance to the spectra in the laminar phase (cf. section 4). As z changes to
larger values the lines gradually disappear leading to a monotonic decreasing spectrum at
x = 1 which marks roughly the end of the scaling region. Even if the rescaled spectra
are obviously N dependent in the low frequency region we stress that in an intermediate
frequency domain 7 /N < w < 7 the envelope of the maxima depends only weakly on N
and obeys a power law behaviour w™®= (cf. Fig.6ay,6by). Fig.7 illustrates that the exponent
O, changes from —1 at extreme negative & values to about —0.6 at the end of the scaling
region. The spectra for z larger than unity are monotonously decreasing (cf. Fig.6) and
show strong similarity to the turbulent power spectrum investigated in the last section. It
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is surprising that these spectra are nearly N independent for small frequencies in the region
1<z < 20 although the topological pressure fails to obey a scaling behaviour (cf. Fig.4).
This scaling property of the turbulent spectra is improved if z increases. It seems not to be
related to the convergency of the power spectra towards a unique limit (cf. section 4) as the
scaling property is valid in dependence on z instead of ¢. This fact may reflect some new
universality in the time correlations of the Gibbs measure which emerges sligthly above the
phase transition point. But at the moment we have no explanation at the hand.

6 Concluding remarks

Let us close with a few remarks on the observability of our results. In the laminar phase
q¢ < ¢. and especially at ¢ = 0 (ordinary power spectrum) a line spectrum should be
expected. But for two reasons it seems to be diffucult to observe this kind of spectrum.
On the one hand this phase is dominated by nearly degenerated eigenvalues AgO)Z|Agl)|
where a quasi continuous part of the spectrum is involved. Therefore the expressions for
the topological pressure and the power spectrum [, (w) converge very slowly towards the
limit n — oo. On the other hand if the datasets contain noisy data the fine structure of the
power spectrum is expected to be smeared out. For this reason some kind of finite frequency
averaged spectrum [, I,(w')dw’/Aw will be observed where Aw is of the order of the line
distance. From eqs.(31) and (32) we obtain in the same approximation used in appendix C

1 1
Aw /Aw q(w ) ¥ HN+1 Rel — eq—ch(ezw) ) ((] <q ) ( 3)

This expression yields a smooth spectrum lacking a power law decay for small frequencies.
In contrast to this an exponentially fast convergency in n is expected above the phase
transition point (¢ > ¢.) as the eigenvalues are well separated. This behaviour is far from
being surprising because the hyperbolic phase is dominated by an axiom A like repeller.
Therefore the power spectrum might be obtained for relatively small values of n quite
accurate. It will yield by direct evaluation of the time series u(7"(x)) information about
the frequencies and damping rates associated with the chaotic repeller that dominates the
turbulent bursts. The investigation of the phase transition region seems to be too difficult
at the moment as it would require very large data sets due to the slow convergency of the
quantities. To achieve this goal special methods for improving the convergency must be
developed, which can deal with the nearly degenerated eigenvalue spectrum arising from
the non—hyperbolicity of the system.

Nevertheless the anaysis of our simple model system demonstrates clearly that the ther-
modynamical approach is very useful to characterize dynamical systems also from the exper-
imental point of view. For the evaluation of the quantities (4) and (6) only the knowledge
of a time series and no underlying model system is required. The occurence of different
phases may lead to considerable information about the dynamical process as they can be
interpreted in terms of different invariant sets of the system. For this reason the application
of this method to real data sets seems to be very fruitful.
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Appendix A

Consider a piecewise linear Markov map T with slope ~; = |T}l| on the intervals I; of
the Markov partition. Let A;; denote the transition matrix which is defined by A;; =1
if T(L;) O I; and A;; = 0 otherwise. Furthermore we presuppose that the function u is
piecewise constant that means u(z) = u;, @ € I;. Then the space of functions spanned
by the characteristic functions y;() of the intervals I; is invariant under the action of the
transfer operator (5). The latter admits with respect to the characteristic functions the

matrix representation [20]
el

()i =

Aij - (44)

7

()

The right eigenvectors h;’ of this matrix yield the eigenfunctions of the transfer operator

via the relation A (2) =¥, h Xk(z).
To obtain the explicit expressmn for the eigenmeasures v(!) apply the eigenvalue equation
(cf. eq.(2)) to the characteristic function yx(z),

