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We investigate time{delayed feedba
k 
ontrol s
hemes whi
h are based on the unstable modes of

the target state, to stabilise unstable periodi
 orbits. The periodi
 time dependen
e of these modes

introdu
es an external time s
ale in the 
ontrol pro
ess. Phase shifts that develop between these

modes and the 
ontrolled periodi
 orbit may lead to a huge in
rease of the 
ontrol performan
e. We

illustrate su
h a feature on a nonlinear rea
tion di�usion system with global 
oupling and give a

detailed investigation for the R�ossler model. In addition we provide the analyti
al explanation for

the observed 
ontrol features.

PACS numbers: 05.45.Gg, 02.30.Ks

I. INTRODUCTION

Control of 
haos is still one of the most a
tive topi
s in applied nonlinear s
ien
e. Despite the fa
t that engineers

and applied mathemati
ians have dealt with 
ontrol problems for a long time and a huge amount of knowledge has

been gathered (e.g. [1{3℄) some new ideas have been introdu
ed by physi
ists a de
ade ago [4℄ and have boosted an

enormous amount of work on 
ontrol problems [5,6℄. These new 
on
epts are based on the observation that 
haoti


motion provides a large number of unstable states whi
h 
an be stabilised by tiny 
ontrol power. Thus noninvasive


ontrol s
hemes 
an be used eÆ
iently to swit
h between quite di�erent states of a single dynami
al system.

Standard 
ontrol s
hemes usually require some knowledge of the underlying dynami
s, e.g. some 
ost fun
tion, a

mathemati
al model of the dynami
s, some 
ostly data pro
essing, or at least some degree of stability with respe
t to

parameter 
hanges. Time{delayed feedba
k s
hemes whi
h have been developed in the wake of the above mentioned

developments remove most of these 
onstraints and 
an be su

essfully applied to stabilise time periodi
 states without

great e�ort [7℄. Time{delayed feedba
k s
hemes are based on the measurement of a single signal s(t) and generate a


ontrol for
e using the time{delayed di�eren
e s(t)� s(t� �). The delay time � is adjusted to the period of the orbit

whi
h will be stabilised. By 
onstru
tion su
h a 
ontrol for
e vanishes if 
ontrol works su

essfully.

Despite its su

ess in di�erent experimental 
ontexts (e.g. [8,9℄) and a large number of numeri
al simulations that

have been performed a deeper analyti
al understanding of time{delayed feedba
k 
ontrol s
heme has been gained just

over the last few years [10,11℄ by performing stability analysis of the 
orresponding di�erential{di�eren
e equations.

Various aspe
ts have been 
lari�ed, e.g. the enlargement of the 
ontrol domains by multiple delays [12℄, the limiting

e�e
t of a 
ontrol loop laten
y [13℄ that has been known by engineers in the 
ontext of 
ontrol theory for de
ades [14℄,

and the 
ru
ial problem to adjust the delay time if the period of the orbit is not known a priori [15{17℄. Meanwhile

ex
ellent reviews on 
haos 
ontrol problems are available [6℄ whi
h 
over most of these topi
s.

Re
ently the interest has shifted from low{dimensional dynami
al systems to 
ontrol in systems with many degrees

of freedom, in parti
ular to spatio{temporal 
ontrol. Su
h attempts ni
ely demonstrate that 
ontrol s
hemes have to

be based on those eigenmodes whi
h destabilise the state under 
onsideration. An experimental realisation has been

performed in the 
ontext of opti
al systems [18℄ where Fourier modes are the suitable modes to 
onstitute the 
ontrol

s
heme.

To make su
h a statement more expli
it let us re
all some basi
 formal features of time{delayed feedba
k 
ontrol

[10℄. Let x(t) denote the internal degrees of freedom of the full dynami
al system, e.g. a high{dimensional state

ve
tor. We intend to stabilise an unstable periodi
 state, �(t) = �(t + �), by applying suitable 
ontrol for
es F (t).

Using signals s(t) = g[x(t)℄ whi
h depend on the state of the system through a fun
tion g to be spe
i�ed, 
ontrol

for
es are obtained from time delayed di�eren
es F (t) = K (s(t)� s(t� �)). The 
ontrol amplitude K whi
h a
ts as
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a linear ampli�
ation is the important 
ontrol parameter. The full dynami
s in
luding the 
ontrol for
es is governed

by equations of motion

_
x(t) = f(x(t); F (t)) : (1)

Performing a linear stability analysis of eq.(1) we arrive at the Floquet eigenvalue problem [10℄

�U(t) +

_

U (t) = D

1

f (�(t); 0)U (t)�K(1� exp(���))M [�(t)℄U (t); U (t) = U (t+ �) (2)

where we have introdu
ed the 
ontrol matrixM [�℄ = �d

2

f(�; 0)
dg[�℄ as an abbreviation. Floquet exponents � and

Floquet eigenve
tors U (t) depend on the 
ontrol amplitude K, and we use the notation � and u(t) to indi
ate the


orresponding quantities of the un
ontrolled system, K = 0. Sin
e the orbit under 
onsideration is unstable at least

one of the free exponents � has positive real part. For su

essful 
ontrol all eigenvalues of eq.(2) must have negative

real part. Su
h a goal depends 
ru
ially on the 
ontrol matrix M whi
h 
ontains all the details of the 
oupling of the


ontrol for
e to the internal degrees of freedom and the properties of the signal s(t).

It is quite diÆ
ult to predi
t the Floquet exponents of the 
ontrolled system on su
h a general level. But there

exists one 
ontrol s
heme whi
h 
an be treated analyti
ally and whi
h we 
all diagonal 
ontrol. If ea
h degree of

freedom is measured and 
oupled to the system, su
h that the 
ontrol matrix M [�℄ be
omes the identity then the


hara
teristi
 equation of the eigenvalue problem (2) reads (
f. [10℄)

� = ��K(1� exp(���)) : (3)

Eq.(3) 
an be dis
ussed by analyti
al methods [19℄ and the main results are summarised in �gure 1. One typi
ally

obtains a butter
y shaped spe
trum and a �nite 
ontrol interval bounded by 
ip (period doubling) and Hopf insta-

bilities, provided the Lyapunov exponent of the un
ontrolled orbit, Re�, is not too large [20℄. Stri
tly speaking su
h

a shape for the Floquet eigenvalue spe
trum is only valid for diagonal 
ontrol. However, in terms of a perturbation

expansion one 
an show that apart from a res
aling of the 
ontrol amplitude eq.(3) remains valid [21℄ and that the

properties of other 
ontrol s
hemes are 
aptured at least qualitatively.
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FIG. 1. Dependen
e of the Floquet exponents on the 
ontrol amplitude a

ording to eq.(3) for �� = 1 + i�. Solid line:

largest bran
h, broken/grey: nonleading bran
hes.

