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The double barrier resonant tunneling diode exhibits 
omplex spatio-temporal patterns in
luding

low-dimensional 
haos when operated in an a
tive external 
ir
uit. We demonstrate how autosyn-


hronization by time{delayed feedba
k 
ontrol 
an be used to sele
t and stabilize spe
i�
 
urrent

density patterns in a noninvasive way. We 
ompare the eÆ
ien
y of di�erent 
ontrol s
hemes involv-

ing feedba
k in either lo
al spatial or global degrees of freedom. The numeri
ally obtained Floquet

exponents are explained by analyti
al results from linear stability analysis.
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I. INTRODUCTION

Sin
e the groundbreaking work by Ott, Grebogi and

Yorke [1℄, 
haos 
ontrol has evolved into a 
entral is-

sue in nonlinear s
ien
e [2℄. While earlier methods of


haos 
ontrol have used a rather 
ompli
ated 
al
ulation

of the 
ontrol for
e from the Poin
are map, re
ent 
ontrol

s
hemes based on time{delay autosyn
hronization [3, 4℄

are mu
h simpler to handle and have been applied to a

number of real world problems [5{13℄.

One intriguing aspe
t is the possibility of noninvasive


ontrol. This refers to the stabilization of a target state

whi
h is not 
hanged by the 
ontrol term, and the 
on-

trol for
e vanishes on
e the target state has been rea
hed.

A natural 
hoi
e for the target state are unstable peri-

odi
 orbits (UPOs), sin
e they are dense in the 
haoti


attra
tor of the un
ontrolled system.

While earlier work has 
on
entrated on low-

dimensional dynami
 systems des
ribed by maps or ordi-

nary di�erential equations [14℄, the emphasis has re
ently

shifted towards stabilization of spatio-temporal patterns.

It was shown that for a generi
 nonlinear rea
tion{

di�usion model of a
tivator{inhibitor type with one spa-

tial degree of freedom, di�erent noninvasive time{delayed

feedba
k methods 
an be used to suppress 
haoti
 behav-

ior [15{18℄, and their respe
tive domains of 
ontrol have

been 
ompared and interpreted in terms of Floquet spe
-

tra.

In this paper we will apply time{delayed feedba
k 
on-

trol s
hemes to a semi
ondu
tor nanostru
ture whi
h is


urrently of great interest [19℄: the double barrier reso-

nant tunneling diode (DBRT). This devi
e is well known

as an ele
troni
 os
illator, and 
omplex spatio-temporal

patterns of the 
urrent density have been reported in

numeri
al simulations [20{24℄, in
luding 
haoti
 spatio-
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FIG. 1: S
hemati
 energy band stru
ture of the DBRT. The

symbols are explained in the Appendix.

temporal s
enarios [25℄. Here we propose to apply

time{delay autosyn
hronization to stabilize those spatio-

temporal breathing and spiking patterns under a wide

range of operating 
onditions, and indu
e stable periodi


os
illations. The paper is organized as follows. After

the introdu
tion of the DBRT model in Se
t. II, we ex-

amine the dynami
al bifur
ation s
enarios leading to the

formation of lateral 
urrent density patterns of the un-


ontrolled system in Se
t. III. We �nd parameter regimes

featuring 
haoti
 breathing as well as 
haoti
 spiking. In

Se
t. IV time-delayed feedba
k 
ontrol is used for the sta-

bilization of periodi
 spiking and breathing os
illations.

We 
ompare the 
ontrol performan
e for di�erent 
on-

trol s
hemes. The details of the model are given in the

Appendix.

II. THE MODEL

The DBRT is a semi
ondu
tor nanostru
ture whi
h


onsists of one GaAs quantum well sandwi
hed between

two AlGaAs barriers along the z-dire
tion (
f. Fig. 1).

The quantum well de�nes a two-dimensional ele
tron gas
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FIG. 2: (a) Nonlinear kineti
 fun
tion f(a; u) for di�erent val-

ues of voltage u, (b) di�usion 
oeÆ
ient D(a) as a fun
tion of

the ele
tron density a (double-logarithmi
 s
ale), (
) 
urrent{

voltage 
hara
teristi
 for spatially homogeneous states (solid

line) and �lamentary states (dashed line) for L = 30; load

line for U

0

= �84:2895, r = �35 (dotted line), (d) spatial

pro�le of a half �lament, a(x) (solid line) and j(x) (dotted

line) (L = 30; u = 265)

in the x � y plane. The spatially homogeneous steady

states give rise to a Z-shaped 
urrent{voltage 
hara
ter-

isti
 [26℄ exhibiting bistability in a range of applied volt-

ages. The middle bran
h of the 
urrent{voltage 
har-

a
teristi
 
an be stabilized by applying an appropriate

a
tive 
ir
uit with a negative load resistan
e [27℄. Com-

plex spatio-temporal patterns 
an arise if the lateral re{

distribution of ele
trons within the quantum well [20{

25, 28℄ is taken into a

ount. In the following we assume

that the extension of the devi
e in y-dire
tion is small

and 
harge inhomogeneities 
an only appear in the x-

dire
tion. Using dimensionless variables throughout we

arrive at the following equations:

