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Time{delayed feedba
k 
ontrol for stabilising time periodi
 spatial patterns is investigated in a

generi
 rea
tion{di�usion system with global 
oupling. We fo
us on the 
ase of low-dimensional


haos where unstable patterns admit only a single unstable mode. Spatial degrees of freedom are

taken into a

ount to de�ne di�erent 
ontrol s
hemes. The eÆ
ien
y of these s
hemes is dis
ussed,

where 
ontrol for
es are motivated by physi
al requirements as well as by the possibility of ob-

taining analyti
ally exa
t results. We �nd that 
ontrol s
hemes whi
h 
ontain the full feedba
k of

the inhibitor variable may �nally destroy the 
ontrol performan
e. Thus s
hemes whi
h omit the

inhibitor might be more eÆ
ient. Our numeri
al �ndings are explained in terms of Floquet spe
tra

and 
ompared with analyti
al solutions of parti
ular 
oupling s
hemes.

PACS numbers: 05.45.Gg, 05.45.Jn, 02.30.Ks

I. INTRODUCTION

Control of 
omplex 
haoti
 dynami
s has be
ome one of the 
entral issues in applied nonlinear s
ien
e over the

last de
ade (
f. [1℄). Control theory is of 
ourse a well established dis
ipline in engineering and applied mathemati
al

s
ien
es for almost half a 
entury (
f. e.g. [2℄), but its appli
ation often requires either some information about the

stru
ture of the system or some data pro
essing. The new aspe
t of 
haos 
ontrol is the emphasis of noninvasive


ontrol methods together with the observation that 
haos supplies a huge number of unstable states that 
an be

stabilised with tiny 
ontrol power [3℄. A parti
ularly simple and eÆ
ient s
heme uses time{delayed signals to generate


ontrol for
es for stabilising time periodi
 states [4℄ (time{delay autosyn
hronisation or "Pyragas method"). It is

simple to implement, quite robust, and has been applied su

essfully in real experiments [5,6℄. But the performan
e

of the 
ontrol method 
annot be understood in a straightforward way. Analyti
al insight into this s
heme has been

gained just re
ently [7,8℄.

An important ingredient in any 
ontrol method is the 
hoi
e of the 
oupling of 
ontrol for
es to the dynami
al

degrees of freedom. Unfortunately this question has not been addressed systemati
ally for time{delayed feedba
k

methods. Only a few preliminary results are available in the literature [9,10℄. Here we will dis
uss this topi
 in the


ontext of a rea
tion{di�usion model with a global 
onstraint. Su
h models are relevant in di�erent �elds of physi
s

and 
hemistry, e.g. for the dynami
s of semi
ondu
tor devi
es (
f. [11℄ for a re
ent review) or in ele
tro
hemistry [12℄.

Thus we expe
t that our investigations show generi
 features whi
h are of use in quite di�erent �elds of s
ien
e.

The model we are dealing with was originally derived for 
harge transport in a layered semi
ondu
tor system su
h

as the heterostru
ture hot ele
tron diode [13℄. The resulting model equations in nondimensional units read

�

t

u(t) = �[j

0

� (u� hai)℄�KF

u

(t)

�

t

a(x; t) = f(u� a)� Ta+ �

2

x

a�KF

a

(x; t) : (1)

Here u(t) is the inhibitor and a(x; t) the a
tivator variable. In the semi
ondu
tor 
ontext u(t) denotes the voltage drop

a
ross the devi
e and a(x; t) is an internal degree of freedom, e.g. an interfa
e 
harge density. The lo
al 
urrent density

in the devi
e is j(x; t) � u(t)�a(x; t), and j

0

is the externally applied 
urrent whi
h a
ts as a 
ontrol parameter. The

one{dimensional spatial 
oordinate x 
orresponds to the dire
tion transverse to the 
urrent. We 
onsider a system of

width L with Neumann boundary 
onditions �

x

a = 0 at x = 0; L 
orresponding to no 
harge transfer through the

�
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lateral boundaries. T denotes the tunnelling rate through the 
olle
tor layer. The relaxation rate � is determined by

the internal and external 
apa
itan
e. The global 
oupling represented by

hai(t) =

1

L

Z

L

0

a(x; t) dx: (2)

arises from the appli
ation of Kir
hho�'s law to the 
ir
uit in whi
h the devi
e is operated [11℄. The nonlinear part of

the transport equation, giving rise to an S{shaped lo
al 
urrent density vs. �eld 
hara
teristi
, is 
anoni
ally modelled

by a simple Lorentzian of the form

f(j) = j=[j

2

+ 1℄ : (3)

Eqs.(1) 
ontain 
ontrol for
es F

a

and F

u

for stabilising time periodi
 patterns. Details of di�erent 
hoi
es for these

for
es and di�erent 
ontrol s
hemes are dis
ussed below (
f. table I). The strength of 
ontrol terms is proportional to

the 
ontrol amplitude K, whi
h gives one important parameter of ea
h 
ontrol s
heme. In the semi
ondu
tor 
ontext

these for
es 
an be implemented by appropriate ele
troni
 
ir
uits [10℄.