From the analyti
al point of view diagonal 
ontrol seems to be the most powerful s
heme sin
e every degree of

freedom is measured and 
ontrolled. Unfortunately the s
heme is diÆ
ult and often impossible to implement in real

experimental situations. Thus one needs approa
hes whi
h rely on less information about the state of the system. We

have already mentioned that the unstable modes of the free orbit are important ingredients of a su

essful 
ontrol

s
heme. Based on these obje
ts one 
an 
onstru
t 
ontrol for
es whi
h need less measurements 
ompared to diagonal


ontrol, whi
h are more realisti
 from an experimental point of view, but whi
h are still amenable to an analyti
al

treatment. If u

�

(t) denotes an unstable mode of the state we intend to stabilise then a suitable 
ontrol matrix is given

by M [�(t)℄ = u

�

(t) 
 v

�

�

(t), where v

�

denotes some suitable adjoint ve
tor. Su
h a 
ontrol matrix 
an be realised if

we 
onsider the 
ontrol signal s(t) = hv

�

(t)jx(t)i where h:j:i denotes an inner produ
t, and if we 
ouple the for
e F (t)

to the internal degrees of freedom through a Floquet eigenmode

f(x; F (t)) = f(x; 0) + u

�

(t)F (t) : (4)

A 
oarse inspe
tion of eq.(2) indi
ates that the 
hara
teristi
 equation (3) is still valid (
f. se
tion III). Thus the new

s
heme whi
h just uses a single signal is as eÆ
ient as diagonal 
ontrol. It generalises Fourier �ltering te
hniques [18℄
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to 
ases where translation invarian
e is broken so that Fourier modes no longer yield the spatial 
hara
teristi
s of the

unstable eigenmodes.

In what follows we investigate in detail the 
ontrol s
heme given by eq.(4) from numeri
al and analyti
al points

of view. We �rst illustrate the s
heme by numeri
al simulations of a rea
tion di�usion system with global 
oupling

(se
tion II). We will show on a phenomenologi
al level that the new s
heme is even more eÆ
ient than diagonal


ontrol and that phase shifts play an important role. Su
h an analysis is substantiated by an analyti
al treatment of

the 
ontrol s
heme (se
tion III). We will partly solve the stability problem of the 
ontrolled system on a general level.

Finally a full dis
ussion of the stability problem and the asso
iated Floquet spe
tra will be presented (se
tion IV).

Sin
e the 
hara
teristi
 equations have to be solved numeri
ally we resort for su
h a dis
ussion to the R�ossler model.

II. PHENOMENOLOGY OF FLOQUET MODE CONTROL

To illustrate our 
ontrol method we start the investigations by looking at numeri
al simulations of a model system

whi
h has proven its experimental relevan
e in semi
ondu
tor physi
s. The model was originally derived for 
harge

transport in a layered semi
ondu
tor system su
h as the heterostru
ture hot ele
tron diode [22℄. The resulting model

equations are of rea
tion di�usion type with a global 
oupling. The equations in nondimensional units, in
luding the

feedba
k 
ontrol, read

�

t

u(t) = �[j

0

� (u� hai)℄�KF

u

(t)

�

t

a(x; t) = f(u� a)� Ta+ �

2

x

a�KF

a

(x; t) : (5)

Here u(t) is the inhibitor and a(x; t) is the a
tivator variable. In the semi
ondu
tor 
ontext u(t) denotes the voltage

drop a
ross the devi
e and a(x; t) is an internal degree of freedom, e.g. an interfa
e 
harge density. The lo
al 
urrent

density in the devi
e is j(x; t) = u(t) � a(x; t), and j

0

is the externally applied 
urrent whi
h a
ts as a 
ontrol

parameter. The one{dimensional spatial 
oordinate x 
orresponds to the dire
tion transverse to the 
urrent. We


onsider a system of width L with Neumann boundary 
onditions �

x

a = 0 at x = 0; L 
orresponding to no 
harge

transfer through the lateral boundaries. T denotes the tunnelling rate through the 
olle
tor layer. The relaxation

rate � is determined by the internal and external 
apa
itan
e. The global 
oupling represented by

hai(t) =

1

L

Z

L

0

a(x; t) dx (6)

arises from the appli
ation of Kir
hho�'s law to the 
ir
uit in whi
h the devi
e is operated [23℄. The nonlinear part of

the transport equation, giving rise to an S{shaped lo
al 
urrent density vs. �eld 
hara
teristi
, is 
anoni
ally modelled

by a simple Lorentzian of the form

f(j) = j=[j

2

+ 1℄ : (7)

Eqs.(5) 
ontain 
ontrol for
es F

a

and F

u

for stabilising time periodi
 patterns. A variety of di�erent 
hoi
es are

possible, 
f. e.g. [24℄ for a dis
ussion of di�erent s
hemes. In the semi
ondu
tor 
ontext these for
es 
an be implemented

by appropriate ele
troni
 
ir
uits [25℄.

Throughout our investigations we 
onsider a parameter regime (T = 0:05, � = 0:035, L = 40 and j

0

= 1:262) where

the motion without 
ontrol for
es exhibits 
haoti
 sequen
es of single spatio{temporal spikes pinned at one boundary.

