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Abstract

Scaling relations of characteristic functions in the context of the thermodynami-

cal formalism of dynamical systems are considered. Starting from the characteristic

equation of the transfer operator a Ginzburg{Landau like expansion in the vicinity of

a bifurcation point is proposed. The phase transition based on a doubly degenerated

eigenvalue is discussed in detail and explicit expressions for the scaling functions are

derived.
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1 Introduction

The thermodynamical formalism of dynamical systems constitutes a powerful tool for de-

scribing the complicated behaviour of nonlinear dynamical systems [1, 2]. It is mainly

based on the analysis of the 
uctuations of some variable u(x) which arise via the time

evolution in the equation under consideration [2]. The main properties of these 
uctuations

are contained in the eigenvalue equation of a certain kind of transfer operator [3]
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that depends on a real perameter q, which is often identi�ed with the temperature in the

context of the thermodynamical formalism of dynamical systems. In the special case of

a discrete not necessarily one dimensional dynamical system x

n+1

= T (x

n

) the explicit

expression of the transfer operator reads [3, 4]

(H

u

q

h)(x) :=

Z

�(x� T (y)) exp(qu(y))h(y)dy : (2)

It acts on the space of integrable functions. For simplicity we have assumed a discrete

spectrum in eq.(1) which should be ordered according to the relation �

(0)

q

> j�

(l)

q

j � j�

(l

0

)

q

j,

0 < l � l

0

. The importance of the transfer operator (2) and the eigenvalue equation (1)

is emphasized by the fact that they allow for the expansion of the following characteristic

function [3]
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In this equation J

(l)

q

denote some expansion coe�cients and the average h: : :i is meant with

respect to a distribution of initial points which is usually assumed to be the natural one

(SRB measure). From eq.(3) one gets the well known relation for the characteristic function

(topological pressure) [3, 5]

�(q) := lim

n!1

1

n
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!

i = ln �

(0)

q

(4)

which determines the stationary 
uctuations of u(x) as soon as the damping rates 


(l)

q

and

the frequencies !

(l)

q

which characterize the temporal correlations [3, 6]




(l)

q

+ i!

(l)

q

= � ln

�

(l)

q

�

(0)

q

: (5)

In this sense the transfer operator (2) contains the long{time as well as the correlation

characteristics of the nonlinear dynamical system.

It is well known that at a bifurcation point of a dynamical system a phase transition,

that means a nonanalyticity in q in the quantities (4) and (5), might occur which is based
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on a degeneracy of the largest eigenvalues of the transfer operator (cf. Fig.1) [7]. If one

approaches the bifurcation point from one side the degeneracy is removed and a typical

scaling behaviour in the quantities of interest emerges [8, 9]. It is the main aim of this letter

to analyse this behaviour from a rather general point of view. We will start our discussion

from the characteristic equation of the transfer operator (2). It possesses the general form

1

P (�

q

; �; q) = 0 : (6)

Here � � 0 denotes a bifurcation parameter leading to a bifurcation at � # 0. If the system

under consideration admits an attracting set then it is well known (cf. eq.(4)) that at q = 0

the largest eigenvalue equals unity for arbitrary values of the bifurcation parameter � [10].

This observation results in the general property

P (1; �; q = 0) = 0 (7)

which will be of some importance in the subsequent discussion. For simplicity we will

restrict our analysis to the case that at the bifurcation point two simple eigenvalues become

degenerated �

(0)

q

0

(� # 0) = �

(1)

q

0

(� # 0) leading to a phase transition at q = q

0

. They

should be well separated from the remaining part of the spectrum (Fig.1). Refering to this

situation and to analyticity assumptions in eq.(6) we are able to derive the correct scaling

behaviour in the vicinity of the bifurcation point. In this sense our approach is similar to

the Ginzburg{Landau treatment of second order phase transition.

In Section 2 we introduce the main ideas on the expansion of eq.(6). The algebraic

calculations for two essential di�erent cases arising in a natural way from our analysis are

performed in the third and fourth section leading to the scaling behaviour mentioned above.

Section 5 contains the discussion of two simple illustrative examples. Finally the results

will be summarized.