�a

�t

=

�

�x

�

D(a)

�a

�x

�

+ f(a; u)�KF

a

(x; t) (1)

du

dt

=

1

"

(U

0

� u� rhji) �KF

u

(t) (2)

Here the un
ontrolled model [25℄ has been extended by

the 
ontrol terms KF

a

and KF

u

representing the 
on-

trol for
es with amplitude K. The dynami
 variables are

the inhibitor u(t) and the a
tivator a(x; t). The one{

dimensional spatial 
oordinate x 
orresponds to the di-

re
tion transverse to the 
urrent 
ow. In the semi
on-

du
tor 
ontext u(t) denotes the voltage drop a
ross the

devi
e and a(x; t) is the ele
tron density in the quantum

well. The nonlinear, nonmonotoni
 fun
tion f(a; u) de-

s
ribes the balan
e of the in
oming and outgoing 
urrent

densities in the quantum well (Fig. 2 (a)), and D(a) is an

e�e
tive, ele
tron density dependent transverse di�usion


oeÆ
ient (Fig. 2 (b)) [29℄. The lo
al 
urrent density in

the devi
e is j(a; u) =

1

2

(f(a; u)+2a), and hji =

1

L

R

L

0

jdx

is asso
iated with the global 
urrent. Eq. (2) represents

Kir
hho�'s law of the 
ir
uit in whi
h the devi
e is op-

erated. The external bias voltage U

0

, the load resistan
e

r, and the time-s
ale ratio " are dimensionless external

parameters. We 
onsider a system of width L with no


harge transfer through the lateral boundaries (i.e., Neu-

mann boundary 
onditions �

x

a = 0 at x = 0; L). In

Appendix A we give expli
it expressions for f(a; u) and

D(a) and draw the 
onne
tion to the mi
ros
opi
 physi-


al parameters.

In the 
ase without 
ontrol for
e (K = 0) one sta-

tionary solution of (1) is given by the homogeneous so-

lution a(x) = a

hom

i

with f(a

hom

i

; u) = 0. Up to three

di�erent solutions a

hom

i

may exist for one �xed value of u

(Fig. 2(a)). This gives rise to a Z-shaped 
urrent{voltage


hara
teristi
 j(u) = a (solid line in Fig. 2(
)).

The spatially homogeneous stationary solutions of the


oupled equations (1) and (2) are given by the interse
-

tion of the 
urrent{voltage 
hara
teristi
 j(u) and the

load line whi
h is the null
line hji = (U

0

� u)=r of (2).

States on the middle bran
h of the j(u) 
hara
teristi


are unstable in a passive external 
ir
uit with e�e
tive

resistan
e r > 0. By 
hoosing r < 0, whi
h 
an be re-

alised by an a
tive 
ir
uit, i.e. applying an additional


ontrol voltage proportional to the devi
e 
urrent hji in

series with the bias U

0

[27℄, it is in prin
iple possible to

stabilize the middle bran
h of the stationary j(u) 
hara
-

teristi
 and a

ess it experimentally, but for large enough

" Hopf bifur
ations 
an o

ur, leading to uniform limit


y
le os
illations of the 
urrent and voltage.

It should be noted that, depending upon the interse
-

tion of the load line with the j(u) 
hara
teristi
s, the

DBRT represents either a bistable, or an os
illatory, or

an ex
itable a
tive medium [30℄. It is remarkable that

the DBRT 
an be operated as an ex
itable system even

in the spatially homogeneous 
ase. Consider the situa-

tion in Fig. 3(a) where the load line interse
ts the homo-

geneous 
hara
teristi
 near the se
ond turning point at

a low 
urrent value (j � 4:63, and " = 70). Due to the

large value of " the relaxation in u is mu
h slower than

the relaxation in a. If noise pushes the system o� its

�xed point in the low 
urrent regime, it qui
kly relaxes

to a value of a � j in a high 
urrent state. Then the

slow relaxation in u sets in and drags the system along

the homogeneous 
hara
teristi
 towards high u (sin
e we

are above the load line) until the upper bran
h of the
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FIG. 3: DBRT in the ex
itable regime: (a) Spatially homo-

geneous phase portrait of ele
tron density a vs. voltage u for

r = �2, U

0

= 248:11, L = 30, " = 70. Solid line: traje
tory

of the system under noise. Dashed lines: Load line (straight)

and homogeneous 
urrent{voltage 
hara
teristi
 (Z{shaped).

Dotted lines: phase 
ow of the system. (b) Response of a and

u triggered by noise.

homogeneous 
hara
teristi
 ends. At this point, the sys-

tem again qui
kly relaxes in a, this time towards a low


urrent state. Sin
e we are now below the load line the

system �nally returns to the �xed point. This ex
ursion

in phase spa
e results in a spike-like response in the 
ur-

rent and voltage signal upon external noise (Fig. 3(b))

whi
h is 
hara
teristi
 for an ex
itable medium.

