Fast Hamiltonian chaos: Heat bath without thermodynamic limit
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Chaotic Hamiltonian systems with time scale separation display features known from nonequilib-
rium statistical physics even when no thermodynamic limit is involved. In particular, fast chaotic
degrees of freedom can be modeled by suitable stochastic forces and a Fokker—Planck equation
governing the slow parts of the motion can be derived. It turns out that the underlying Hamilto-
nian structure results in fluctuation—dissipation relations which link the parameters of the effective
stochastic model. Such properties are crucial to ensure the correct stationary state of the stochastic
description. Our results demonstrate that concepts from thermodynamics can be transferred to

dynamical systems with few degrees of freedom.
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I. INTRODUCTION

The interpretation of many irrelevant degrees freedom
as a heat bath and their respective elimination is a clas-
sical concept in the context of statistical mechanics. The
corresponding scenario in this paper is the coupling of
relevant degrees of freedom to a small irrelevant subsys-
tem where consequently the statistical ensemble is the
microcanonical one. Instead of resorting to the thermo-
dynamic limit we require here a time scale separation be-
tween the relevant and the irrelevant subsystem together
with chaotic properties of the latter. In this context, our
issue is how to describe the relevant slow subsystem as an
open system by kinetic equations which best reproduce
the slow dynamics when being part of the full system.
Evidently, one expects a fluctuation—dissipation theorem
to hold which will be one of the results of our elimination
procedure.

Pronounced time scale separation between different de-
grees of freedom naturally appears in many complex sys-
tems. For example, in climate modeling the characteris-
tic time scales range from days for the dynamics in the
atmosphere up to scales of the order of hundreds or thou-
sands of years for changes in the deep ocean and ice
shields [1]. As an other case one may consider classi-
cal multi-scale systems in astrophysics [2]. Typically the
physically relevant observables are related to the slow
variables while the details of the fast motion are of no
interest. On the other hand, the implementation of nu-
merical schemes requires a step size which can cope with
the smallest time scale of the model. So the aim in an-
alyzing such systems is to eliminate the fast degrees of
freedom in such a way that one obtains an effective de-
scription for the slow variables which should possess the
correct long time properties.
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The effective influence of the fast subsystem onto the
slow variables strongly depends on the underlying dy-
namics. If the fast dynamics is purely contracting a
centre manifold reduction can be performed [3] while in
the case of a periodic fast system averaging procedures
reduce the number of degrees of freedom [4]. In both
well known cases the effective dynamics is governed by
a purely deterministic vector field. But if the fast de-
grees of freedom are chaotic one expects that they can
be modeled by noise, due to correlation decay. A clas-
sical realization of such a concept is, for instance, the
eddy diffusivity in the hydrodynamic context (cf. e.g. [5]
for a recent contribution). Within a general setup an ef-
fective description in terms of a Fokker—Planck equation
can be derived where the drift and diffusion coefficient
are determined by properties of the fast dynamics alone
[6]. If the chaotic dynamics is fully hyperbolic meth-
ods from statistical averaging can be used [7]. In fact,
the rigorous derivation of a Fokker-Planck equation for
a particular chaotic dynamical system with few degrees
of freedom has been performed in a certain scaling limit
[8]. More general, the principal problem how to prove the
validity of a kinetic equation for low-dimensional dynam-
ical systems has been addressed as well, using projection
operator techniques [9]. But here we do not dwell on
rigorous projection operator approaches which are still a
challenge for time continuous systems when unbounded
generators have to be considered.