The 
haoti
 spiking whi
h 
orresponds to 
ashing 
urrent �laments in a semi
ondu
tor 
ontext arises via a period

doubling s
enario [25℄. Thus unstable periodi
 patterns are embedded in the 
haoti
 attra
tor whi
h typi
ally develop

a single unstable Floquet mode and where the 
orresponding Floquet multiplier exp(��) is negative. Although the

full set of equations of motion is a spatio-temporal system, the dynami
s is essentially low{dimensional sin
e it relaxes

to a low{dimensional inertial manifold. Su
h a feature of 
ourse depends on boundary 
onditions and in parti
ular

on the size of the system, and is 
hara
teristi
 for globally 
oupled systems.

The most eÆ
ient 
ontrol method might be expe
ted to be diagonal 
ontrol, whi
h means in 
ase of our spatially

extended system that ea
h variable is measured and 
ontrolled lo
ally. It 
orresponds to the 
ontrol for
es

F

u

(t) = u(t)� u(t� �); F

a

(x; t) = a(x; t)� a(x; t� �) : (8)

Although the s
heme is quite e�e
tive it is almost impossible to be implemented in real experiments. Nevertheless it

proves to be quite useful in numeri
al simulations and it 
an be used as a referen
e s
heme sin
e all its properties 
an be

des
ribed analyti
ally be the 
hara
teristi
 equation (3). Our model exhibits a periodi
 state a

p

(x; t) = a

p

(x; t + �),

u

p

(t) = u

p

(t + �) with period � = 985:9. Using the 
ontrol s
heme (8) with an appropriate value of the 
ontrol

amplitude K the spiking be
omes regular (
f. �gure 2)
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FIG. 2. Spa
e time plot of the 
urrent j(x; t) for time periodi
 spiking, stabilised by time{delayed feedba
k 
ontrol.

Experimentally a

essible 
ontrol s
hemes 
annot be based on diagonal 
ontrol. But in general it is impossible

to understand the performan
e of other time delayed feedba
k s
hemes on an analyti
al level. There are, however,

a few ex
eptions. Following the ideas of [26℄ we base 
ontrols s
hemes on the unstable modes of the pattern whi
h

we intend to stabilise. Let ( 

u

(t);  

a

(x; t)) denote the unstable Floquet eigenmode of the state (u

p

(t); a

p

(x; t)) and

('

u

(t); '

a

(x; t)) the eigenmode of the 
orresponding adjoint problem (
f. se
tion III for formal de�nitions). For the


ontrol for
e we propose

F

u

(t) = K ( 

u

(t)s(t)�  

u

(t� �)s(t� �))

F

a

(x; t) = K ( 

a

(x; t)s(t)�  

a

(x; t� �)s(t� �)) (9)

where the signal s(t) is determined by the produ
t of the state and the adjoint eigenmode

s(t) = '

u

(t)u(t) +

Z

'

a

(x; t)a(x; t) dx : (10)

The for
e (9) is based on the measurement of a single signal, and the mode ('

u

(t); '

a

(x; t)) plays the role of a

spatio{temporal �lter for the internal degrees of freedom. The 
oupling of the 
ontrol for
e to the internal dynami
s

is mediated by the unstable Floquet eigenmode ( 

u

(t);  

a

(x; t)).

The 
ontrol s
heme eqs.(9) and (10) is a straightforward generalisation of Fourier 
ontrol. If one 
onsiders systems

whi
h are translational invariant then the spatial stru
ture of the eigenmodes is given by plane waves. Then our

s
heme redu
es to Fourier 
ontrol [18℄. However, our 
on
ept takes properly into a

ount all e�e
ts whi
h break

translation invarian
e, i.e. boundary 
onditions or the details of the spatio-temporal pattern whi
h we intend to

stabilise. The a
tual eigenmodes 
an be 
omputed straightforwardly from the 
orresponding eigenvalue problem.

Figure 3 displays the spatio-temporal 
hara
teristi
s of the unstable eigenmode of our model. While the Floquet

right{eigenmode displays spatio{temporal os
illations the adjoint left{eigenmode shows sharp spatio{temporal spiking

with an amplitude that is several orders of magnitude larger than the ba
kground.
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FIG. 3. (a) Floquet right{eigenmode  

u

(t) and  

a

(x; t). for the largest Floquet exponent, (b) 
orresponding adjoint

left{eigenmode '

u

(t) and '

a

(x; t). Eigenmodes are 
omputed for the state displayed in �gure 2, left{ and right eigenmodes are

normalised to one.
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We add two te
hni
al remarks. Floquet modes are of 
ourse only de�ned up to some normalisation 
onstant. In

order to 
ompare the 
ontrol s
heme eqs.(9) and (10) and in parti
ular the values of the 
ontrol amplitude K to

diagonal 
ontrol we take eigenmodes whi
h are normalised to one (
f. se
tion III for the formal details). Furthermore

eigenmodes are usually 
omplex valued sin
e the 
orresponding Floquet exponents are 
omplex numbers. In general

one has to take the real and imaginary part of the mode separately into a

ount to obtain a real valued 
ontrol for
e.

Here we are dealing with a 
ip orbit where the imaginary part of the Floquet exponent is given by �=� . Then the


orresponding eigenmodes are a produ
t of a real valued fa
tor and a 
omplex phase given by exp(i�t=�). Su
h a

phase drops from our 
ontrol s
heme (9) and (10) and we just take the real valued fa
tor of the modes to 
onstru
t

the 
ontrol for
e. Sin
e the full eigenmodes are periodi
 with period � the real valued fa
tors are antiperiodi
, i.e.

periodi
 with period 2� , as it is obvious from �gure 3.

A naive view suggests that Floquet mode 
ontrol is as eÆ
ient as diagonal 
ontrol provided only a single unstable

mode triggers the instability of the pattern. We test this 
onje
ture numeri
ally by 
omparing the 
ontrol performan
e

of diagonal 
ontrol (8) and of Floquet mode 
ontrol eqs.(9) and (10). For our simulations we take a �xed initial


ondition in the vi
inity of the unstable periodi
 orbit to ex
lude e�e
ts whi
h are related to initial 
onditions and

basins of attra
tion. By 
hanging K we observe that a �nite 
ontrol interval appears, just in a

ordan
e with the

analyti
al result eq.(3) (
f. �gure 4). But for Floquet mode 
ontrol the interval is enlarged by 6 orders of magnitude.