III. SPATIO-TEMPORAL SCENARIOS

As the devi
e width L in x-dire
tion in
reases (the

devi
e width in y dire
tion is �xed and small 
ompared

to L), the middle bran
h of the homogeneous solution

a

hom

2

(Fig. 2(
)) be
omes unstable against inhomogenous


u
tuations. A straightforward linear stability analysis

[19℄ shows that this o

urs at

L > �

s

�

�

�

�

D(a

hom

2

)

�

a

f(a

hom

2

)

�

�

�

�

: (3)
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FIG. 4: Spatio-temporal breathing patterns: ele
tron density

evolution, phase portrait, and voltage time series for (a) " =

7:0: periodi
 breathing, (b) " = 9:1: 
haoti
 breathing; load

line as in Fig. 2

.

Then an additional stationary solution of eq. (1) arises

in the form of a 
urrent �lament. Fig. 2(d) shows the

dependen
e of a and j on the transverse spatial 
oordi-

nate x for a half{�lament with L = 30 and u = 265.

The dashed line in Fig. 2(
) depi
ts the 
orresponding


urrent{voltage 
hara
teristi
 hji(u).

The �lament is stable for r < 0 at small ", but be
omes

unstable by a Hopf bifur
ation for large enough ". In

this 
ase 
omplex spatio-temporal breathing (Fig. 4) and

spiking patterns (Fig. 5) are expe
ted if the homogeneous

�xed point is still stable with respe
t to Hopf bifur
ations

[31℄.

Choosing the load line as in Fig. 2(
) (dotted line), the

homogeneous �xed point on the middle bran
h is always

unstable against the �lamentary mode for L = 30, but is

stable against Hopf bifur
ations up to " < 16:43 (dotted

line in Fig. 6). On the other hand, a Hopf bifur
ation of

the half{�lament o

urs already at "

f

h

= 6:4, leading to

periodi
 �lament os
illations (Fig. 4(a)) for " > "

f

h

. This

breathing �lament undergoes a period doubling 
as
ade

for " > 8:2 leading to 
haos (
.f. Fig. 4(b)). We note that

the dynami
 behavior is 
hara
terized by os
illations of

varying amplitude around the unstable �lamentary �xed

point, whi
h is typi
al for a 
haoti
 breathing s
enario.

With further in
rease of " os
illations around the ho-
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FIG. 5: Spatio-temporal spiking patterns: as in Fig. 4 but (a)

" = 13:15: periodi
 spiking, (b) " = 16:5: 
haoti
 spiking.

mogeneous �xed point be
ome important and a 
ompe-

tition between the two �xed points sets in. Thereby the

breathing �lament transmutes into a spiking �lament as

in Fig. 5(a) for " = 13:15. Here two os
illations around

the homogenous �xed point are followed by one os
illa-

tion around the �lamentary �xed point. This periodi


spiking qui
kly be
omes 
haoti
 at further in
rease of ",

yielding a 
haoti
 spiking behaviour, whi
h is 
hara
ter-

ized by a sequen
e of almost homogeneous os
illations in-

termitted by one large �lamentary os
illation (Fig. 5(b)).

The resulting phase portrait is reminis
ent of the R�ossler

attra
tor. While breathing os
illations are always 
lose

to the �lamentary �xed point, the spiking os
illations

are related to both the �lamentary and the homogeneous

�xed point. The 
omplete bifur
ation diagram with re-

spe
t to " is depi
ted in Fig. 6. We note that the homo-

geneous limit 
y
le emerging from a Hopf bifur
ation of

the homogeneous �xed point (dotted line) at " = 16:43

suppresses 
haos with in
reasing " and �nally be
omes

stable against �lamentary os
illations for " > 20:2, and

further on determines the dynami
s of the system.

Using the Benettin algorithm [32℄ we have 
al
ulated

the two largest Lyapunov exponents �

1

and �

2

for vary-

ing " (Fig. 7). We observe that at most one Lyapunov

exponent is positive, while the se
ond one is zero for a


haoti
 orbit. Taking into a

ount the third largest Lya-

punov exponent we 
an then estimate an upper limit for

the fra
tal dimension of the attra
tor after Kaplan and
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FIG. 6: Bifur
ation diagram of maxima and minima of the

voltage U versus ". Thi
k dotted lines: homogeneous solution;

thi
k dashed lines: period{one breathing orbit, thi
k solid

lines: period{three spiking orbit. Parameters and load line as

in Fig. 2(
).
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FIG. 7: The two largest Lyapunov exponents as a fun
tion of

the bifur
ation parameter "; load line as in Fig. 2

Yorke [33℄ as D

KY

� 2:1. Although the system has an

in�nite number of degrees of freedom it is therefore only

weakly 
haoti
. The global 
oupling is responsible for the

suppresion of extensive spatio temporal 
haos [34℄.