In this article, we focus on Hamiltonian systems with
two characteristic time scales where the fast dynamics
is chaotic. Like in dissipative systems the influence of
the fast system leads to a diffusion contribution, so in
order to fulfill energy conservation a damping should ap-
pear as well. Different formulations of the dissipative
contribution have been proposed in [10-12]. We present
a complete derivation of the Fokker—Planck equation as
a description for the effective dynamics. We make use
of a projection operator approach [13, 14] that allows
for a perturbation expansion. A Markov approximation



is justified by sufficiently fast decaying correlations of
the fast chaotic subsystem. The eliminated degrees of
freedom generally cause a viscous damping and a diffu-
sion. A fluctuation—dissipation relation guarantees that
the Fokker—Planck equation has the correct stationary
solution and fulfills detailed balance. In some approxi-
mation, the dependence of damping and diffusion coeffi-
cient on the slow and fast dynamics can be decomposed
where the part depending on the slow coordinates can
be derived analytically from the equations of motion and
the numerical values of the part stemming from the fast
dynamics can be determined by numerically integrating
the fast subsystem alone.

In section II we describe the general setup and intro-
duce the notation. Section III briefly reviews the essen-
tials of the projection operator approach and, in par-
ticular, introduces the appropriate projection operator
which will be used for the time scale separation. A few
remarks on the perturbation expansion are contained in
section IV while the details of the computation are de-
voted to the appendix. The main result, i.e., the effective
Fokker—Planck equation for the slow degrees of freedom
is described in section V and the presentation is self-
contained in the sense that a reader who is not interested
in the formal derivation does not have to study the pre-
vious sections in detail. Finally, section VI comments on
higher-dimensional slow subsystems as well.

II. HAMILTONIAN SYSTEM WITH TWO TIME
SCALES

Our aim is to obtain a description for the effective dy-
namics of chaotic Hamiltonian systems with time scale
separation. We consider N slow degrees of freedom with
canonically conjugated variables V;, X; (i = 1,...,N)
and n fast degrees of freedom p,, ¢o (@ =1,...,n). For
a general Hamiltonian system the equations of motion
for a variable z € {V;, X;, pa, ¢a} are given by

t=1ilz={H,z} (1)
where the Poisson bracket is defined as
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For the system with two different time scales the fast
and slow subsystem are represented by Hy(p,q) and
Hs(V, X). In order to keep the notation simple we skip in
what follows the labelling of different components of the
slow system. The generalization to a higher—dimensional

slow system is straightforward and will be given in section
VI. The interaction H, which couples both subsystems

may depend on the fast variables p, ¢ and either on X or
V. We will mainly focus on the case H.(p,q, X). Sys-
tems coupled via H.(p,q, V) show analogous results as
discussed in section V. Due to the Hamiltonian structure
there occurs a bidirectional coupling in the equations of
motion (1). In order to obtain a dynamical system with
time scale separation the Hamiltonian H is scaled in the
following way:

1
H(p,q,V,X) = ng(Q,g) +He(p, g, X) +Hs(V, X) (3)

Here the expansion parameter € < 1 quantifies the time
scale separation due to the parameters of the system. In
classical cases like Brownian motion ¢ is usually given by
a mass ratio [17], but in other physical contexts its iden-
tification might be a nontrivial task. The total energy of
the system given by the Hamiltonian (3) is chosen to be
E/e with E ~ O(1). We assume that the fast subsystem
possesses a chaotic region in phase space for all values of
E.

According to (2) the corresponding Liouville operator
L can be split with respect to its contributions that act
either on fast or on slow variables:

1
L :gﬁo + L1 (4&)
with
iLoz ={Hy+eHc, 2}y (4b)
iLyz ={Hs + He, 2} (4c)

So the equations of motion (1) can be written down in
the following way:

V(t) =il V(t),

(1) == Lop(t). Ut =2Logt) (D)

X(t) =il X(t)  (5a)

An effective description for the dynamics of the slow de-
grees of freedom where the features of the fast system
are only contained in the coefficients may be obtained
in many different ways (e.g. [10-12]). Here we present
a derivation based on a projection operator approach
that is widely used in nonequilibrium statistical physics
[13, 14]. For that purpose we assume that the Hamilto-
nian system does not admit any other first integral apart
from the total energy and that the microcanonical distri-
bution

_ 0(eH-E)
PE = Tl5(eH - B)) ()
is ergodic. Here, Tr[...] = [dp"dg"dVdX ... abbreviates

the phase space integration. Furthermore, we assume
that correlations decay sufficiently fast, although an ex-
ponential decay might not be required. Using a formal
perturbation expansion we will derive a Fokker—Planck
equation.



