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Abstract

We revisit aspects of dynamics and stability of localised states in the de-
terministic and stochastic discrete nonlinear Schrodinger equation. By a
combination of analytic and numerical techniques, we show that for deter-
ministic motion localised initial conditions disperse if the strength of the
nonlinear part drops below a threshold and that localised states are unsta-
ble in a noisy environment. As expected, the constants of motion in the
nonlinear Schrédinger equation play a crucial role. An infinite temperature
state emerges when multiplicative noise is applied, while additive noise yields
unbounded dynamics since conservation of normalisation is violated.

Keywords: Breather, Hamiltonian dynamics, Multiplicative noise,
Symplectic integration

1. Introduction

Since Holstein introduced the Discrete Nonlinear Schrodinger Equation
(DNSE) model in 1950 [13] to describe polaron motion in molecular crystals,
it has been widely applied to various phenomena, including wave propagation
in nonlinear arrays [12], Bose-Einstein condensation in optical lattices [35] 9],
and energy transport in biomolecules [32]. As a nonintegrable equation,
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the DNSE exhibits remarkable features such as chaotic trajectories, periodic
orbits, and breather solutions, which are spatially localised, time-dependent
excitations (see, for instance, the review [8] or the recent monograph [22]).

The DNSE is one of the few paradigmatic model systems where funda-
mental aspects of statistical mechanics and high-dimensional Hamiltonian
dynamics have been studied in considerable detail, including non-standard
features such as negative-temperature states (see e.g. the review [1]). In
addition to the energy, the DNSE admits another, nontrivial, macroscopic
constant of motion, which can be either identified with the normalisation
condition of the state in phase space or the particle number. These two con-
stants of motion are crucial to understand the features of the model. The
statistical mechanics of such models have been coined in [26] 25 B1]. where
a Gibbs measure based on the two conserved quantities, energy and particle
number, has been analysed. However, this measure breaks down at negative
temperatures due to the ill-defined nature of the grand canonical ensem-
ble, and this breakdown is related to the occurrence of breather solutions
[27, 28], 29, 30]. The transition to negative temperature states has much in
common with first order phase transitions and the creation of thermodynami-
cally metastable states. While the energy is predominantly contained in a few
localised structures, the entropy of the system is largely determined by low-
amplitude parts of the solutions. Detailed numerical studies showed that the
dynamics involves extremely slow relaxation processes [14], [I7]. These find-
ings suggest that the system evolves towards a stationary state with a finite
breather density and a microcanonical temperature that remains negative
[211, 16, [1].

The impact of noise on the DNSE and on the spatially continuous non-
linear Schrodinger equation has been extensively studied from a rigorous
mathematical point of view in considerable detail [2, 4 3] [5 1T} [6]. While
the energy, due to noise, is not any longer a constant of motion, the stochas-
tic DNSE still preserves the particle number. Among others, the existence
of a unique invariant Gibbs measure has been established for a multiplica-
tive noise model with a phenomenological damping term [I1]. Again, these
studies emphasise that the conservation of normalisation is a crucial feature
of the DNSE.

Here, we want to focus on the behaviour of localised solutions in a noisy
environment. Since we view the DNSE as an effective equation of motion,
covering for instance the evolution of a many-particle system within a mean
field description, we use a formulation where we do not eliminate the pa-



rameter which measures the strength of the nonlinear part (see eq.), in
contrast to the standard form normally used in studies on the statistical me-
chanics of the model (see eq.(@). While both descriptions are equivalent
from a dynamical systems point of view, there are differences when the ther-
modynamic limit is considered. Our approach is more amenable to a system
of finite size and may miss features which are relevant in the thermodynamic
limit. Having said that, this approach enables us to map negative temper-
ature states to positive temperature states and vice versa by changing the
sign of the nonlinearity, normally called the focusing or defocusing case of
the nonlinear Schrodinger equation. In section [2] we summarise some basic
properties of the equations of motion and of the properties and stability of
breather states, covering the focusing as well as the defocusing case. While
these features are well established in the existing literature, we cover, in ad-
dition, the evolution of localised initial conditions, which tend to delocalise
when the strength of the nonlinear part falls below a certain threshold value.
Section |3|is devoted to the impact of noise on breather states. We will analyse
two cases: multiplicative noise, which respects conservation of normalisation
of the DNSE, and additive noise, which violates such a conservation law.
As expected, localised states do not prevail in such noisy environments, but
the former case still leads to a stationary state, emphasising the relevance
of conserved quantities for the dynamics of the DNSE. Our present studies
with noise correspond to an infinite temperature condition imposed on the
dynamical system, so that suitable damping terms are needed to enter the
more interesting finite temperature domains. Some of the implications will be
addressed in the conclusion, section[dl To keep our account self-contained we
also include details about the numerical integration schemes for Hamiltonian
dynamics in the appendix.