A0 (1) = /\(l)/Xk(QC)dV(l) = /Xk(w)d(%?;b“))
= [otanat = [Smsnar = SO - 09

J

Therefore the v()-measure of the intervals I, of the Markov partition V,gl) = v (1) can
be obtained from the left eigenvector of the matrix (44). To get the full expression for the
eigenmeasure consider the dynamic partition which is defined via the intervals

Us....in

= {z|T"x) € I

13

0<k<n} . (46)

Let 1/2»(;)“ - and xy,,...;, denote the v(D—measure respectively the characteristic function of

in
these intervals. By the same reasoning as above we obtain

Win

1 “ eql0 ed%io
/\!(Jl)yi(o?...,in = /(,Hq Xio,...,in)(x)dy(l) = / — Xi1,. Jn( )dy(l) = —,Vi(1?...,in : (47)
P)/ZO 720
Therefore the relation
() ol g 0

— L 48
kH Yie (A )

20 4ee09tn
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holds. Due to the prefactor this measure is in general multifractal reflecting the strange

geometric structure of the chaotic set in contrast to the eigenfunctions which are smooth.
Using the formulas presented above eq.(17) for the power spectrum can be easily written

down in the matrix representation. As u - h(®) is a piecewise constant function eq.(44) can

be applied to evaluate the resolvent (1 — 7—[%6”//\((10))_1. We obtain

w —iw

-1 -1
€ U € U
e = [ u(w)Z([l_ qu] *[1‘ qu] _1) 0y ()t
q q k]

kg

. -1 . -1
_ (0) e e (0
= lek uy ([1— A(0>£‘1] + [1 ~ O gq] — 1) uihy” (49)
kg kg

q q

Appendix B

Asymptotic behaviour of /\((10) Jor ¢ < g.: With the abbreviation

gn(z) = o™ i cpz" (50)
k=0
the characteristic equation (22) reads
L= e AD) "B gn ) + v (1/A)) (51)
Suppose that the relation
A0 =14 “ﬁq (52)

holds with a;, = O(1) in the limit of large N. Then exp(—|a,|) < (/\((10))’“ < exp(|a,|) for
0<k<N and (/\((10))’“ — 1 for fixed £ and N — oo. Hence for arbitrary but fixed M < N
the relation

M N
anv(AD) = a™ 3 (14 “ﬁq)’f +a™ S (14 “ﬁq)’f (53)
k=0 k=M+1

shows that gN(/\((JO)) tends towards a(®) "M e, +O(1/M) as N goes to infinity. By choosing
M arbitrarily large we obtain

gnv(A9) =1, (N = o) . (54)

As the same reasoning holds for gN(l//\gO)) also eq.(51) yields in the limit of asymptotic
large N

1 = el % (e7 2% 4 1), (N —o0) . (55)
Finally eq.(52) leads to
In(exp(q. — ¢) — 1)
) ~ 71—
A0~ 1 B (56)
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which is proven easily to be the correct asymptotic behaviour.
Asymptotic behaviour of pni1 for ¢ < q.: Rewriting eq.(25) in the form

N
1 = eq—qca(N){(QN + 3)(/\((10))—(2N+3) Z Ck(/\go))k—l—l
k=0
N
+(1 = A ENFN S T+ e AP Y v (57)
k=0
and using the same reasoning as above we get
1=e"%f2Ne 2 4 O(ln N) }unq1 - (58)

Eqs.(55) and (58) yield the asymptotic result (37).
Asymptotic behaviour of J,(w) for ¢ < ¢.: By the same argument that has us led to
eq.(54) we obtain

gn(e“/AD) = g(e™),  gn(AD/e™) — g(e™™), (N = o0) . (59)

As in view of eq.(52) (/\((10))2]\7"'3 tends towards e~2% the asymptotic expression (38) is
obtained by taking eq.(55) into account.

Spectrum of H" in the limit N — oo: In a first step we will show that there exists no
eigenvalue inside the complex unit circle. Then we show that sole the largest eigenvalue
/\(0) .

¢~ may have absolute value larger than unity.

Suppose that for a fixed § > 0 a solution of the eigenvalue equation (51) obeys A, < 1—-6.