III. PROJECTION OPERATOR APPROACH

In order to apply projection operator techniques [13,
14] we turn from the equations of motion (5) to a de-
scription in terms of the phase space density p:(p, ¢, V, X)
whose temporal evolution is given by the Liouville equa-
tion

Oupr = —iLlpy (7)

We are looking for the dynamics of the reduced density

pr = / dp™ dq"pr =: Trelps] . (8)

Such a distribution can be obtained by a formal pro-
jection of the full density p:(p,q,V,X) onto a rele-
vant density pr®(V, X;p,q). If one models the fast de-
grees of freedom by a distribution paq(p,q|V, X) which
is parametrised by V, X the relevant density can be ob-
tained by applying a projection operator P:

P (V, X5p,q) = Ppr = paa(p, gV, X)Trslpe] . (9)

The normalization of the density p,q ensures that P is
idempotent. Introducing the orthogonal projection by
Q =7 — P a formal integration of the equation of mo-
tion for the complementary irrelevant density pi"™" = Qp;
yields an exact and closed equation of motion for the
relevant density p7e [13, 14]:

ap:el
ot

t
= —Pi LPpr + / PiLQe 22 QiLPpie, dt’
0

(10)
provided the initial condition fulfills Qpg = 0, i.e., the
initial density is a relevant density. It is a long standing
problem whether such a condition imposes a serious con-
straint on the validity of projection operator approaches,
in particular, since Qpg = 0 often implies the absence
of correlations in the initial state. Recent formal results
suggest [15] that such a condition does not impose a se-
vere limitation as long as the fast dynamics is mixing.
However, a rigorous proof would require a detailed ex-
amination of such a condition, in particular with regards
to stability considerations. Above all, the usefulness of
projection operator approaches and especially the qual-
ity of perturbation expansions depends crucially on the
choice of pgq.

It is in fact an essential property of the projection
operator that it preserves the correct equilibrium state
(6) since otherwise perturbation expansions may be cor-
rupted. For the projection operator we thus require that

Ppe = pE (11)

holds. Such a condition determines p,q uniquely, when
using Egs. (6) and (9), and we obtain the result already
proposed by Zwanzig several decades ago [18]:

d(eH — E)
ad(P, 4|V, X) = ——7—— 7 -
Paa(p; @IV, X) Tr; [0 (eH — E)]
Such a density can be viewed as a microcanonical distri-
bution of the subsystem Hy = Hy + ¢H. containing the

(12)

energy E= E—eH,(V, X ) with the appropriate partition
function

Zp(V,X) = Tty [§(E — eH)] = Tr; [5(@ - gﬁf)} (13)

for fixed values of X and V. The density (12) is an invari-
ant density of the fast subsystem when the slow variables
are considered to be constant. It can thus be viewed as an
adiabatic density of the fast subsystem as well. Formally
such a property is reflected by the condition

£Opad(£ag|VaX) =0 (14)

which can be easily derived from Egs. (4b) and (12). Ac-
tually, such an algebraic condition will be the key in-
gredient for a perturbation expansion of Eq. (10). Al-
ternatively, one may consider the density p,q as a ratio
of two probability densities, namely the microcanonical
density pg, Eq. (6), and the reduced microcanonical den-
sity pg = Trf[pr] since

pE _ 0(eH—-FE) Tr[é(eH — E)]

pr Tx[6(eH —B) Trp[o(eH - B) 7

(15)

Thus, the adiabatic density has as well the meaning of
a conditional distribution. These two notions coincide
for the Hamiltonian setup but differ in the context of
dissipative dynamical systems [19].