The dynami
s of the free system, i.e. K = 0, is very well understood [14{16℄. For our purpose it is important

that the model develops temporally 
haoti
 and spatially nonuniform states (spatio{temporal spiking, 
f. Figure 1) in

appropriate parameter regimes. For any value of L the system, due to the global 
oupling, allows only single spikes

at the boundary of the spatial domain [17℄. These are asso
iated with low-dimensional 
haos where only one unstable

Lyapunov exponent exists [14℄. Throughout this paper we fo
us on the spe
ial 
hoi
e � = 0:035, T = 0:05, L = 40

and j

0

= 1:262. In the semi
ondu
tor 
ontext the time and length s
ales of our dimensionless variables are typi
ally

given by pi
ose
onds and mi
rometers, respe
tively.

9 10 11u

0.8

1.2

1.6

2

<j>

FIG. 1. Proje
ted phase portrait of the un
ontrolled system in the (hji; u) plane. The null-iso
lines of the uniform system are

plotted as dashed lines. The uniform �xed point at u = 11:0, hji = 1:27 is indi
ated by a dot, and the 
haoti
 spatio{temporal

attra
tor is represented by its proje
ted traje
tory.

We are 
on
erned with 
ontrolling unstable time periodi
 patterns u

p

(t) = u

p

(t + �), a

p

(x; t) = a

p

(x; t + �) whi
h

are embedded in a 
haoti
 attra
tor. For that purpose we apply 
ontrol for
es F

a

and F

u

whi
h are derived from

time{delayed di�eren
es of the voltage and the 
harge density. For example we may 
hoose F

u

= F

vf

with the voltage

feedba
k for
e

F

vf

(t) = u(t)� u(t� �) +RF

vf

(t� �) : (4)

The last 
ontribution, involving the �lter parameter jRj < 1 
orresponds to an improvement by multiple time{delays

proposed in [18℄ (extended time{delay autosyn
hronisation), whereas the original s
heme based on a simple time{

delayed di�eren
e 
orresponds to the 
hoi
e R = 0. For 
onsideration of the 
ase R > 1, see [19℄.

Here we 
on
entrate on the question how the 
oupling of the 
ontrol for
es to the internal degrees of freedom

in
uen
es the performan
e of the 
ontrol. For our model we 
onsider two di�erent 
hoi
es for the 
ontrol for
e F

a

.

On the one hand we use a for
e whi
h is based on the lo
al 
harge density a

ording to

F

lo


(x; t) = a(x; t)� a(x; t� �) +RF

lo


(x; t� �) : (5)
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whereas on the other hand we propose a 
onstru
tion whi
h is only based on its spatial average

F

glo

(t) = hai(t)� hai(t � �) +RF

glo

(t� �) : (6)

We 
all the 
hoi
e F

a

= F

lo


a lo
al 
ontrol s
heme in 
ontrast to the global 
ontrol s
heme F

a

= F

glo

whi
h requires

only the global average and does not depend expli
itly on the spatial variable. The se
ond option has 
onsiderable

experimental advantages sin
e the spatial average 
an be obtained by a simple measurement of the total 
urrent

hji = u� hai.

Finally we distinguish between 
ontrol s
hemes whi
h use no voltage feedba
k F

u

� 0, full voltage feedba
k F

u

= F

vf

,

or even partial voltage feedba
k F

u

= "F

vf

with 0 < " < 1. The di�erent s
hemes dis
ussed in the following se
tions

are summarised in table I.