IV. TIME-DELAYED FEEDBACK CONTROL

OF CHAOTIC BREATHING AND SPIKING

We now apply 
haos 
ontrol to stabilize a parti
ular

UPO of period � of the un
ontrolled system whi
h is em-

bedded in a 
haoti
 attra
tor. The 
ontrol for
es F

a

and

F

u

in eqs. (1),(2) will be designed su
h that they do

not suppress 
haos by generating a new periodi
 solution

but only by 
hanging the stability of a solution that al-

ready exists in the un
ontrolled system. Hen
e F

a

and

F

u

vanish exa
tly on the target orbit. Su
h a require-

ment is in general met by time{delayed feedba
k s
hemes

[3℄. Depending on the parti
ular re
ipe, whi
h is used for

the 
onstru
tion of the 
ontrol for
es, there are various

possible 
ontrol s
hemes. Here, we are going to analyze

four 
ases whi
h have been already introdu
ed in [16℄ in

the 
ontext of rea
tion{di�usion models with a global
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Type of 
ontrol F

a

F

u

diagonal 
ontrol F

lo


F

vf

global 
ontrol with voltage feedba
k F

glo

F

vf

global 
ontrol without voltage feedba
k F

glo

0

pure voltage 
ontrol 0 F

vf

lo
al 
ontrol without voltage feedba
k F

lo


0

TABLE I: Overview of di�erent 
ontrol s
hemes with the 
or-

responding 
hoi
es of F

a

and F

u

feedba
k. The model we are investigating in the present

manus
ript, eqs.(1) and (2), is of mu
h more interest from

the point of view of semi
ondu
tor physi
s sin
e it re-

alisti
ally des
ribes a well-known nanostru
ture devi
e

(DBRT). It exhibits a Z-shaped 
urrent{voltage 
har-

a
teristi
, whereas the model in [16℄ des
ribes a di�er-

ent semi
ondu
tor heterostru
ture featuring an S-shaped


urrent{voltage 
hara
teristi
. A 
omparison with the

results of [16℄ enables us to estimate whi
h properties of

the 
ontrol s
hemes are robust and do not depend on the

parti
ular 
hoi
e of the model equations. In addition we

will �nd out whether some s
hemes are parti
ularly use-

ful for appli
ation in semi
ondu
tor devi
es. Con
erning

details of the 
ontrol s
hemes the reader may 
onsult [16℄.

But to keep our presentation self{
ontained we re
all the

ne
essary notation.

We may 
hoose F

u

= F

vf

with a generi
 voltage feed-

ba
k for
e de�ned by

F

vf

(t) = u(t)� u(t� �) +RF

vf

(t� �): (4)

Here R is a memory parameter whi
h damps sudden


hanges in the 
ontrol for
e by taking into a

ount multi-

ple delays with a de
aying weight of earlier states of the

system [4℄. A 
ontrol s
heme of this type is 
alled ex-

tended time{delay autosyn
hronization (ETDAS). Su
h

a s
heme allows for noninvasive 
ontrol, sin
e an unstable

state may be maintained with vanishingly small 
ontrol

for
es.

For the 
ontrol for
e F

a

in the spatial degree of freedom

we will alternatively use either a lo
al 
ontrol for
e,

F

lo


(x; t) = a(x; t)� a(x; t� �) +RF

lo


(x; t� �) : (5)

where every spatial point is 
ontrolled independently of

its neighboring points, or a global 
ontrol for
e

F

glo

(t) = hai(t)� hai(t � �) +RF

glo

(t� �) : (6)

with hai =

1

L

R

L

0

adx where the same 
ontrol for
e is ap-

plied to every spatial point. This se
ond 
hoi
e F

a

= F

glo

may be experimentally favorable sin
e the spatial aver-

age is related to the total 
harge in the quantum well

and does not require a spatially resolved measurement.

In the following we will 
on
entrate on the question how

the 
oupling of the 
ontrol for
es to the spatial and dis-


rete degrees of freedom in
uen
es the performan
e of

the 
ontrol. The UPO in question will be a 
ip orbit, i.e.

its largest 
omplex valued Floquet exponent � will obey

Im� = �=� . This type is pra
ti
ally important, as it nat-

urally arises in period doubling s
enarios, and the torsion

of the orbit asso
iated with Im� is a ne
essary ingredient

for time-delayed feedba
k 
ontrol to work [35℄. Re
ently

time{delay methods have also been extended to the sta-

bilisation of orbits without torsion by adding a 
ontroller

asso
iated with an additional unstable degree of freedom

[36℄.

Physi
ally, the 
ontrol for
es may be realized by ap-

propriate ele
troni
 
ontrol 
ir
uits. KF

u


orresponds to

an additional 
ontrol voltage applied in series with the

bias U

0

, and KF

a

may be implemented by a spatially

extended lateral gate ele
trode whi
h in
uen
es the two-

dimensional ele
tron gas in the quantum well lo
ally or

globally.