It is in fa
t surprising that Floquet mode 
ontrol and diagonal 
ontrol di�er at all.
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FIG. 4. Regime of Floquet eigenmode 
ontrol (dotted line) and diagonal 
ontrol (full line). The spatio{temporal average

" = hja(x; t)� a(x; t� � )j+ ju(t)� u(t� � )ji

x;t

is plotted versus the 
ontrol amplitude K as a measure of su

essful 
ontrol.

The di�eren
e in the 
ontrol performan
e 
an be attributed to an essential degree of freedom whi
h we missed in

the previous reasonings. Our system without 
ontrol is autonomous. Thus the phase of the periodi
 orbit is not �xed

at all and orbits (u

p

(t+Æ); a

p

(x; t+Æ)) with arbitrary value of Æ yield a periodi
 solution. If we apply the time{delayed

feedba
k 
ontrol the 
ontrol for
e vanishes at these states, and every solution is a 
andidate for su

essful 
ontrol.

For the diagonal s
heme the phase Æ does not matter sin
e stability is governed by the 
hara
teristi
 equation (3).

The �nal value of the phase only depends on the initial 
ondition. But Floquet mode 
ontrol introdu
es an additional

time s
ale through the Floquet modes. Thus the system subje
ted to 
ontrol is not autonomous and the stability

of the periodi
 pattern may depend on the value of the phase shift Æ. If the phase shift vanishes then stability is

still governed by eq.(3) like for diagonal 
ontrol. But the system may develop a �nite phase shift during the 
ontrol

pro
ess whi
h then leads to a di�erent 
ontrol performan
e as it was observed in �gure 4.

Our simulations 
on�rm su
h a kind of 
onje
ture. We have measured the time dependen
e of the stabilised orbit

and 
ompared it with the time dependen
e of the Floquet modes. In order to visualise the phase di�eren
e we display

the stabilised orbit and the periodi
 orbit whi
h was used to determine the Floquet modes (
f. �gure 5). A phase

di�eren
e is 
learly visible if we 
onsider 
ontrol amplitudes outside of the diagonal 
ontrol interval.
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FIG. 5. Time dependen
e of the voltage u(t) for the periodi
 orbit stabilised with Floquet mode 
ontrol at K = 10

�7

(solid

line) and for the periodi
 orbit used for 
omputing the Floquet modes (broken line).

In addition these data allow to measure the dependen
e of the observed phase di�eren
e on the 
ontrol amplitude

in the whole 
ontrol interval (
f. �gure 6). We 
learly see that a �nite phase di�eren
e develops if we leave the


ontrol interval of diagonal 
ontrol. Thus Floquet mode 
ontrol uses the freedom to adjust the phase of the orbit

properly so that a wider 
ontrol interval is obtained. Similar types of resonan
e{like phenomena are quite 
ommon

in time{delayed feedba
k 
ontrol or more general di�erential{di�eren
e equations [27,28℄. They have been used for

di�erent purposes in the past, e.g. for stabilising periodi
 orbits without torsion [29℄.
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FIG. 6. Observed phase di�eren
e for Floquet mode 
ontrol in dependen
e on the 
ontrol amplitude.

III. ANALYTICAL TREATMENT OF CONTROL PROPERTIES

Our previous simulations have already shown that phase shifts between the orbit and the 
ontroller are a me
hanism

for the improved performan
e of Floquet mode 
ontrol. A better understanding of this me
hanism 
alls for analyti
al

investigations. For that purpose we 
onsider a general dynami
al system where the internal state of the system is

des
ribed by a state ve
tor x(t). It obeys the equation of motion

_
x(t) = f(x(t)) : (11)

We suppose that eq.(11) admits a periodi
 orbit �(t) = �(t+ �). Its stability is determined by the asso
iated Floquet

eigenvalue problem

�

�

u

�

(t) +
_
u

�

(t) = Df (�(t))u

�

(t); u

�

(t) = u

�

(t+ �) : (12)

HereDf denotes the linearisation of the full equation of motion and Floquet exponents �

�

are as usually restri
ted

to a single Brillouin zone, e.g. Im�

�

2 (��=�; �=� ℄. The 
orresponding adjoint eigenvalue equation reads
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�

�

v

y

�

(t)�
_
v

y

�

(t) = v

y

�

(t)Df (�(t)); v

�

(t) = v

�

(t+ �) : (13)

The original eigenve
tors u

�

and their adjoints v

y

�


onstitute a biorthogonal set and we adopt the normalisation

a

ording to the Krone
ker symbol

hv

�

(t)ju

�

(t)i = v

y

�

(t)u

�

(t) = Æ

��

: (14)

We 
on
entrate on the simplest 
ases, i.e. a periodi
 orbit with a single unstable eigenmode. Let �

+

denote the

exponent with positive real part whereas all the other exponents �

�

(� 6= +) have negative real part. Sin
e torsion is

an essential ingredient for time delayed feedba
k methods to work at all [10,11℄ the unstable exponent must have a

�nite imaginary part. Two generi
 
ases are possible, a 
omplex 
onjugate pair or a single exponent on the boundary

of the Brillouin zone, �

+

= Re�

+

+ i�=� . Here we deal with the latter 
ase, sin
e it 
orresponds to unstable periodi


orbits whi
h have been generated in period doubling bifur
ations. Sin
e the unstable Floquet exponent is 
omplex

valued the 
orresponding eigenmodes u

+

(t) and v

+

(t) are 
omplex valued as well. For our 
ase of a 
ip orbit these

modes 
an be written as u

+

(t) = exp(i�t=�)
^
u

+

(t) and v

+

(t) = exp(i�t=�)
^
v

+

(t) with real valued but antiperiodi


fa
tors
^
u

+

(t) = �
^
u

+

(t+ �) and
^
v

+

(t) = �
^
v

+

(t+ �).

In order to stabilise the periodi
 orbit �(t) we implement a time{delayed feedba
k loop whi
h is based on a �lter

fun
tion w(t) and on the unstable eigenmode u

+

(t)

_
x(t) = f(x(t))�K [u

+

(t)hw(t)jx(t)i � u

+

(t� �)hw(t� �)jx(t� �)i℄ : (15)

For instan
e we may 
hose for the �lter the adjoint eigenmode w(t) = v

+

(t) but we do not restri
t our analysis to

su
h a spe
ial 
hoi
e. Sin
e the eigenmodes are 
omplex valued eq.(15) would not make sense without any 
omment.