2 Expansion of the characteristic equation

Let us introduce the abbreviation

�

c

:= �

q

0

(� # 0) (8)

for the eigenvalue at the phase transition point. Eq.(6) yields by presupposition two real

eigenvalues which are well separated from the remaining part of the spectrum. Therefore a

polynomial of second order can be extracted from P and eq.(6) reads

0 = P (�

q

; �; q) =

(

�

�

q

�

c

� 1

�

2

+ f(�; q)

�

�

q

�

c

� 1

�

+ g(�; q)

)

�

P (�

q

; �; q) : (9)

Here

�

P does not vanish in the vicinity of the transition point �

q

= �

c

, q = q

0

, � = 0. To

simplify the following considerations the �rst part f: : :g has been written as a polynomial

1

�

q

depends of course on �, �

q

(�). In the most cases this dependence will be suppressed in the notation.
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in �

q

=�

c

� 1 instead of �

q

. As the largest eigenvalue �

(0)

q

is positive the two largest solutions

of eq.(9) are real. This implies that in the present case the frequency !

(1)

q

corresponding

to the smallest damping rate vanishes (cf. eq(5)). Now the presupposition that at q = q

0

,

� # 0 eq.(9) yields the doubly degenerated eigenvalue �

c

sets in. It results in the relations

f(� # 0; q

0

) = 0; g(� # 0; q

0

) = 0 : (10)

Up to this moment no approximation was introduced into our considerations. We are inter-

ested in a vicinity of the phase transition point. Refering back to the third presupposition,

the analyticity of the characteristic equation in � and q, we are able to write down the

following expansions of the prefactors f and g

f(�; q) = f

10

� + f

01

(q � q

0

) + f

20

�

2

+ f

11

�(q � q

0

) + f

02

(q � q

0

)

2

+ O

3

g(�; q) = g

10

� + g

01

(q � q

0

) + g

20

�

2

+ g

11

�(q � q

0

) + g

02

(q � q

0

)

2

+ O

3

: (11)

Here f

ij

and g

ij

denote the expansion coe�cients and O

3

:= O(�

3

; �

2

(q�q

0

); �(q�q

0

)

2

; (q�

q

0

)

3

) the contributions of third and higher order. The values of g

10

and g

01

are restricted by

the presupposition that eq.(9) yields real solutions. This can be shown easily by considering

the following special situations:

i) � # 0: Then eq.(11) reads

f(� # 0; q) = O(q � q

0

)

g(� # 0; q) = g

01

(q � q

0

) + O((q � q

0

)

2

) (12)

and eq.(9) yields

�

�

q

�

c

� 1

�

2

+ g

01

(q � q

0

) +O((q � q

0

)

2

; (q � q

0

)

�

�

q

�

c

� 1

�

) = 0 : (13)

As the the eigenvalues are real the inequality (�

q

=�

c

� 1)

2

� 0 holds. But as q � q

0

can take positive and negative values the relation

g

01

= 0 (14)

follows.

ii) q = q

0

: Now eq.(11) reads

f(�; q

0

) = O(�)

g(�; q

0

) = g

10

� +O(�

2

) (15)

and eq.(9) yields

�

�

q

�

c

� 1

�

2

+ g

10

� + O(�

2

; �

�

�

q

�

c

� 1

�

) = 0 : (16)

The same reasoning as above leads to

g

10

� 0 : (17)

The di�erence between eqs.(14) and (17) follows from the fact that the bifurcation

parameter � can take only non negative values.
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iii) If the phase transition emerges at q

0

= 0 and the system admits an attracting set then

the corresponding critical eigenvalue is given by �

c

= 1. Inserting this into eq.(9) and

evaluating it at q = 0 with the help of eq.(7) one gets

g(�; q = q

0

= 0) = 0 : (18)

Inspecting eq.(11

2

) the expansion coe�cients read

g

10

= 0; g

20

= 0; (q

0

= 0) : (19)

With these settings only algebraic manipulations are needed to obtain the desired scaling

behaviour from eqs.(9),(11), (14),(17) and (19). In doing this the two di�erent cases g

10

= 0

and g

10

< 0 which correspond to q

0

= 0 and q

0

6= 0 respectively have to be considered

separately.

3 Case A: q

0

= 0

Then eq.(11) reads taking eqs.(14) and (19) into account

f(�; q) = f

10

� + f

01

q +O(�

2

; �q; q

2

)

g(�; q) = g

11

�q + g

02

q

2

+ O

3

: (20)

Introducing the scaling abbreviations

�

q

� 1 =: �  

�

; q =: �� (21)

where  

�

and � are both of the order O(1) in the limit of small �, the eigenvalue equation

(9) yields

 

2

�

+ (f

10

+ f

01

�) 

�

+ (g

11

� + g

02

�

2

) +O(�) = 0 : (22)

In the vicinity of the bifurcation point 0 � � � 1 one obtains the asymptotic relation

2

 

(0=1)