In prin
iple the 
ontrol performan
e of time{delayed

feedba
k methods 
an be studied by linear stability anal-

ysis of the di�erential{delay equations (1),(2) around the

target orbit. This is diÆ
ult for a general 
ontrol s
heme,

sin
e the stability of the orbit is governed by Floquet

eigenmodes and by the largest 
omplex valued growth

rates � (Floquet exponent), whi
h are modi�ed by the


ontrol for
e in a 
ompli
ated way. Still there exists a

parti
ularly simple 
ontrol s
heme, 
alled diagonal 
on-

trol [35, 37℄, for whi
h �(K;R) satis�es the exa
t equa-

tion

� +K

1� e

���

1�Re

���

= �: (7)

where � is the 
omplex Floquet exponent of the un
on-

trolled system. Another 
ontrol s
heme for whi
h an-

alyti
 results are available is the Floquet mode 
ontrol

where the 
ontrol for
e is a proje
tion onto the unstable

Floquet mode [17, 18℄.

In our model we a
hieve diagonal 
ontrol by setting

F

a

= F

lo


and F

u

= F

vf

(
f. Table I), whi
h is a straight-

forward extension of the diagonal 
ontrol for dis
rete sys-

tems (
f. [38℄).

We now want to 
ontrol the period{one orbit (dashed

line in Fig. 6) in the 
haoti
 breathing regime (Fig. 4(b)).

As explained in Se
. III, this orbit is generated by the su-

per
riti
al Hopf bifur
ation of the stationary �lament at

" = "

h

f

. It subsequently be
omes unstable by the period

doubling 
as
ade with in
reasing ". From Fig. 8(b) we

note that, before the 
ontrol is swit
hed on (K = 0), a

sawtooth{like stru
ture in the (�
titious, sin
e not yet

applied) 
ontrol for
e jF j

s

= supfjF

vf

j; jF

lo


jg appears.

This happens as the un
ontrolled system approa
hes and

abandons the UPO ergodi
ally. The slope of the in
reas-

ing 
ontrol for
e is given by �. Su
h a pattern is useful

for tuning the 
riti
al parameter � empiri
ally. After

the diagonal 
ontrol is swit
hed on, the 
ontrol for
e de-


ays exponentially as jF j

s

� j exp�(K;R)tj (Fig. 8(b))

to a new level whi
h is about three orders of magnitude

smaller than the un
ontrolled level. At the same time

the voltage signal be
omes periodi
 (Fig. 8(a)), and the


haoti
 attra
tor in the phase portrait 
ollapses to a one
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FIG. 8: Diagonal 
ontrol in the DBRT, where the 
ontrol

for
e is swit
hed on at t = 5000. (a) Voltage u vs. time, (b)

Supremum of the 
ontrol for
e vs. time, (
) Phase portrait

(global 
urrent vs. voltage) showing the 
haoti
 breathing

attra
tor and the embedded stabilized periodi
 orbit (thi
k

solid 
urve). Parameters: r = �35, " = 9:1, � = 7:389,

K = 0:137, R = 0.

dimensional periodi
 orbit.

By 
hanging the 
ontrol parameters K and R we ob-

serve that the regime of su

essful 
ontrol in the K{

R plane (Fig.9(a)) exhibits a typi
al triangular shape,

bounded by a 
ip instability (Re � = 0, Im � = �=�)

to its left and by a Hopf (torus) bifur
ation to its lower

right. These two boundaries may also be obtained by

solving eq. (7) for Re� = 0. We �nd that the analyti-


al predi
tion for the 
ontrol boundaries are in ex
ellent

agreement with the numeri
al results (see Fig. 9(a)).

To 
on�rm the bifur
ations at the boundaries we 
on-

sider the real part of the Floquet spe
trum of the orbit

subje
ted to 
ontrol for varyingK and R = 0 (Fig. 9(b)).

Complex 
onjugate Floquet exponents show up as dou-

bly degenerate pairs. The largest nontrivial exponent de-


reases with in
reasing K and 
ollides at negative values

with a bran
h 
oming from negative in�nity. As a re-

sult a 
omplex 
onjugate pair develops and the real part

in
reases again. The real part of the exponent �nally


rosses the zero axis giving rise to a Hopf bifur
ation.
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FIG. 9: (a) Control domains in the K{R parameter plane for

diagonal 
ontrol of the unstable periodi
 orbit of Fig. 4(b)

with period � = 7:389. � denotes su

essful 
ontrol in the

numeri
al simulation, � denotes no 
ontrol, lines: analyti
al

result a

ording to eq. (7). (b) Leading real parts � of the

Floquet spe
trum for diagonal 
ontrol in dependen
e on K

(R = 0), the dotted line denotes a 
omplex 
onjugate pair of

Floquet exponents. � denotes analyti
al results from eq. (7).

The numeri
al simulations agree well with the analyti
al

result.