If we demand that the �lter is real up to a 
omplex phase fa
tor, i.e. w(t) = exp(i�t=�)
^
w(t) then the 
ontrol loop is

indeed real valued and it 
an be written in various ways

u

+

(t)hw(t)jx(t)i � u

+

(t� �)hw(t� �)jx(t� �)i = u

+

(t) [hw(t)jx(t)i � hw(t� �)jx(t� �)i℄

=
^
u

+

(t)h
^
w(t)jx(t)i �

^
u

+

(t� �)h
^
w(t� �)jx(t� �)i =

^
u

+

(t) [h
^
w(t)jx(t)i+ h

^
w(t� �)jx(t� �)i℄ : (16)

Thus our 
ontrol s
heme is in fa
t a time delayed feedba
k s
heme based on a real valued s
alar signal s(t) =

h
^
w(t)jx(t)i. In order to avoid a heavy notation we just sti
k to the notation used in eq.(15).

The 
ontrol loop introdu
es an expli
it time dependen
e into eq.(15). Thus the system is not any longer time

translation invariant. Nevertheless an orbit �(t+Æ) with arbitrary phase Æ is a periodi
 state of the 
ontrolled system,

sin
e the 
ontrol for
e vanishes on su
h a spe
ial traje
tory. We investigate the stability of the orbit in terms of a

linear analysis. Observing the time evolution of small in
rements Æx(t) = x(t)� �(t+ Æ) we get a linear di�erential{

di�eren
e equation whi
h is solved by the usual exponential form Æx(t) = exp(�t)U (t). The Floquet exponents �

and the eigenmodes U are determined by the eigenvalue equation (
f. e.g. the approa
hes used in [10℄)

�U(t) +

_

U (t) = Df (�(t))U (t)�K(1� exp(���))u

+

(t� Æ)hw(t� Æ)jU (t)i; U (t) = U (t+ �) : (17)

In order to simplify subsequent 
onsiderations we have introdu
ed a new time s
ale

�

t = t+ Æ for writing down eq.(17).

But for simpli
ity of the notation we omit the bar. In formal terms the solution of the eigenvalue problem (17) is quite

simple. Let us de�ne fun
tions �

(�)

Æ

[�℄ to be the Floquet exponents of the auxiliary time{delayed Floquet problem

(
f. [30℄ for general properties of time delayed Floquet problems)

�

(�)

Æ

[�℄Q

(�)

Æ

(t) +

_

Q

(�)

Æ

(t) = Df(�(t))Q

(�)

Æ

(t)� �u

+

(t� Æ)hw(t� Æ)jQ

(�)

Æ

(t)i; Q

(�)

Æ

(t) = Q

(�)

Æ

(t+ �) : (18)

The index � numbers the di�erent exponents, the subs
ript Æ indi
ates the dependen
e on the phase, and the argument

� is just the independent variable. Then by 
omparison the 
hara
teristi
 equation of eq.(17) reads

� = �

(�)

Æ

[K(1� exp(���))℄ : (19)

Eq.(19) is still an exa
t expression, but we need to 
ompute the fun
tion appearing on the right hand side. We

already see on su
h a general level that stability of the state may depend on the phase sin
e Æ enters the 
hara
teristi


equation expli
itly.

We are left with 
omputing the fun
tions �

(�)

Æ

[�℄ from eq.(18). Let us �rst 
onsider the simplest 
ase, Æ = 0. Here

a 
omplete analyti
 solution is available (
f. appendix A). It reads

�

(�)

Æ=0

[�℄ = �

�

; (� 6= +) (20)

�

(+)

Æ=0

[�℄ = �

+

� �� (21)
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where

� =

1

�

Z

�

0

hw(t)ju

+

(t)i dt : (22)

Eq.(20) shows, that the stable bran
hes of the un
ontrolled system do not 
ontribute to the stability features of the


ontrolled orbit. The 
hara
teristi
 equation arising from the unstable bran
h (
f. eqs.(19) and (21)) 
oin
ides with

the 
orresponding expression of diagonal 
ontrol (
f. eq.(3)) apart from a linear res
aling of the 
ontrol amplitude by

the parameter (22). Thus for in{phase orbits Floquet mode 
ontrol is as eÆ
ient as diagonal 
ontrol. Above all the

results are almost independent of the 
hoi
e of the �lter w(t), i.e. independent from the measured signal. It is the


oupling of the for
e to the internal degrees of freedom via the unstable mode whi
h plays the 
ru
ial role here.

We now dwell on the out{of{phase orbits, i.e. on the stability problem for Æ 6= 0. Apparently there does not exist

a 
losed analyti
al solution for �

(�)

Æ

[�℄. Only periodi
ity �

(�)

Æ

[�℄ = �

(�)

Æ+�

[�℄ whi
h results from the periodi
ity of the

orbit is obvious from eq.(18). Thus we are bound to perturbative approa
hes. Sin
e the solutions whi
h are related

to stable bran
hes of the un
ontrolled system do not play any role for Æ = 0 we restri
t ourselves to the 
ase � = +,

i.e. to the bran
h whi
h 
onne
ts to �

+

. The 
orresponding 
hara
teristi
 equation reads

� = �

(+)

Æ

[K(1� exp(���))℄; �

(+)

Æ

[0℄ = �

+

: (23)

In parti
ular we are interested in the 
riti
al 
ontrol amplitudes whi
h limit the 
ontrol interval (
f. e.g. �gure 1). At

the lower boundary the interval is limited by a 
ip bifur
ation, i.e. the 
orresponding 
ontrol amplitude K = K




(Æ)

is determined by the 
ondition � = i�=� . Hen
e eq.(23) results in

i�=� = �

(+)

Æ

[2K




(Æ)℄ : (24)

To determine the sensitivity of the 
ontrol threshold on the phase shift we take the derivative with respe
t to Æ and

get (
f. appendix A)

�

Æ

K




(Æ) = �A(Æ)K




(Æ) : (25)

Whenever the 
oeÆ
ient A(Æ) is positive we obtain an exponential de
rease of the 
ontrol amplitude,

K




(Æ) ' K




(0) exp(�

Z

A(Æ)dÆ) (26)

i.e. an in
rease of the 
ontrol interval whi
h is quite sensitive on the phase shift (
f. the simulations of se
tion II). For

small Æ and the spe
ial 
hoi
e w(t) = v

+

(t) we obtain K




(Æ) ' K




(0) exp(�A

0

Æ

2

) with 
onstant A

0

(
f. Appendix

A).