With our choice for the relevant density (9), the fol-
lowing relations for the projection operator hold:

LoP =0="PLy (16)

The left hand condition follows directly from the defini-
tion of the adiabatic density (14) while the right hand
identity takes into account that boundary contributions
disappear. So, Eq. (10) leads to the exact dynamics of
the reduced density:
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The first, local contribution which will be evaluated ex-
plicitly at the beginning of the next section reduces to the
adiabatic average of the slow vector field. The second,
nonlocal term still contains the full features of the fast
system via the propagator exp(—:QLQt). So, in order
to obtain a coefficient that is determined by integrating
the fast dynamics alone, a lowest order approximation
for the propagator has to be performed. Employing in
addition a Markov approximation we will finally end up
with a local contribution.

IV. PERTURBATION EXPANSION

The first contribution in (17) can easily be evaluated
without any approximation:

zﬁspt + =

0 /OH.
—Trs[iL1pa 4, X)) P
vf[iL£1padlpr 57 < ox (D4 )>Ept
(18)
with the adiabatic average

(Vg ="Trr pad (19)

Eq. (18) contains the slow dynamics, £, and a renormal-
ization due to the interaction. If we denote the interac-
tion force by

OH.

fc(ngaX): oX

-+ (24, X) (20)
then the renormalization turns out to be a microcanon-
ical version of a Born-Oppenheimer force acting on the
slow degrees of freedom. In general, the local contribu-
tion (18) cannot be rewritten as a Poisson bracket. But it
generates a differential equation which is determined by
the adiabatically averaged vector field. We stress that the
differential operator preserves the reduced microcanoni-
cal ensemble, i.e.

_Z<£1>EﬁE =0 (21)

where (£1)p abbreviates the operator contained in Eq.
(18). It is straightforward to derive Eq. (21) by inte-
grating the invariance condition of the microcanonical
ensemble, —iLpg = 0, with respect to the fast degrees of
freedom and using condition (15).

The second, nonlocal contribution to the exact dynam-
ics of the reduced density seems to be rather complicated.
But Eq. (17) is a good starting point for a perturbative
approach. The formal perturbation expansion follows the
usual idea of a Born approximation. To keep the presen-
tation self-contained the details are summarised in the

oM,

(p, ¢, X)Qe 92 QL) pog | pr—yrdt’ . (17)

Appendix. The integral kernel is mainly determined by
the autocorrelation of the chaotic fluctuations of the in-
teraction force (20)

Cu(V, X:t) = (3. (p,(1), 4,(0). V. X ) 8fe (0. V. X))
(22
where

5fc:fcf<fC>E (23)

denotes the static fluctuation and p (t) = exp(iLlot)p,
4,(t) = exp(iLot)q the time dependent solution of the
fast equations of motion with fixed slow variable X and
initial condition ¢(0) = ¢, p(0) = p. Since the auto-
correlation function depends on the fast time scale t/c a
Markov approximation can be applied to obtain an equa-
tion local in time. Such an approximation requires a cor-
relation which decays sufficiently fast, but an exponential
decay is normally not necessary [20]. We just remark that
any perturbation expansion, like the one described here,
has to be consistent with the Markov approximation in
the sense that the resulting expression for the correlation
function becomes integrable.

V. FOKKER-PLANCK EQUATION

Collecting the local and nonlocal contributions calcu-
lated in the previous section and in the Appendix, the
dynamics of the slow variables can be described effec-
tively by the following Fokker—Planck equation:

O ilea)mpt 2 T (v, X0
+ eaa—‘;DE(v X)p (24)
with
Dy (V, X) :/OO dt C(V, X 1) (25a)
0
eV, X) m aaE (Zu(V, X)Du(V, X)) .
(25b)

The first drift term of Eq. (24) contains the adiabatically
averaged slow vector field already discussed in section
IV. The second contribution contains the damping with
coefficient yg given by (25b). The diffusion coefficient
Dp defined in (25a) is determined by the integral over
the autocorrelations of the fluctuations of the fast system
with fixed slow variables. In the corresponding Langevin



equation this is equivalent to a multiplicative noise. Since
the dynamics is unitary in the Hamiltonian case stan-
dard arguments of nonequilibrium statistical mechanics
ensure that the correlation function is an even function
of ¢ and that the diffusion coefficient Dg is non—negative
[20]. Damping and diffusion both result from a lowest or-
der perturbation expansion of the propagator (cf. (A5))
but due to the scaling of the energy the damping natu-
rally appears in second order of €, one order higher than
the diffusion.