We now repla
e the lo
al 
ontrol for
e F

a

= F

lo


by the

global 
ontrol F

a

= F

glo

without 
hanging the voltage

feedba
k (i.e. global 
ontrol with voltage feedba
k in

table I). Fig. 10 shows the 
orresponding 
ontrol regime

and Floquet spe
trum. The 
ontrol domain looks similar

in shape as for diagonal 
ontrol, although the domain for

the global s
heme is drasti
ally redu
ed. The shift in the


ontrol boundaries is due to a di�erent s
enario in the

Floquet spe
trum. Now Re� de
reases more slowly with

in
reasing K than in the diagonal 
ase, and thus the 
ip

bifur
ation takes pla
e at large values of K. At the same

time the 
omplex 
onjugate pair responsible for the Hopf

bifur
ation 
rosses the zero axis with a larger slope and

therefore at a smaller K value than in the diagonal 
ase.

It is now interesting to note that if we keep F

a

= F

glo

as before but remove the voltage feedba
k 
ompletely, the
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FIG. 10: Same as Fig. 9 for global 
ontrol with voltage feed-

ba
k ((b): R = 0:7)
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FIG. 11: Same as Fig. 9 for global 
ontrol without voltage

feedba
k ((b): R = 0:1). Note that the s
ale of the K-axis is


hanged.
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FIG. 12: Same as Fig. 9 for pure voltage 
ontrol ((b): R =

0:6)


ontrol domain is shifted to higher K values and at the

same time is dramati
ally in
reased (Fig. 11(a)). From

the Floquet spe
trum we see that after the 
ip bifur
a-

tion the largest Floquet exponent does not immediately

hybridize into a 
omplex 
onjugate pair, but the Hopf

bifur
ation is 
aused by another 
omplex 
onjugate pair

whi
h is not 
onne
ted to the largest Floquet exponent.

Thereby the Hopf bifur
ation is suppressed and the 
on-

trol regime is in
reased. This behavior is very similar to

the one observed in a di�erent rea
tion{di�usion model

(modeling a heterostru
ture hot ele
tron diode, HHED)

[16℄, where it was found that additional 
ontrol of the

global variable umay gradually redu
e the 
ontrol regime

to zero.

From the pra
ti
al point of view the most relevant 
on-

trol s
heme is the pure voltage 
ontrol, i.e. F

u

= F

vf

,

F

a

= 0, sin
e the voltage variable may be 
onveniently

measured and manipulated by an external ele
troni
 de-

vi
e. The 
orresponding 
ontrol domain and Floquet ex-

ponents are shown in Fig. 12. Here the 
ontrol regime is

even somewhat smaller than in the 
ase of global 
ontrol

with voltage feedba
k but the shape of the 
ontrol regime

and the Floquet spe
trum are qualitatively very similar.

It is en
ouraging that this kind of 
ontrol is at all pos-

sible, sin
e it opens up the opportunity to 
onveniently

study 
haos 
ontrol in a real world devi
e.

We �nally 
onsider the 
ase of lo
al 
ontrol without

voltage feedba
k (Fig. 13). Here the 
ontrol regime is

surprisingly even larger than for diagonal 
ontrol. The
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FIG. 13: Same as Fig. 9 for lo
al 
ontrol without voltage feed

ba
k ((b): R = �0:55).

shape of the 
ontrol regime is not triangular any more as

before, but has an additional edge at low K and R val-

ues. The reason for this edge 
an be explained from the

Floquet diagram. Here a Floquet exponent from below


ollides with the largest Floquet exponent at positive real

values before the 
ip bifur
ation o

urs. This 
omplex


onjugate pair then 
rosses the zero axes from above and

undergoes an inverse Hopf bifur
ation. For larger values

of K another 
omplex 
onjugate pair performs a se
ond

Hopf bifur
ation seemingly unrelated to the �rst one.

An overview of the di�erent 
oupling s
hemes 
on-

sidered in this se
tion is given in table I. By 
ompar-

ing the di�erent 
ontrol s
hemes, we may 
hara
terize

the in
uen
e of the voltage 
ontrol. If the voltage 
on-

trol is swit
hed on, the largest Floquet exponent rises

qui
kly after the 
ollision with an exponent 
oming from

below, and parti
ipates in the Hopf bifur
ation at the

right boundary of the 
ontrol regime. If on the other

hand the voltage 
ontrol is swit
hed o�, the largest Flo-

quet exponent only rises slowly after the 
ollision, and of-

ten the Hopf bifur
ation at the right boundary is 
aused

by a 
omplex 
onjugate pair whi
h is indepent of the

largest Floquet exponent. In this 
ase the Hopf bound-

ary is shifted to larger values of K than for diagonal


ontrol. The 
hoi
e of the 
ontrol for
e F

a

in
uen
es

the de
rease of Re�(K) at small K. For F

a

= F

lo


this

de
rease is large and the 
ip boundary pra
ti
ally 
oin-


ides with the one obtained for diagonal 
ontrol, while

for F

a

= F

glo

the 
ip boundary is shifted to higher K
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R
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Λ

K

FIG. 14: Leading real parts � of the Floquet spe
trum for

pure voltage 
ontrol of a stable period-one breathing orbit in

dependen
e on K (R = 0:6; " = 8:0)
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FIG. 15: Control domains for spiking orbit. Lines: analyti
al

results for diagonal 
ontrol. (a) diagonal 
ontrol, (b) global


ontrol without voltage feedba
k, (
) lo
al 
ontrol without

voltage feedba
k (Parameters: " = 13:44, � = 20:15)

values sin
e j�

K

Re�(K)j is small. For F

a

= 0 the slope

j�

K

Re�(K)j is even smaller, shifting the boundary to

even higher K values.