A similar estimate 
an be formulated for the upper 
ontrol boundary whi
h is governed by a Hopf instability. But

in order to get quantitative results we have to solve the full eigenvalue problem (23). Su
h an analysis has to resort

to numeri
al approa
hes, whi
h we are going to supply in the next se
tion for a simple model system.

IV. NUMERICAL EVALUATION FOR THE R

�

OSSLER MODEL

A more detailed investigation of our 
ontrol s
heme 
alls for a quantitative evaluation of the stability problem

asso
iated with the 
hara
teristi
 equation (19). That 
an be done only by numeri
al 
omputation of the right hand

side. For su
h a task our original model (5) is far too 
ompli
ated. Sin
e we fo
us on the prin
ipal aspe
ts of Floquet

mode 
ontrol we 
hoose for the purpose of illustration the R�ossler equations

_x

1

= �x

2

� x

3

�Ku

1

(t)[s(t) � s(t� �)℄

_x

2

= x

1

+ ax

2

�Ku

2

(t)[s(t)� s(t� �)℄

_x

3

= b+ x

1

x

3

� 
x

3

�Ku

3

(t)[s(t)� s(t� �)℄ (27)

with parameter values a = 0:2, b = 0:2, 
 = 5:7. We are fo
using on the periodi
 orbit with period � = 11:75863.

The unstable Floquet exponent is given by Re� = 0:10684 and (u

1

(t); u

2

(t); u

3

(t)) and (v

1

(t); v

2

(t); v

3

(t)) denote the

Floquet right{eigenmode and the solution of the adjoint problem, respe
tively. The time{delayed 
ontrol for
e is

derived from the signal
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s(t) = hv(t)jx(t)i =

3

X

k=1

v

�

k

(t)x

k

(t) : (28)

We re
all that the 
ontrol for
e is real valued and 
an be written in various ways (
f. eq.(16)).

The 
ontrol performan
e is governed by the Floquet spe
tra, whi
h are determined by the stability problem (17)

and the 
hara
teristi
 equation (19), respe
tively. We use a Benettin algorithm [31℄ for the numeri
al 
omputation of

the Floquet exponents. Su
h an algorithm 
an be applied easily to obtain the leading part of the eigenvalue spe
trum,

sin
e one just requires the forward integration of the linearised equation and su

essive reorthogonalisation. The

algorithm yields the real parts of the exponents, Re�, sin
e it dete
ts the expansion in phase spa
e but ignores the

torsion. Results are displayed in �gure 7. We observe the typi
al butter
y shaped behaviour whi
h is already known

from our analyti
al investigations (
f. �gure 1). On in
reasing the phase shift the spe
trum �rst moves upwards and

apparently the size of the 
ontrol interval de
reases.

0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 0.12

K

−0.04

−0.02

0

0.02

0.04

0.06

Λ δ/τ=0.04

δ/τ=0

δ/τ=0.08

R
e

FIG. 7. Largest Floquet exponent of the 
ontrolled R�ossler system in dependen
e on the 
ontrol amplitude for di�erent

values of the phase shift: Æ = 0 (solid), Æ = 0:04� (dashed), Æ = 0:08� (dotted). Arrows indi
ate the 
ontrol interval. The

trivial exponent � = 0 is not displayed.

The Floquet spe
tra 
learly show that the 
ontrol interval depends sensitively on the phase shift. To reveal su
h a

dependen
e of the 
ontrol boundaries let us evaluate the lower 
ontrol boundary using eq.(24). For numeri
al purposes

we introdu
e the Floquet multiplier z = exp(��) so that the 
hara
teristi
 equation (19) is given by

0 = det(1� z

�1

W

z

�1(�)) (29)

where we have introdu
ed the evolution matrix of the 
ontrolled system via

_

W

z

�1(t) =

�

Df (�(t))�K(1� z

�1

)u

+

(t� Æ)
w(t� Æ)

�

W

z

�1(t); W

z

�1(0) = 1 : (30)

Eq.(30) is very 
onvenient for numeri
al 
omputation of the spe
trum (
f. [32℄). Here we are interested in the lower


riti
al 
ontrol amplitude K




(Æ). Thus we �x z = �1 (
f. eq.(24)) and solve numeri
ally eq.(29) for K. The results

are displayed in �gure 8. We observe a quite 
ompli
ated dependen
e of the threshold on the phase shift. K




(Æ) is

of 
ourse periodi
 in Æ with period � . For small phase shift the threshold in
reases so that the threshold has a lo
al

minimum at Æ = 0. The 
orresponding quadrati
 dependen
e on Æ is in a

ordan
e with our perturbative results (
f.

appendix A). For intermediate values of the phase shift the threshold lowers and there is a pronoun
ed region of

bistability where stable in{phase and 
ertain out{of{phase orbits 
oexist. In addition, the orbit is stable even below

the threshold of diagonal 
ontrol for 
ertain phase shifts. Whether su
h linearly stable states are rea
hed during the


ontrol pro
ess depends of 
ourse on the basin of attra
tion of these states.
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K

−0.16

−0.12

−0.08

−0.04

0

0.04

0.08

0.12

0.16

δ/τ

FIG. 8. Dependen
e of the lower 
ontrol threshold K = K




on the phase shift Æ. Left: Dependen
e over two 
omplete

periods Æ 2 [��; � ℄. Right: Enlarged se
tion for small phase shift. Arrows indi
ate parameters used for the spe
tra in �gure 7.