As

N
lgn (1/Ag)] < @l 37 g Ay [7HD = 3 |7 (V4D
k=0
(V) Lk (V) S |Aq]
lgn(Ag)| = al™Meo + 3 erdgllAgl > al™M (o =D er)|Ag| = NI (60)
k=1 k=1
we have
B A |—(2N+2) B
000 (0) + g (1) 2 P = V)
_ §)-(N+1)
> (1 - 5)—<N+1>(u —1) =00, (N —o0) (61)

N+1
which contradicts the eigenvalue equation (51).

As for ¢ < g, the relation /\((10) — 1 holds in the limit N — oo and /\g is the largest
eigenvalue by Perron’s theorem there remains nothing to prove. Therefore let us assume

0)

that ¢ > ¢. and suppose that for fixed 6 > 0 there exists an eigenvalue A\, # /\((10) obeying
the relation (14 6) < |A,] < /\((10). From the eigenvalue equation (51) we obtain

0 = e ATVl () + g (1/A) = (AP EVFIgn (M) — gy (AP}
> e o (1) = gn (/AP = Y g (0,) — ()7l ()]} (62)
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The inequality |1 — (/\q//\go))QN+2_k| <|1- /\q//\go)|(2N—|— 2 — k) which can be proven easily
by using the geometric sum yields the following estimate for the second term

N
A7 CMFgn (0g) = ) TER g ] < 0t 37 ex] Ay | 7B = (/A 2R
k=0
N
<a™M N (2N +2 = k) /AL (14 6) 7V = AD] < Ko (14 6) 7NN, — AW (63)
k=0

where K¢ denotes a N independent constant. For the first term of eq.(62) the inequality
lgn (1/2g) = g (1/AP)] = Ki|A; = AL (64)

is valid with some positive constant Ky on the compact set (14 6) < |A,] < /\((10) of the
complex A, plane. This relation follows from the observation that eq.(26) has a unique
solution and g’(l//\go)) # 0 holds. As a consequence |g(1/X;) — g(l//\go))|/|Aq — /\((10)| is
strictly positive. This property carries over to finite but sufficiently large N as the power
series converges uniformly. Eqs.(62), (63) and (64) yield now

0> (K; — Ko(146)~V2)|x, — A (65)

which contradicts for sufficiently large IV the assumption A\, # /\((10).
(0)

The eigenvalues except Ay’ accumulate in a band around the unit circle. From our
derivation the width of this band can be estimated to O(1/N).

Appendix C
Derivation of eq.(32): For computing the resolvent (313) we solve the algebraic equation
(1-zH)z=u (66)

for & where u; = 0 for =N < ¢ < N, uy41 = 1 and z := ei‘”//\go). The desired matrix
element (313) is then given by zn41. In view of the expression (21) eq.(66) reads

T_pn — €7 Ny EN+L = 0
TNF1
—L$k+$k+1—eq ad zn41 = 0, - N<E<N-1
(N) (N)
Tk TN+1
z
TN TN+1
Eq.(672) leads to
k—1 5 k—1 k—1 5 5
w= 11 m-vnt 2 1 < mtovn (68)
I=—N 7] m=—N I=m+1 7] TN
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Inserting eq.(671) into eq.(68) and equating the expression for k& = N we obtain from
eq.(673)

N+1 N+1 P

k=—N =k 7|

With the definition of 'yl(N) (cf. section 3) we have [Nt 'yl(N) = Q/AQECN). Hence eq.(69)

reads by taking the definitions (18) and (28) into account
N N
TN+1 {1 — el7e (Z 22N+2_k04(N)ck + Z zk+104(N)Ck) } = (70)
k=0 k=0

which is the desired result (32).
Shape of 1,(w) for ¢ < q., N — oo: Introducing the abbreviation

r)e?) = et g (), rw),dw) €R (71)
the denominator of J,(w) reads (cf. eqs.(38) and (55))
Z(w) =1 — r(w)(e 22l (WEN+3)=0(w)) 4 cidlw)y (72)
The power spectrum (317) in terms of this quantity is given by

1) = v (S (73)

Hence its extrema are determined by the condition
0=2')(Z" W)+ 2 (W)(Z(w)* . (74)

To the leading order in N the derivative of the quantity (72) can be calculated by keeping
the slowly varying functions r(w) and ¢(w) constant,

Z'(w) = —i(2N + 3)e~ 24p(w)e!@WENH)=2W) L O(1) . (75)
Inserting eqs.(72) and (75) into the condition (74) we obtain after a little algebra

sin (2N +3) + a(w) — d(w)) = —% sin () (76)

where the abbreviation
R(w)e @) = r2 (W)™ — (1 — p(w)e™?(@))2) R(w),a(w) e R (77)

has been used. Eq.(76) is the desired implicit equation to determine the maxima of the power
spectrum 8. As the quantities r(w), ¢(w), R(w) and a(w) vary on a frequency scale of the