Egs. (13) and (22) ensure that damping and diffusion
depend on the phase space variables in a quite specific
way, namely:

Zp(V,X) = Z(E —eH,, X) (26a)
Dg(V,X) = D(E —¢H,, X) (26b)
ve(V,X) = A(E —eH,, X) . (26¢)

Thus the velocity dependence is entirely caused by con-
servation of energy while the additional coordinate de-
pendence is due to the interaction potential and the inter-
action force (20). Relation (25b) together with the struc-
ture of the Fokker-Planck equation (24) ensures that the
stationary solution is given by the reduced microcanoni-
cal density

Zg(V,X)

Tr[o(eH — B)] - 27)

pe = Trf[pg| =

When inserting (27) into Eq. (24), the systematic term
vanishes as already stated by Eq. (21) while the con-
tributions containing damping and diffusion cancel each
other due to the identity

o M, 1 9 0 p
WDEpt+5——E— = .

Thus, Eq. (25b) guarantees the stationarity of the cor-
rect equilibrium distribution. Hence, such a relation
constitutes the microcanonical version of a fluctuation—
dissipation theorem. Apart from the correct stationary
behavior the positivity of the diffusion coeflicient ensures
relaxation towards equilibrium as well as the validity of a
corresponding H-theorem [21]. Thus, our Fokker—Planck
equation can be viewed as the best Fokker—Planck equa-
tion for our setup [22]. Any further improvement of the
approximations will necessarily yield equations of motion
which do not comply any longer with a Fokker—Planck
structure [23].

So far our analysis has not involved any expansion with
regard to the interaction Hamiltonian. Damping and dif-
fusion have an intricate dependence on the slow phase
space variables which is mainly caused by the interac-
tion Hamiltonian. Thus, it is tempting to apply further
approximations to evaluate such quantities. One has to
keep in mind that detailed balance needs to be preserved.
While the structure of the fluctuation—dissipation rela-
tion mainly ensures that approximations for the diffu-
sion coefficient Dp and the partition function Zg can be

developed independently one has to observe that approx-
imations for the latter have consequences for the treat-
ment of the Born—Oppenheimer force. If, for instance,
the interaction energy is neglected for computing the par-
tition function, i.e. if the approximation

ZE(V, X) = TI“f(S[E — Hf — EHS] + h.o.t. (29)

is employed, then the Born—Oppenheimer force has to be
neglected as well

<£1>E =L, + h.o.t. (30)

since otherwise Eq. (29) does not determine the station-
ary solution and detailed balance would be violated. For
the diffusion coefficient Dg one can still use a completely
independent approximation. However, if one applies the
simplest approach, i.e. if one replaces the dynamics in
the correlation function (22) by the dynamics of the fast
subsystem, H s, one has to observe that the ensemble av-
erages are evaluated with respect to the adiabatic density
at lowest order

Pad = Ty 6[E — H; — eH,]

+ h.o.t. (31)

since otherwise consistency of the expressions would be
violated and the correlations would not be stationary any
longer. Within such a setup the diffusion coeflicient eval-
uates as

D(V.X) = [ drmugl51.(p, 04,0, V:X)
“0fe(p,q,V, X)paa] +hoot.  (32)

where the dynamics is entirely determined by the fast
Hamiltonian, Ef(t) = exp(iLyt)p, gf(t) = exp(iLyt)q.
Finally, the damping constant is given in terms of the
fluctuation—dissipation relation (25b). Thus all quanti-
ties can be numerically evaluated by integrating the fast
subsystem alone [24, 25].

For the study of systems with an interaction that de-
pends on the slow momentum V| i.e. H. = H(p,q,V),
an approximate Fokker-Planck equation can be derived
in a similar way. Such a result can be applied for example
to the classical hydrogen atom [26] where the interaction
is due to the Lorentz force: Our analysis verifies that the
slow effective motion of the centre of mass is diffusive
[25].