The evaluation and even the visualisation of global properties of di�erential{di�eren
e equations is a 
ompli
ated

task sin
e the phase spa
e is in�nite{dimensional. Thus one 
annot expe
t to get a 
omplete overview of the basin

of attra
tion for the orbit under 
onsideration. Nevertheless we go beyond linear stability analysis and 
ompute for

di�erent initial 
onditions whi
h phase shift develops during the 
ontrol pro
ess. In order to 
apture our essential

degree of freedom, namely the phase, we 
hoose a �xed initial 
ondition in a referen
e frame that is shifted in time

by Æ,

�

t = t + Æ (
f. se
tion III). Thus the phase shift enters the 
ontrol matrix as a parameter and we 
an study

the in
uen
e of di�erent phase{shifted initial 
onditions just be sweeping this external parameter in our simulation.

We 
ompute the asymptoti
 state by negle
ting a transient of length t = 470� . The value of the 
ontrol for
e at

integer multiples of the period is displayed in �gure 9 in dependen
e on K. In ea
h 
ase we observe a �nite 
ontrol

interval where the 
ontrol signal displays a �nite jump at the lower boundary. Thus the 
orresponding bifur
ation is

sub
riti
al. Beyond the instability the solution lo
ks to a period{two state

1

whi
h then undergoes a period doubling

sequen
e on lowering K further. For Æ = 0 the 
ontrol boundary 
oin
ides with the results of the linear stability

analysis (
f. �gure 7). For initial 
ondition with phase shift Æ = 0:04� we obtain essentially the same 
ontrol interval.

Thus in the 
ontrol region where the phase shifted orbit is linearly unstable the phase of the initial 
ondition drifts

during the 
ontrol pro
ess and lo
ks to the state Æ = 0 whi
h is linearly stable. We have already found su
h a feature

in the simulations of the rea
tion{di�usion model (
f. �gure 6). If we 
hose initial 
onditions with even larger phase

shifts, Æ = 0:08� , we enter a regime where the linearly stable 
ontrol interval 
overs 
ontrol amplitudes where the

in{phase orbit is unstable. Thus 
ontrol extends beyond the threshold of diagonal 
ontrol. These states are not

a

essible from an initial 
ondition without phase shift, Æ = 0, sin
e they 
annot be rea
hed 
ontinuously through a

sequen
e of linearly stable orbits (
f. �gure 8). Whenever the orbit be
omes linearly unstable and no nearby stable

orbit exists, the traje
tory lo
ks to the period{two state whi
h is not a proper orbit of the un
ontrolled system. Thus

�gure 8 gives us a hint whi
h state is a

essible during the 
ontrol pro
ess from a 
ertain initial 
ondition.

δ/
τ=

0 
   

   
   

   
 

δ/
τ=

0.
04

δ/
τ=

0.
08

K
0.04 0.045 0.05 0.055 0.06

ε

ε

ε

0

6

0

6

0

6

1

Sin
e the 
ontrolled system is non autonomous the period of the period{two state is given by 2� . Thus x(t) � x(t � � ) =

�(x(t+ � )� x(t)) and "(t) = kx(t)� x(t� � )k = kx(t+ � )� x(t)k = "(t+ � ).
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FIG. 9. Control signal "(t) =

P

3

i=1

jx

i

(t) � x

i

(t� � )j at times t = n� , 0 � n � 30 in dependen
e on the 
ontrol amplitude

K for di�erent values of the phase Æ of the initial 
ondition.

V. CONCLUSION

Time{delayed feedba
k methods are very useful for 
ontrolling unstable time periodi
 states. Sin
e the original

s
heme is based on the measurement of a single variable the 
ontrol 
an be applied in prin
iple in quite di�erent

experimental situations. It is however diÆ
ult to estimate how the properties of the measured signal and the 
oupling

of the 
ontrol for
e to the internal degrees of freedom a�e
t the performan
e of the 
ontrol. Su
h questions are usually

addressed by 
ontrol theory for non time{delayed feedba
k s
hemes. Here we proposed a 
oupling s
heme whi
h is

based on the unstable modes of the target state. A partial analyti
al treatment of the 
orresponding time{delayed


ontrol problem, and numeri
al simulations of two di�erent model systems have been presented. More resear
h going

beyond this work would be desirable to investigate how su
h a s
heme 
an be dire
tly implemented experimentally.

The Floquet eigenmodes play a double role. On the one hand the unstable mode mediates the 
oupling of the


ontrol for
e to the internal degrees of freedom. On the other hand the adjoint mode yields a suitable �lter whi
h

generates a signal from whi
h the 
ontrol for
e is derived. Sin
e these modes inherit an expli
it time dependen
e

the 
ontrol loop breaks the time translation invarian
e. Therefore the phase of the unstable periodi
 orbit, whi
h is

an independent variable in the un
ontrolled autonomous system may adjust properly and may in
rease the 
ontrol

performan
e. Su
h a phenomenon resembles syn
hronisation me
hanisms, although no phase lo
king has been found.

We have illustrated the in
rease of 
ontrol performan
e by stabilizing spatio-temporal patterns in a nonlinear

rea
tion{di�usion system. We observed an enhan
ement of 
ontrol eÆ
ien
y by several orders of magnitude. In

addition we have been able to explain the basi
 features in analyti
al terms. In parti
ular, our approa
h predi
ts a

superexponential in
rease of the 
ontrol interval (
f. [26℄ and appendix A).

Our analyti
al approa
h indi
ates that several features are independent of the parti
ular 
hoi
e of the 
oupling and

the �lter fun
tion. For instan
e, all properties of the in{phase orbit, i.e. 
ontrol without phase shift, are independent

of the �lter w(t) provided that the 
oupling of the for
e to the internal degrees of freedom is mediated by the

unstable Floquet eigenmode. Our analysis is in fa
t symmetri
 between the eigenmode and its adjoint. Therefore, the


ontrol performan
e of in{phase orbits does not depend on the 
oupling to the internal degrees of freedom provided

we generate a signal s(t) through the adjoint eigenmode. Thus our results do not depend on all the details of the

eigenmodes, and an experimental implementation of our 
ontrol idea seems to be feasible. In fa
t, we have observed

in our simulations that the in
rease of the 
ontrol performan
e persists if we 
hange the �lter fun
tions used in se
tion

II.