8 Using the definition (77) it can be shown that the right hand side of eq.(76) has an absolute value less
than 1.
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order O(1) they can be treated as constant if frequency intervals of the order O(1/N) are
considered. Hence we obtain that eq.(76) admits two solutions in every frequency interval
of length Aw = 27 /(2N + 3) corresponding to a maximum and a minimum value of the
spectrum. The latter consists of single lines which are separated by Aw ~ 27 /(2N).

To obtain the envelope we solve eq.(76) for exp(i[w(2N + 3) — ¢(w)]) and obtain for the
positions of the maxima

—i2r?(w)e™2% gin ¢(w \/R2 r?(w)e 9 sin ¢(w))?
R*(w)

ei(w(?N—I—S)—(b(w)) _ R(w)e—ia(u})

2r(w) sin ¢(w)
r(w)e—Zaq +1-— r(w)e—i¢(W)

= 1-i (78)

where the last expression follows by tedious algebra. Insertion into eq.(72) yields for the
envelope (73) the result?

L e Reg(e) £ (1 ) g(e)] 1) (79)

I env. ~ 2 - T
( q(w)) HN+1 ( 1-— Qeq—cheg(ew) — (1 — Qeq—qc)|g(ezw)|2

The small frequency expansion (cf. eq.(27))

— 1
d 77——wzlnw—iwlnw—l—i%wz—l—O(wSlnw), w>0 (80)

gy =1+w=— -3

leads to the result (39).

Spectrum in the limit of small frequencies: As long as (u)(¢) = [ udjfi, does not vanish
the power spectrum contains a § contribution at w = 0 because the correlation function
(7) does not decay to zero. In contrast the power spectrum evaluated with the function
du(z) := u(xz)—(u)(q) is continuous at w = 0 but otherwise unchanged. Therefore by eq.(62)

exp(gnln(2)))/(exp(gnln(z)))

lim /,(w) = lim lim (
w—0 w—)On—)oo

Ln_ u k$
(77 X su(t@)

\/_ Z du( Tk e~k
exp(qnUy(x)))/{exp(gnUs(2))) = x(q) {(81)

= lim
n—00

The last equality follows directly by differentating eq.(4) twice.

°We obtain a smooth function for the envelope as the line distance and the accuracy of or asymptotic
expansion are both of the order O(1/N).
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Figure captions

Fig.1:

Fig.2:

Fig.3:

Fig.4:

Fig.b:

Fig.6:

Fig.7:

Type I intermittent piecewise linear model map for N = 3. IIEN), —N<ELZSN+1
indicate the intervals of the Markov partition. The length of the laminar motion N
acts as the bifurcation parameter.

Topological pressure ®(¢) and its derivatives (u)(q) and x(q) for N = 25 ( ),
N =50 ( ) and N = 200 ( ).

Power spectrum [,(w) for N = 200 and
a) ¢=—-2( ), ¢ =10 ( ), ¢=0.6 ( ) (non-hyperbolic phase)

b) ¢ =0.75 ( ), g =0.77 ( ), ¢ =10.79 ( ) (hyperbolic phase)
¢) Maxima of the spectrum for¢=—-2( ), ¢=0( ),¢=0.6( ) (cf. a)).

Rescaled topological pressure ®(z) and its derivatives @(z) and ¥(z) for N = 25
( )L N=50( ),N=200( )and N=800( ).

N dependence of the scaling parameters (A) Agmaz, (B) (=X (¢maz) /X" (@maz)) /2, (C)
X(Qmax) and (D) q)(qmax)-

Rescaled power spectrum f(ac, Nw/7) and its maxima for N = 200 (upper line, ),
N =400 (middle line, ) and N =800 (lower line, ).

ar) Spectrum for z = —20
az) Maxima for z = —20
by) Spectrum for 2 = —2
by) Maxima for z = -2

¢) Spectrum for z = 0.75
d) Spectrum for z = 2.5

Maxima of the power spectrum for N = 800 and several z values in an intermediate
frequency region. x = =20 ( ),z =-10( ),z=-5( ),z2=-2( ),z2=0
( Jand 2 =0.75( ).
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