VI. HIGHER-DIMENSIONAL SLOW
SUBSYSTEMS

For a slow system where the Hamiltonian consists of
kinetic and potential energy, H, = V?2/2 + U(X), the
coefficient vg given by Eq. (25b) causes a viscous damp-
ing in the Langevin equation corresponding to (24). If
more than one slow degree of freedom is considered the



corresponding coefficient matrix v gives rise to addi-
=E

tional effects for systems without time-reversal symmetry
[12]. It is quite straightforward to generalize the previous
derivation of the Fokker—Planck equation to cases when
the slow subsystem explicitly contains N degrees of free-
dom. Replacing V, X by V, X in the Hamiltonian (3),
the higher—dimensional result reads

e o e~ D OH,
5 = i(L1)ppe+ € kél FTAGITAR

N

o 0 _
+ € Z a—Vka—kaéPt (33)
k=1
where

OH.

) ai = - » Yy 34
fe(p, ¢, X) an(Qq (34a)
N oo

—i(L1)p = —iLs ZW(fk(Qa%K»E (34b)
k=1 "k
Du(V.X) = [ adt(54 (py(0).,(0). . X)
0
3fi (P g VX)) (34c)
1 0ZgDy
X) =— ZZBZkE 4
Yre(V, X) 7. 0F (34d)

As discussed in the previous section the velocity depen-
dence is mainly caused by energy conservation (cf. Eq.
(26)) while the interaction potential may result in an ad-
ditional dependence on the coordinates.

The symmetric part of the matrix (34d) causes the
damping while for systems without time-reversal sym-
metry an antisymmetric part appears as well

1
7y = 5 (vke = ver) (35)
which leads to a renormalization of the drift in the
Fokker—Planck equation [20]. If we consider the motion
of a single particle in the three dimensional configuration
space, N = 3, or if we neglect the indirect interaction
between different particles in a multi—particle setup then
the corresponding contribution to the vector field can be
written as a cross product

3
(a) a7_(5 o
Z%e v, — (V. x B)y (36)
=1
with the ‘magnetic field” given by
1 9 [®
T 27y 0E X
— 2Zp Ok ), <5i (sz(t),gf(t),z,_)

% 0f(pq V. X)) dt . (37)

This magnetic field is the classical limit of the 2—form
generating the quantum geometric phase. Thus our
Fokker—Planck approximation derived with projection
operator methods reproduces the result in [12].

VII. CONCLUSION

We have shown that Fokker—Planck equations mod-
elling the effective slow dynamics of chaotic Hamiltonian
systems can be derived perturbatively by projection oper-
ator methods where the expansion parameter is given by
the ratio of different time scales. The approach does not
require an expansion in terms of the interaction Hamil-
tonian. The decay of the correlations enables a Markov
approximation. The effective equation contains a viscous
damping and a diffusion coefficient which depends essen-
tially on the slowly varying energy of the fast subsystem.
A fluctuation—dissipation relation ensures detailed bal-
ance and the correct long term dynamics.

The analytically obtained expressions for damping and
diffusion can be evaluated for Hamiltonian systems as the
adiabatic density is explicitly known. If one compares
the results with numerical studies [24, 25], not only the
Fokker—Planck coefficients coincide, but also the dynam-
ics of the effective description can be verified. In the
short time regime, systematic deviations occur because
the Markov property does not hold, while on all time
scales larger O(e) the agreement between the effective
and the exact dynamics is rather perfect.

Our formal derivation of the Fokker—Planck equation
was based on two essential assumptions, the ergodicity
of the microcanonical distribution and a sufficiently fast
decay of correlations in the fast subsystem. Whether an
exponential decay of correlations is required, i.e. whether
all Hamiltonian systems with mixed phase space have to
be excluded from our discussion is difficult to judge a pri-
ori. At least general wisdom from Statistical Mechanics
tells us that an algebraic decay of correlation functions
does not prohibit the validity of kinetic equations in gen-
eral, as long as the correlation functions are integrable.
However, to explore the real limits of our approach one
surely needs rigorous results.