�

' �

f

10

2

�

f

01

2

� �

s

�

f

10

2

+

f

01

2

�

�

2

� g

11

�� g

02

�

2

: (23)

Here additionally the constraints f

2

01

� 4g

02

� 0 and (2f

10

f

01

� 4g

11

)

2

� f

2

10

(f

2

01

� 4g

02

) � 0

on the expansion coe�cients arise as a consequence of the real eigenvalues �

(0=1)

q

. Changing

to the original notation (cf. eq.(21)) one gets from eq.(23) the scaling relation

�

(0=1)

q

� 1 = � 

(0=1)

�

' �H

(0=1)

A

�

q

�

�

(24)

where

H

(0=1)

A

(x) := �

f

10

2

�

f

01

2

x�

s

�

f

10

2

+

f

01

2

x

�

2

� g

11

x� g

02

x

2

: (25)

2

The + sign corresponds to  

(0)

�

, as �

(0)

q

> �

(1)

q

.
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The scaling relations for the characteristic function �(q) and the lowest damping rate 


(1)

q

read by inspecting eqs.(4) and (5)

�(q) ' �H

(0)

A

�

q

�

�




(1)

q

' �

�

H

(0)

A

�

q

�

�

�H

(1)

A

�

q

�

��

: (26)

Obviously a slowing down in the damping rate is observed in the limit � # 0, indicating the

phase transition at q = q

0

= 0.

4 Case B: q

0

6= 0

In this case the coe�cient g

10

is restricted by the relation (17). In the generic case however

this relation reduces to the stronger condition

g

10

< 0 (27)

because a vanishing coe�cient would require an additional constraint which can be removed

by a small perturbation. Even if the situation q

0

6= 0, g

10

= 0 cannot be excluded, we will

omit the discussion of this non generic case in this letter. Now eq.(11) reads

f(�; q) = f

01

(q � q

0

) +O(�; (q � q

0

)

2

)

g(�; q) = g

10

� + g

02

(q � q

0

)

2

+O(�

2

; �(q � q

0

); (q� q

0

)

3

) : (28)

Introducing a di�erent scaling abbreviation due to the fact that g(�; q) contains a contribu-

tion of �rst order

�

q

�

c

� 1 =:

p

� 

�

; q � q

0

=:

p

�� (29)

eq.(9) leads to

 

2

�

+ f

01

� 

�

+ g

10

+ g

02

�

2

+O(

p

�) = 0 : (30)

The following asymptotic behaviour in the vicinity of the bifurcation point holds

 

(0=1)

�

' �

f

01

2

��

v

u

u

t

 

�

f

01

2

�

2

� g

02

!

�

2

� g

10

: (31)

Due to the real valueness of  

(0=1)

the constraint f

2

01

�4g

02

� 0 is imposed on the expansion

coe�cients. Rewriting eq.(31) for the original quantities one obtains the scaling result

�

(0=1)

q

�

c

� 1 =

p

� 

(0=1)

�

'

p

�H

(0=1)

B

�

q � q

0

p

�

�

(32)

where

H

(0=1)

B

(x) := �

f

01

2

x�

v

u

u

t

 

�

f

01

2

�

2

� g

02

!

x

2

� g

10

: (33)
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Again the scaling relations for the characteristic function and the damping rate are imme-

diately obtained from eqs.(4) and (5)

�(q) ' ln �

c

+

p

�H

(0)

B

�

q � q

0

p

�

�




(1)

q

'

p

�

�

H

(0)

B

�

q � q

0

p

�

�

�H

(1)

B

�

q � q

0

p

�

��

: (34)

Also in this case the damping rate shows of course a slowing down.

5 Examples

To illustrate the above mentioned general expansion this section contains the discussion of

two simple one dimensional maps. The explicit expansion of the characteristic equation can

be carried out easily and the meaning of the above mentioned two cases is illustrated.

To be de�nit consider the following two maps de�ned on the interval [�1; 1] (Fig.2)

T

A

(x) =

8

>

<

>

:

�(2 + r�)(x+

1

2

)� 1; x 2 [�1:�

1

2

]

2x; x 2 [�

1

2

;

1

2

]

�(2 + �)(x�

1

2

) + 1; x 2 [

1

2

; 1]

T

B

(x) =

8

>

<

>

:

�4(x+

3

4

); x 2 [�1;�

1

2

]

2x; x 2 [�

1

2

;

1

2

]

�(2 + �)(x�

1

2

) + 1; x 2 [

1

2

; 1]

: (35)

� acts as a bifurcation parameter and the bifurcation takes place at � = 0 in both cases.