There remains the general problem how to adjust the measured signal and the 
oupling to the internal degrees

of freedom in order to optimise the 
ontrol performan
e of time{delayed feedba
k 
ontrol. Our s
heme just gives a

partial answer to this question. The free phase may adjust during the 
ontrol pro
ess to give a better adaptation of

the �lter and the 
oupling fun
tions. Of 
ourse our analysis is 
onstrained to the linear regime. Global features like

basins of attra
tion are still out of rea
h, and would in any 
ase be diÆ
ult to visualize in high{dimensional phase

spa
es whi
h are related with the dynami
s of di�erential{di�eren
e equations.

ACKNOWLEDGEMENT

The authors gratefully a
knowledge support by the "Deuts
he Fors
hungsgemeins
haft" in the framework of Sfb

555 and through grant no. JU261/3-1.

APPENDIX A: ANALYTICAL PROPERTIES OF FLOQUET PROBLEMS

In order to determine �

(�)

Æ=0

[�℄ we 
onsider eq.(18) for Æ = 0. Multipli
ation with an adjoint eigenmode v

�

(t) yields,

taking eqs.(13) and (14) into a

ount,

�

(�)

Æ=0

[�℄hv

�

(t)jQ

(�)

Æ=0

(t)i+

d

dt

hv

�

(t)jQ

(�)

Æ=0

(t)i = �

�

hv

�

(t)jQ

(�)

Æ=0

(t)i � Æ

�;+

�hw(t)jQ

(�)

Æ=0

(t)i : (A1)

If we 
onsider � 6= + then we obtain

�

�

(�)

Æ=0

[�℄� �

�

�

hv

�

(t)jQ

(�)

Æ=0

(t)i+

d

dt

hv

�

(t)jQ

(�)

Æ=0

(t)i = 0 : (A2)
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Sin
e the inner produ
t is by de�nition periodi
 in time eq.(A2) tells us that either the inner produ
t or the bra
ket

on the left hand side vanishes. Hen
e we obtain eq.(20), and all exponents but one are determined. Choosing � = +

eq.(A1) yields

�

�

(+)

Æ=0

[�℄� �

+

�

hv

�

(t)jQ

(+)

Æ=0

(t)i+

d

dt

hv

�

(t)jQ

(+)

Æ=0

(t)i = ��hw(t)jQ

(+)

Æ=0

(t)i : (A3)

Sin
e we have already shown that the eigenmode Q

(+)

Æ

(t) is orthogonal to v

�

(t), � 6= + we have Q

(+)

Æ=0

(t) = �(t)u

+

(t)

with a periodi
 modulation fa
tor �(t) = �(t+ �). Then eq.(A3) simpli�es to

�

(+)

Æ=0

[�℄� �

+

+

_�(t)

�(t)

= ��hw(t)ju

+

(t)i : (A4)

Integration over one period yields eq.(21).

One may 
al
ulate the derivatives of �

(+)

Æ

[�℄ with respe
t to Æ and � by standard methods of linear algebra. If we


onsider the adjoint eigenvalue equation

�

(+)

Æ

[�℄P

(+)y

Æ

(t)�

_

P

(+)y

Æ

(t) = P

(+)y

Æ

(t)Df (�(t))� �hP

(+)

Æ

(t)ju

+

(t� Æ)iw

y

(t� Æ); P

(+)

Æ

(t) = P

(+)

Æ

(t+ �) ; (A5)

take the derivative of eq.(18) with respe
t to Æ, and multiply with P

(+)

Æ

(t) we obtain

�

Æ

�

(+)

Æ

[�℄hP

(+)

Æ

(t)jQ

(+)

Æ

(t)i+

d

dt

hP

(+)

Æ

(t)j�

Æ

Q

(+)

Æ

(t)i

= �

�

hP

(+)

Æ

(t)j
_
u

+

(t� Æ)ihw(t� Æ)jQ

(+)

Æ

(t)i+ hP

(+)

Æ

(t)ju

+

(t� Æ)ih
_
w(t� Æ)jQ

(+)

Æ

(t)i

�

: (A6)

Observing the periodi
ity and normalisation of the eigenve
tors we end up with

�

Æ

�

(+)

Æ

[�℄ =

�

�

Z

�

0

hP

(+)

Æ

(t)j
_
u

+

(t� Æ)ihw(t� Æ)jQ

(+)

Æ

(t)i+ hP

(+)

Æ

(t)ju

+

(t� Æ)ih
_
w(t� Æ)jQ

(+)

Æ

(t)i dt : (A7)

In a similar fashion the derivative with respe
t to � 
an be evaluated

�

�

�

(+)

Æ

[�℄ = �

1

�

Z

�

0

hP

(+)

Æ

(t)ju

+

(t� Æ)ihw(t� Æ)jQ

(+)

Æ

(t)i dt : (A8)

Taking the derivative of eq.(24) with respe
t to Æ we obtain eq.(25) where

A(Æ) = �

R

�

0

hP

(+)

Æ

(t)j
_
u

+

(t� Æ)ihw(t� Æ)jQ

(+)

Æ

(t)i + hP

(+)

Æ

(t)ju

+

(t� Æ)ih
_
w(t� Æ)jQ

(+)

Æ

(t)i dt

R

�

0

hP

(+)

Æ

(t)ju

+

(t� Æ)ihw(t� Æ)jQ

(+)

Æ

(t)i dt

: (A9)

Here Q

(+)

Æ

(t) denotes the solution of the eigenvalue problem (18) and P

(+)

Æ

(t) is the solution of the 
orresponding

adjoint problem (A5) for � = 2K




(Æ) and �

(+)

Æ

[�℄ = i�=� . The evaluation of eq.(A9) be
omes quite tedious, even in

the limit of small Æ. If, however, we 
on�ne attention to the spe
ial 
hoi
e w(t) = v

+

(t) then eq.(A5) tells us that

P

(+)

Æ=0

(t) = v

+

(t). Sin
e Q

(+)

Æ=0

(t) = u

+

(t) holds (
f. eq.(18)) the normalisation (14) yields

A(Æ) = O(Æ) : (A10)

Thus for the spe
ial 
hoi
e w(t) = v

+

(t) the dependen
e of K




(Æ) on the phase shift is a

ording to eq.(26) of se
ond

order in Æ in the exponent.
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