So far we have stabilized the period-one breathing or-

bit. We have investigated whether the obtained results

are spe
i�
 for a given UPO, or whether similar results


an be observed for di�erent orbits su
h as the period-

three spiking orbit (
f. thi
k solid lines in Figs. 5,6) whi
h

stands for the se
ond basi
 dynami
al pattern (spiking)

in the DBRT system. Fig. 15 shows the 
ontrol regimes

for di�erent 
ontrol s
hemes. Again we note that di-

agonal 
ontrol is very well predi
table by the analyti


formula (7) (Fig. 15(a)), whereas omitting the voltage


ontrol shifts the Hopf border to large K values, and

repla
ing lo
al with global 
ontrol shifts the 
ip bound-
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ary to larger K values. For pure voltage 
ontrol and

global 
ontrol with voltage feedba
k no domain of 
ontrol

was found. Nevertheless features of the di�erent 
ontrol

s
hemes are similar for both breathing and spiking orbits.

V. TRACKING AND DEPENDENCE OF THE

CONTROL PERFORMANCE ON THE

LYAPUNOV EXPONENT

Having stabilized periodi
 orbits for a parti
ular set of

parameter values one is in addition able to follow su
h

an orbit through a 
ontinuous 
hange of a parameter.

Su
h a kind of tra
king is quite 
ommon in 
ontrol of


haos and has been demonstrated even in the 
ontext of

time{delayed feedba
k 
ontrol. The period-one breath-

ing orbit 
an be 
ontrolled 
ontinuously in a whole range

of values of " (
f. thi
k dashed lines in Fig. 6 for diag-

onal 
ontrol). Note that sin
e the period � of the UPO

depends on ", � needs to be readjusted while sweeping

". It is then even possible to stabilize the period-one or-

bit in higher periodi
 windows, where the target orbit is

obviously not part of the attra
tor. This opens up the

possibility of obtaining stable self-sustained voltage os-


illations independently of parameter 
u
tuations. The

Floquet exponent � also depends on ", and this allows

us to study the 
ontrol performan
e as a fun
tion of the

largest Floquet exponent of the UPO. Thus through the

tra
king s
heme we are also able to study the in
uen
e of

the Lyapunov exponent on the 
ontrol performan
e and

to 
ompare the result with re
ent theoreti
al predi
tions

[37℄.

In Fig. 16(a) the 
ontrol performan
e for global 
ontrol

with voltage feedba
k for �xed R is plotted. As expe
ted,

the regime of 
ontrol is 
onsiderably smaller than the

analyti
al predi
tions for diagonal 
ontrol. Fig. 16(b)

shows the 
ontrol performan
e for pure voltage feedba
k

and di�erent values for R. Although the 
ontrol regimes

are mu
h smaller than predi
ted for diagonal 
ontrol, the

trend in the shift of the 
ontrol regime for in
reasing R

is qualitatively similar.

Surprisingly we �nd a �nite K value for the 
ip bound-

ary as �� ! 0 (Fig. 16(b)). This is in marked 
ontrast

to the analyti
al results for diagonal 
ontrol, where the


ip boundary extrapolates to zero for �� ! 0. To un-

derstand why this is the 
ase, let us 
onsider a situation

where we apply pure voltage 
ontrol to a stable orbit.

From the Floquet spe
trum in Fig. 14 we see that with

in
reasing 
ontrol for
e the stable orbit is destabilized by

a 
ip bifur
ation, then be
omes stable again by a se
ond


ip bifur
ation, before it �nally undergoes the usual Hopf

bifur
ation at high K values. Su
h a reentran
e s
enario

does not happen for diagonal 
ontrol.
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FIG. 16: Control domain in the � � K plane (a) for global


ontrol with voltage feedba
k (R = 0:1), �: simulation; dot-

ted line: analyti
al result for diagonal 
ontrol from eq. (7),

(b) pure voltage 
ontrol (symbols: simulation with di�erent

values of R as given in the legend; lines: analyti
al results for

diagonal 
ontrol from eq. (7)).

VI. CONCLUSIONS

We have applied di�erent s
hemes of 
haos 
ontrol

by time{delay autosyn
hronization to a globally 
oupled

rea
tion{di�usion model des
ribing 
harge transport in

a semi
ondu
tor nanostru
ture, viz. a double-barrier

resonant tunneling diode (DBRT). The spatio{temporal

dynami
s and bifur
ation s
enarios of the un
ontrolled

DBRT in an external 
ir
uit display a variety of 
omplex

patterns, in
luding breathing and spiking os
illations ei-

ther of whi
h 
an be periodi
 or 
haoti
.