For the map T

A

two attracting sets exists for � < 0 in the intervals [�1; 0] and [0; 1]. They

merge into one attractor at the bifurcation point. In the system T

B

an attractor existing

in the region [0; 1] for � < 0 collides with a repeller residing in the interval [�1; 0]. Both

bifurcations should be analysed with respect to the 
uctuating variable

u(x) =

(

k; x 2 [�1; 0)

k

0

; x 2 (0; 1]

: (36)

Using the results of [11] one can approximate the transfer operator (2) of both maps in the

vicinity of the bifurcation point by the transfer matrix of a two state stochastic model, as

far as the largest eigenvalues are concerned.

 

(1� �

0

) exp(k

0

q) � exp(kq)

�

0

exp(k

0

q) (1� �) exp(kq)

!

(37)

Here � and �

0

denote the transition rates from [0; 1] to [�1; 0] and from [�1; 0] to [0; 1]

respectively. In the case A � � �, �

0

� r� so that both rates vanish at the bifurcation point

whereas in case B � � � and �

0

is �nite in the limit � # 0. Without loss of generality we can

restrict the following discussion to the special choice k

0

= �1; k = 1. This situation can be
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achieved in general by extracting the factor exp(q(k + k

0

)=2) from eq.(37) and rescaling of

the q axis, q(k � k

0

)=2! q.

Case A, �

0

= r�; � # 0: In the limit � # 0 the eigenvalues of eq.(37) read exp(q); exp(�q).

Their degeneracy yields the phase transition point

q

0

= 0; �

c

= 1 : (38)

The characteristic equation reads

(�

q

� 1)

2

+ f2� (1� �)e

q

� (1� r�)e

�q

g (�

q

� 1)

+2� (1� �)e

q

� (1� r�)e

�q

� � � r� = 0 : (39)

Comparing eqs.(9) and (39) one obtains by making reference to the expansion (11)

f

10

= 1 + r f

01

= 0

g

11

= 1� r g

02

= �1 (40)

so that the scaling function (25) reads in this case

H

(0=1)

A

(x) = �

1 + r

2

�

s

�

1 + r

2

�

2

� (1� r)x+ x

2

: (41)

Choosing r = 1 one recovers the well known result of the symmetry breaking chaos transition

[8].

Case B, � # 0; �

0

is �nite: In the limit � # 0 the eigenvalues of eq.(37) read exp(q); (1�

�

0

) exp(�q) and yield the phase transition point

q

0

=

1

2

ln(1� �

0

); �

c

=

p

1� �

0

: (42)

From eq.(37) one gets the eigenvalue equation

�

�

q

�

c

� 1

�

2

+ f2� (1� �)e

q�q

0

� e

�(q�q

0

)

g

�

�

q

�

c

� 1

�

+2� (1� �)e

q�q

0

� e

�(q�q

0

)

�

�

1� �

0

= 0 : (43)

In comparison with eqs.(9) and (11) the following expressions for the expansion coe�cients

are obtained

f

01

= 0 g

10

= �

�

0

1� �

0

< 0 g

02

= �1 : (44)

This yields with eq.(33) the scaling function

H

(0=1)

B

(x) = �

s

x

2

+

�

0

1� �

0

: (45)
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6 Conclusion

In this letter the scaling behaviour of thermodynamical quantities in the vicinity of a bi-

furcation point has been considered from a rather general point of view. Our approach

uses only some basic assumptions concerning the degeneracy of eigenvalues of the transfer

operator (2) which causes the phase transition. A straightforward expansion of the char-

acteristic equation has lead us to explicit expressions determing the scaling behaviour. We

want to stress that no reference to any special dynamical system has been used. By this fact

the scaling behaviour is an universal property of the phase transition under consideration

and is exclusively based on the eigenvalue structure of the transfer operator. Furthermore

our approach explains that these scaling relations have been observed in rather di�erent

dynamical systems [9].

In this letter we have concentrated on a phase transition that is achieved by a doubly

degenerated eigenvalue of the transfer operator. It is obvious that our approach can be

extended to more complicated situations. Furthermore the in
uence of symmetries that are

shared by special systems can be analysed. These topics will be investigated in a forthcoming

publication.
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Figure captions:

Fig.1: Diagramatic view of the eigenvalues of the transfer operator ( largest

eigenvalue, second eigenvalue, remaining part of the spectrum

(absolute value)). q

0

denotes the transition point and �

c

the corresponding eigenvalue.

Fig.2: Sketch of the maps eq.(35).
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