Type of 
ontrol F

a

F

u

Se
tion

diagonal 
ontrol F

lo


F

vf

II

lo
al 
ontrol F

lo


0 III

global 
ontrol without voltage feedba
k F

glo

0 III

global 
ontrol with voltage feedba
k F

glo

F

vf

IV

global 
ontrol with partial voltage feedba
k F

glo

"F

vf

IV

TABLE I. Overview of di�erent 
ontrol s
hemes with the 
orresponding 
hoi
es of F

a

and F

u

II. DIAGONAL CONTROL

In general the analysis of the 
ontrol performan
e of time{delayed feedba
k methods results in di�erential{di�eren
e

equations whi
h are hard to ta
kle and analyti
al results on the linear stability analysis have been obtained only

re
ently [7{9℄. Stability of the orbit is governed by eigenmodes and the 
orresponding 
omplex valued growth rates

� (Floquet exponents). The eigenvalue equation whi
h determines these exponents 
an be 
ast into the form [20℄

� = �

�

K

1� exp(���)

1�R exp(���)

�

: (7)

The right hand side 
ontains a fun
tion �(�) whi
h is determined by the linear stability of the free orbit and the


oupling s
heme of the 
ontrol for
es. The argument of � in eq.(7) arises via a Lapla
e transform of the 
ontrol for
es

(
f. e.g. eq.(4)).

In general it is diÆ
ult to evaluate eq.(7) quantitatively, sin
e the expli
it form of the fun
tion �(�) is unknown.

There exists, however, a simple 
ase (whi
h we 
all diagonal 
ontrol) where the right hand side is given by �(�) = ���

[7℄. Here � denotes any of the Floquet exponents of the un
ontrolled orbit. In our 
ontext the diagonal 
ontrol s
heme


orresponds to the 
hoi
e F

a

= F

lo


and F

u

= F

vf

. It is a straightforward extension to a spatially extended system

of an identity matrix for the 
ontrol of dis
rete systems of ordinary di�erential equations (
f. [9℄). In su
h s
hemes,

every dynami
al variable is monitored and feedba
k is applied to ea
h one based only on its own behavior. Moreover,

the feedba
k gain is the same for every variable. The diagonal s
heme is amenable to analyti
al treatment, whi
h

makes it useful as a referen
e point, to whi
h other 
ontrol s
hemes may be 
ompared. Thus for the diagonal 
oupling

s
heme eq.(7) redu
es to the exa
t equation [21℄

� = ��K

1� exp(���)

1�R exp(���)

: (8)

Su

essful 
ontrol 
orresponds to those 
ontrol parameter values (K;R) for whi
h eq.(8) yields Floquet exponents �

with negative real part only.

For the numeri
al simulations we 
on
entrate on the unstable periodi
 orbit with period � = 984:85, whi
h has only

one unstable Floquet mode. The 
orresponding Floquet exponent is �� = 0:490 + i�. We implement the diagonal


ontrol s
heme for our model (1) using numeri
al integration with an Euler s
heme of stepsize �t = 0:025. Spatial

degrees of freedom are modelled on a latti
e with spatial resolution �x = L=25 and the derivative is evaluated up to

�rst order. We have also performed simulations with di�erent step sizes to 
he
k that our results, in parti
ular the


ontrol domains, are robust against the 
hoi
e of the step size. Furthermore, the numeri
al results are in a

ordan
e

with analyti
al expressions, where available (
f. Figure 2). As a 
riterion for su

essful 
ontrol we require 
ontrol
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for
es to be less than 10

�4

in amplitude. In order to avoid any 
ompli
ations 
aused by transient behaviour or by

multistability we usually 
hoose initial 
onditions in the vi
inity of the unstable orbit.

In Figure 2 the regime of su

essful 
ontrol in the K{R parameter plane is depi
ted. The 
ontrol domain has its

typi
al triangular shape bounded by a 
ip instability (Re� = 0; Im�� = �) to its left and by a Hopf bifur
ation to

its right. In
lusion of the �lter parameter R in
reases the range of K over whi
h 
ontrol is a
hieved. From eq. (8) it

follows that the left boundary (
ip instability) is given by the straight line

R =

2

Re�

K � 1: (9)

We observe that the numeri
al result �ts very well with the analyti
al predi
tion. The deviations from the right

boundary for larger R are numeri
al artefa
ts resulting from the very small positive real part of the largest Floquet

exponent. Note that the pre
ise lo
ation of the 
ontrol domain, in parti
ular its tip depends on the value of the

Floquet exponents � of the un
ontrolled orbit. In parti
ular the orbit of the un
ontrolled system must satisfy the


onstraint Re�� � 2(1 +R)=(1�R) in order that 
ontrol works su

essfully [20℄.