We have shown that by using time{delayed feedba
k

methods it is possible to stabilize unstable breathing or

spiking patterns. Di�erent 
ontrol s
heme were 
om-

pared with respe
t to eÆ
ien
y, and quantitative 
om-

parisons of their respe
tive 
ontrol domains in the R�K

parameter spa
e were given and interpreted in terms of

the Floquet spe
tra. Those turned out to be helpful to

gain insight into the 
ontrol me
hanisms and understand

why the 
ontrol performan
e may, e.g., be improved by

omitting 
ontrol of the voltage variable. Our �ndings


on�rm the results obtained previously for a di�erent

model [16℄ on a qualitative level. In
lusion of the voltage

feedba
k in the 
ontrol s
heme has the tenden
y to re-

du
e the 
ontrol performan
e. But for the model system
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studied here, whi
h is better adapted to the semi
ondu
-

tor 
ontext, we �nd that even pure voltage feedba
k is

suÆ
ient for su

essful 
ontrol. Thus, as a 
ontrol s
heme

whi
h is parti
ularly simple to realize experimentally, al-

beit with a small 
ontrol regime whi
h requires 
areful

adjustment of the 
ontrol parameters R and K, we have

singled out pure voltage 
ontrol. Our �ndings may be

important for obtaining stable self-sustained voltage os-


illations in resonant tunneling diodes independently of

parameter 
u
tuations.

This work was supported by DFG in the framework of

Sfb 555.

APPENDIX A

In this Appendix we provide analyti
al expressions for

the fun
tions D(a) and f(a; u) appearing in eq. (1) and

relate the dimensionless quantities used throughout this

paper to their respe
tive dimensional physi
al quantities

marked by a tilda.

The voltage drop a
ross the DBRT ~u(t) and the

external bias voltage

~

U

0

are related to their dimen-

sionless 
ounterparts by u = e~u=(k

B

T ) and U

0

=

e

~

U

0

=(k

B

T ), respe
tively, with the temperature T , the

ele
tron 
harge e < 0, and Boltzmann's 
onstant k

B

.

The two{dimensional ele
tron density is res
aled via

a = ~a�~

2

=(mk

B

T ), where m is the e�e
tive mass of

the ele
tron in the well. Time and spa
e 
oordinates

are res
aled by t =

~

t�

L

=~ and x = ~x=

p

~�k

B

T=(�e�

L

)

where �

L

= �

R

is the transition rate for ele
trons from

the emitter to the quantum well (and from the quantum

well to the 
olle
tor) and � is the ele
tron mobility.

This yields a res
aling of 
urrent and resistan
e as j =

~|�~

3

=(emk

B

T�

L

) and r = ~re

2

mA�

L

=(�~

3

), respe
tively,

where A is the 
ross se
tional area of the devi
e. Note

that the e�e
tive resistan
e in general 
ontains two terms

~r = R � k, where R represents an external resistor and

k arises from an a
tive 
ir
uit with a voltage gain U




=

k~|A [27℄. In the 
ase k > R this leads to r < 0 with

parti
ularly interesting 
haoti
 s
enarios, as shown in the

main text. The time-s
ale ratio is given by " = RC�

L

=~,

where C is the total 
apa
itan
e of the 
ir
uit.

The e�e
tive di�usion 
oeÆ
ient D(a) may be 
al
u-

lated by 
onsidering a generalized form of Einstein's re-

lation whi
h 
overs the full range from Fermi-degenerate

to nondegenerate 
onditions and a drift term resulting

from the 
hange in the lo
al potential due to Poisson's

equation [29℄:

D(a) = a

�

d

r

B

+

1

1� exp [�a℄

�

; (A1)

where r

B

� (4���

0

~

2

)=(e

2

m) is the e�e
tive Bohr radius

in the semi
ondu
tor material, � and �

0

are the relative

and absolute permittivity of the material, respe
tively,

and d is the e�e
tive thi
kness of the double-barrier stru
-

ture.

The fun
tion f(a; u) is obtained from a mi
ros
opi



onsideration of the tunneling 
urrents J

ew

(a; u) and

J

w


(a) from the emitter to the quantum well and from

the well to the 
olle
tor, respe
tively [25℄:

f(a; u) =

�

1

2

+

1

�

ar
tan

�

2




(x

0

�

u

2

+

d

r

B

a)

��

�

�

ln

�

1 + exp (�

e

� x

0

+

u

2

�

d

r

B

a)

�

� a

�

� a (A2)

Here 
 and x

0

des
ribe the broadening and the energy

level of the ele
tron states in the quantum well, and �

e

is

the dimensionless Fermi level in the emitter, all in units

of k

B

T . In this arti
le we 
hoose 
 = 6, d=r

B

= 2, �

e

=

28 and x

0

= 114. Typi
al physi
al values 
orrespond

to units of time, spa
e, voltage, ele
tron density, and


urrent density of the order of 3:3 ps, 100 nm, 0:35 mV,

10

10


m

�2

, 500 A
m

�2

, respe
tively, for d = 20 nm, �

L

=

�

R

= 0:2 meV, k

B

T = 0:32 meV (T = 4 K ).
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