APPENDIX A: EXPANSION OF THE MEMORY
KERNEL

In this appendix we derive the approximate nonlocal
contribution to the dynamics of the reduced density p;
given by (17) for a Hamiltonian two—scale system that
is coupled via H. = H¢(p,q, X ). The expansion of the
memory kernel follows the standard procedure.

Using Eq. (4c) we obtain

. _ o . _
QiLy(paapr—v) = Q (fc(z_?, Q’X)W + zﬁs) (PadPt—tr)
OpadPi—t

= ch v

+ Q(iﬁspad)ﬁt—t’ (Al)

where we have used the property of the projection oper-
ator

Qpaag =0 (A2)



which is valid for any function g(V, X) depending solely
on the slow variables. For the action of the slow Liouville

e OHs [ OHe0ZEpad

Z.Lspad =

Zp OV ( 0X OE

where the second term of Eq. (A3) does not contribute to
Eq. (A1) because of the action of the projection operator
(cf. Eq. (A2)).

So far we have not invoked any approximation. To
evaluate the propagator of the memory kernel we resort
to the property (16) of the projection operator resulting
in

QiLQ = éﬁo +Qif,Q. (A4)

oM,

—Try X

The action of the operator exponential can be readily
expressed in terms of the solution p (t), g, (¢) of the fast
equations of motion (5b) with fixed slow variables, and
initial condition p(0) = p, ¢(0) = ¢

. ’ . _ Z ’ a a 7_ ’
Qe—zQLQt Qzﬁ1pad} Di—p = Trf [e Lot /85fc(]_7,Q7V7X) . fc< PadPt—t +

operator straightforward computation yields

OH.
0X

+ pada%Trf [ 5 (M — E)D (A3)

Approximation of the operator exponential by the lead-
ing order thus yields

e—1QLQt _ o—iLot/s | 1 ot (A5)

Combining Egs. (A1), (A3), and (A5) we obtain for the
kernel of Eq. (17) the expression

iaHs aZEpad
Zp OV OF

)] +nos..

(A6)

ov

ation of the force depends on the velocity just through
Pad, 1-€. via the combination eH; — E, we can rewrite
derivatives with respect to the slow velocity in terms of
derivatives with respect to energy as

eE 25 fo(p, . V. X) = 6 fulp, (' /2), 4, (' [2), V. X)) . 00fe _ _OM00fc (A8)
(AT) ov oV OFE
The right hand side of Eq. (A6) can now be written in
terms of the correlation function (22). Since the fluctu-  Then Eq. (A6) can be finally cast into the form
|
OHe ~ _; ’ _ 0 _ e OHs 0ZgCr(V, Xt /e) _
— f a—XQe QLOt Q’Lﬁlpad pt—t’ = WCE(V)X;tI/E)pt—t’ —|— Z_E av E EE?E / )pt—t’ + hOt (Ag)

when using the definition (22).
Eq. (17) with the approximation (A9) is still nonlocal
in time. Since the autocorrelation function depends on

the fast time scale t/e a Markov approximation can be
applied to obtain a time local expression to leading order
in the expansion parameter:

t t/e o
/ dt'Cr(V, Xt /) pr—v :/ dt"eCp(V, X;t" ) pr—ctrn = 5/ dt"Cg(V, X, t")pt + h.o.t. .
0 0 0

Such an approximation requires a correlation which de-

cays sufficiently fast, but an exponential decay is nor-



mally not necessary [20]. We just remark that any per-
turbation expansion, like the one presented here, has to
be consistent with the Markov approximation in the sense
that the resulting expression for the correlation function
becomes integrable. With the Markov approximation
(A10) we end up with the second and third contribution
of the Fokker—Planck equation (24). These contributions

appear in different orders of the formal expansion pa-
rameter since the identity (A1) contains different orders
of € caused by the trivial scaling of the total energy. The
expansion is systematic with regards to the operator ex-
ponential (A5) and actually corresponds to an expansion
with regards to the velocities of the slow subsystem (cf.
23)).
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