0 0.004 0.008
K

-0.6

-0.2

0.2

R

FIG. 2. Control domains in the K{R parameter plane for the unstable periodi
 orbit with period � = 984:85. � su

essful


ontrol in the numeri
al simulation, � no 
ontrol, lines: analyti
al result a

ording to eq.(8).

To 
on�rm the bifur
ations at the boundaries we 
onsider the Floquet spe
trum of the orbit subje
ted to 
ontrol.

We use a Benettin algorithm [22℄ for numeri
al 
omputation of the Floquet exponents. Su
h an algorithm 
an be

applied easily to obtain the leading part of the eigenvalue spe
trum, sin
e one just requires the forward integration

of the full system (1) and su

essive reorthogonalisation. The algorithm yields the real parts of the exponents, Re�,

sin
e it dete
ts the expansion in phase spa
e but ignores the torsion. Thus 
omplex 
onjugate exponents show up

as doubly degenerate pairs. We always obtain a Goldstone mode, � = 0, sin
e we are dealing with an autonomous

model. Finally the algorithm shows a numeri
al hybridisation phenomenon if eigenbran
hes 
ross. Su
h an artefa
t


an be redu
ed by in
reasing the integration time and it has to be ignored on interpreting the eigenvalue spe
tra.

For the diagonal 
ontrol s
heme we have 
al
ulated the �ve Floquet exponents with the largest real part in de-

penden
e on K for �xed R = 0 (Figure3). The largest nontrivial exponent de
reases with in
reasing K and 
ollides

at negative values with a bran
h 
oming from negative in�nity. As a result a 
omplex 
onjugate pair develops and

real parts in
rease again. The real part of the exponent �nally 
rosses the zero axis giving rise to a Hopf bifur
ation.

Our numeri
al simulations are in agreement with the analyti
al result a

ording to eq.(8). Note that for the diagonal

s
heme no other modes interfere with the leading bran
h [21℄.

III. CONTROL SCHEMES WITHOUT VOLTAGE FEEDBACK

Let us now 
on
entrate on 
ontrol s
hemes without voltage feedba
k, i.e. on s
hemes whi
h are solely based on the

for
es (5) or (6). In parti
ular we will dis
uss the lo
al 
ontrol s
heme F

a

= F

lo


and the global s
heme without voltage

feedba
k, F

a

= F

glo

. For our numeri
al simulations we fo
us again on the unstable orbit with period � = 984:85 whi
h

was already used in the previous se
tion.

We will 
ompare our simulations to analyti
al results of the eigenvalue equation (7). For small � a linear approxi-

mation 
an be used: �[�℄ = � + �� with a 
onstant �. We refer the reader to [21℄ for more details 
on
erning this

4



0 0.004 0.008K

-0.003

-0.002

-0.001

0

ReΛ

0.0003 0.0006K

-0.001

0

ReΛ

FIG. 3. Leading part of the Floquet spe
trum for diagonal 
ontrol in dependen
e on K (R = 0): from numeri
al simulation.

The inset shows the analyti
al result a

ording to eq.(8) (lines) vs. numeri
al data (
ir
les).

assumption. Then the 
ontrol performan
e is approximately governed by

� = �+ �K

1� exp(���)

1�R exp(���)

: (10)

The new parameter �, whi
h is real valued in the 
ase of 
ip orbits (i.e. Im�� = �) takes all the details of the 
ontrol

s
heme into a

ount.

The results for the 
ontrol domain in the K{R parameter plane are summarised in Figure 4. Control domains for

both s
hemes look similar in shape, although the domain for the lo
al s
heme is shifted slightly towards lower 
ontrol

amplitudes. The left{hand border of the 
ontrol domain 
orresponding to a 
ip instability is very well modelled by

the analyti
al formula (10) with an appropriate 
hoi
e of the parameter �. That is not surprising sin
e even the exa
t

eigenvalue equation (7) predi
ts that the boundary is a straight line: i�=� = �(2K=(1 + R)), hen
e the argument of

� is 
onstant and R + 1 � 2K. The lower right{hand boundary of the 
ontrol domain does not 
oin
ide very well

with the analyti
al expression, a feature already known in low{dimensional dynami
al systems. The shape of this

boundary depends on details of the system. Most remarkably the domains do not extend to large R values. There

exists an upper right{hand 
uto� whi
h prevents 
ontrol beyond the boundary C (Figure 4b). Thus, in
reasing R

does not ne
essarily in
rease the 
ontrol performan
e

1

.

a) b)

0 0.004 0.008
K

-0.6

-0.2

0.2

R

0 0.004 0.008
K

-0.6

-0.2

0.2

R
C

B

A

FIG. 4. Control domains for (a) the lo
al and (b) global 
ontrol s
heme without voltage feedba
k. � domain of 
ontrol, � no


ontrol, lines: analyti
al result of eq.(10) with Re�� = 0:490; � = �1. Double arrows indi
ate parameter settings used for the

Fourier spe
tra in Figure 5.

In order to understand the 
ontrol domains in more detail we will dis
uss the instability me
hanisms whi
h generate

the 
ontrol boundaries. Sin
e both methods generate qualitatively similar 
ontrol domains we restri
t the dis
ussion

1

We note the existen
e of a fourth boundary, at the lower right in Figure 4, that has not yet been analyzed in detail.
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to the experimentally more relevant global s
heme without voltage feedba
k. Let us �rst take a look at the Fourier

spe
tra (
f. Figure 5) of the total 
urrent hji in the vi
inity of the three qualitatively di�erent 
ontrol boundaries.

At the left{hand boundary (A) a peak at half the fundamental frequen
y develops, whi
h indi
ates a 
ip instability

(period doubling) in a

ordan
e with the theoreti
al 
onsiderations of the previous paragraph. At the lower right{hand

boundary (B) sideband frequen
ies emerge while 
rossing the 
ontrol boundary. Although the theoreti
al predi
tion

of the boundary fails quantitatively, the instability me
hanism is in a

ordan
e with the Hopf s
enario des
ribed in

Se
tion II. Finally we observe at the upper right{hand boundary (C) a slight shift in the spe
trum. In addition the

instability is a

ompanied by strong hysteresis when sweeping the 
ontrol parameters a

ross the 
ontrol boundary (

Figure 6). Thus the upper right{hand 
ontrol boundary is generated by a sub
riti
al bifur
ation. The periodi
 state

whi
h appears beyond the threshold is generated by the 
ontrol loop and does not 
orrespond to an unstable orbit of

the free system. In fa
t it 
oexists with the proper periodi
 orbit within the 
ontrol domain.

a) b) c)

0.01 0.03
frequency

0.001

0.01

0.1

am
p
li

tu
d
e

0.01 0.03
frequency

0.001

0.01

0.1

am
p
li

tu
d
e

0.01 0.03
frequency

0.001

0.01

0.1

am
p
li

tu
d
e

FIG. 5. Fourier spe
trum of the total 
urrent hji(t) = u� hai for global 
ontrol without voltage 
ontrol (a) at the left{hand

boundary A (K = 0:000318, R = �0:3), (b) at the lower right{hand boundary B (K = 0:0018, R = �0:52), and (
) at the

upper right{hand boundary C (K = 0:003, R = 0:216) (
f. Figure 4b). The dashed line indi
ates the spe
trum of the periodi


orbit in the 
ontrol domain.

-0.3 -0.1 0.1 0.3
R

0

0.1

0.2

0.3

F
glo

FIG. 6. Temporal average of the 
ontrol for
e when sweeping a
ross the upper right{hand 
ontrol boundary at K = 0:003

(line C in Figure 4b).

To un
over the nature of the sub
riti
al bifur
ation whi
h 
onstitutes the upper right{hand 
ontrol boundary we

have evaluated the Floquet spe
trum too (
f. Figure 7). The spe
trum shows a slightly more 
ompli
ated stru
ture


ompared to the result of the simple analyti
al formula (10), whi
h is rigorously valid for diagonal 
ontrol. One still

observes a 
ip instability at the lower threshold and the typi
al butter
y shape of the leading eigenvalue bran
h.

But now a real Floquet multiplier exp(��) with Im� = �=� and Re� 
oming from ln jRj 
rosses the leading 
omplex

bran
h near K � 0:0035 and takes over the dominant role. It �nally yields an upper 
ontrol threshold (Re� = 0) at

K � 0:0045, thus giving rise to a sub
riti
al 
ip instability.
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0 0.002 0.004

K

-0.004

-0.002

0

Re Λ

FIG. 7. Leading part of the Floquet spe
trum for global 
ontrol without voltage feedba
k for R = 0. The dashed line

interpolates the regime where the numeri
al a

ura
y is insuÆ
ient due to very small jRe�j.

IV. GLOBAL CONTROL WITH PARTIAL VOLTAGE FEEDBACK

Control domains for lo
al and global s
hemes without voltage feedba
k look similar in shape. But their size is

redu
ed, 
ompared to diagonal 
ontrol, by an additional sub
riti
al bifur
ation limiting the 
ontrol for large �lter

parameter R. In fa
t by varying the 
urrent j

0

these domains may shrink and �nally they even may vanish. Thus the

upper 
ontrol boundary has a dramati
 e�e
t on the 
ontrol performan
e. If we in
lude voltage feedba
k the lo
al

s
heme be
omes the diagonal 
oupling s
heme whi
h is very eÆ
ient. A naive guess would expe
t similar features

to happen if the voltage feedba
k F

vf

a

ording to (4) is in
luded into the global 
oupling s
heme. Surprisingly the

global 
ontrol s
heme with voltage feedba
k does not work at all, and one hardly �nds orbits whi
h 
an be stabilised

with su
h a s
heme. The 
orresponding Floquet spe
trum displays a bran
h with entirely positive real part, so that

stabilisation is never a
hieved (
f. Figure 8a).

However, if we redu
e the relative strength of the voltage feedba
k, i.e. if we introdu
e a parameter " in F

u

= "F

vf

and de
rease its value 
ontinuously, then the unstable bran
h moves downwards. At " � 0:6 a region develops where

all exponents are negative. A rather large 
ontrol interval develops at " = 0:4 as displayed in Figure 8b. The whole

stru
ture of the spe
trum now resembles to some extent the purely diagonal 
ontrol s
heme (
f. Figure 3). Lowering "

further the spe
trum then �nally transforms to the form of the global 
ontrol without voltage feedba
k (
f. Figure 7).

Thus we expe
t that an optimal feedba
k ratio for " 
an be determined su
h that 
ontrol domains be
ome maximal.

A full voltage feedba
k with " = 1 results in an overshoot and destroys the 
ontrol performan
e 
ompletely.

a) b)

0 0.004 0.008K

-0.002

0

Re Λ

0 0.004 0.008K

-0.002

-0.001

0

Re Λ

FIG. 8. Floquet spe
tra for global 
ontrol with partial voltage feedba
k for the periodi
 orbit with period � = 984:85 for

R = 0. (a) " = 0:7, (b) " = 0:4.
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V. CONCLUSION

We have 
ompared di�erent 
oupling s
hemes for time{delayed feedba
k 
ontrol of spatio-temporal patterns with

a single unstable eigenmode. For 
lassi
al 
ontrol te
hniques, su
h a 
omparison is one of the 
entral issues of

modern 
ontrol theory and there exists a detailed theory of the 
ontrol performan
e. Unfortunately little is known

for time{delayed feedba
k methods, although su
h methods are easily appli
able for the stabilisation of time periodi


patterns.

Our investigations have shown that a naive extrapolation of the 
ontrol performan
e from the analyti
ally solvable


ase of diagonal 
ontrol fails. Although lo
al and global 
oupling without voltage feedba
k behave similarly the

in
lusion of voltage feedba
k results in 
ompletely di�erent 
ontrol performan
es. A partial voltage feedba
k with a

weight fa
tor of less than one enhan
es the 
ontrol performan
e.

In addition we observe that Floquet bran
hes whi
h are not present in the system without time{delayed feedba
k

may impose additional limits to the 
ontrol domains (
f. also [21℄). In our 
ase su
h bran
hes are responsible for

sub
riti
al bifur
ations and strong hysteresis. In parti
ular the performan
e of extended time-delay autosyn
hroniza-

tion may de
line if the �lter parameter R is in
reased. The details of the Floquet spe
trum, however, depend on the

parti
ular system and the orbit under 
onsideration.

So far there exists no 
omplete and systemati
 treatment of the e�e
t of di�erent 
oupling s
hemes for time{delayed

feedba
k 
ontrol. Even for the simple 
ase of stabilisation of (time independent) �xed points su
h a problem requires

the analysis of trans
endental equations [23℄. The situation is even worse if time periodi
 states or spatio-temporal

patterns are 
onsidered, where an analyti
al dis
ussion of the 
orresponding Floquet problem seems to be at the

moment out of rea
h. However, some insight 
an be gained by numeri
al results and the semiquantitative dis
ussion

presented above.

We have fo
ussed here on the simplest type of spatio-temporal patterns whi
h admit just a single unstable mode.

Whether time{delayed feedba
k methods 
an be applied su

essfully to fully developed extensive spatio{temporal


haos where numerous unstable modes are present remains still one of the 
hallenges of spatio{temporal 
ontrol of


haos (
f. e.g. [24℄), from the experimental as well as from the theoreti
al point of view.
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