2. The Discrete Nonlinear Schridinger Equation (DNSE)

2.1. Symmetries and Transformations

We employ a version of the one-dimensional DNSE with a tunable coef-
ficient «

en(t) = i<20n(t) —enr(t) — Cnan (1)
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Here, ¢, represents the complex phase or amplitude at each site n, where we
assume a system of size L imposing periodic boundary conditions ¢, = ¢, .
The parameter o controls the strength of the nonlinearity. The choice a > 0
leads to a so-called focusing and the choice av < 0 to a so-called defocusing
nonlinear Schrodinger equation. The equation of motion, eq. , constitutes
a Hamiltonian system where {c,, ¢,} are canonical conjugate variables, and
the Hamiltonian itself is given by

H= (2]cn]2 — CpCn_1 — CpCny1 — %|cnl4> ) (2)
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Using the appropriate Poisson bracket
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96, dc, ey, DG,
the DNSE can be cast into the form of canonical equations of motion

OH
én(t) =i— ={H, c,} =iLec, (4)
¢y,
where L denotes the Liouville operator iL- = {H,-}. Incidentally, eq.
imposes a sign convention which also determines the sign of the Hamiltonian
(2)-
It is a key feature of the nonlinear Schrodinger equation that it admits
two conserved quantities, namely, the system’s total energy £ = H and the
normalisation of the wave function or the particle number

L-1
N=>lel?, (5)
n=0

as can be easily derived from {H, N} = 0. In our setup, we chose N = 1
and let the total energy E and the on-site potential strength a be the two
independent parameters of the dynamics.
The DNSE is often used in non-dimensional units (see e.g. [27, [I]) where
it takes the form '
iCp = Cpi1 + Cpy +|CuC (6)

This form is obtained from eq. by performing the phase transformation
cn — exp(—i2t)c, and applying the scaling ¢, — \/|a|c, in the focusing case
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a > 0. In the defocusing case, a < 0, this procedure results in eq. @, with a
negative sign of the cubic term. For systems with an even number of lattice
sites such an equation with negative cubic term can be transformed into the
normal form, eq. (6)), by using ¢, + (—1)"¢,. Thus, for the DNSE there is
no fundamental difference between the focusing and the defocusing case from
a dynamical systems point of view. The two conserved quantities of eq. @
are the energy H and the particle number N

L-1

- - 1
H= (Oncn—l—l + Cncn—l + §|Cn|4) )
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which are considered to be the two parameters of the system. The dynam-
ical behaviour of the model can be captured by phase diagrams which are
presented in terms of these quantities [27, [I]. Using the above transforma-
tions between the C), and c¢,, the values of these conserved quantities can be
expressed in terms of eqs. and as

H=a@N-H)=a(2—E), N=|a|N =|a]. (8)

In the following, we present our results in terms of eq. with N = 1 and the
two parameters F and «, while eq. can be used to translate those results
to the non-dimensional version eq. @ Note that due to the normalisation
condition the energy E is not extensive, so that —a/2 < E <4 — «/(2L) if
a>0,and —a/(2L) < E<4—-a/2if a <.

2.2. Breathers and their Stability

The nonlinear Schrodinger equation is one of the paradigmatic model sys-
tems where time-dependent spatially localised solutions, so-called breathers,
have been studied in considerable detail [20]. Here we summarise a few of
the main well-known features. In the context of eq. the simplest type of
breather solution has the form ¢, () = exp(iQ2¢)r,, where the frequency €2 de-
termines the period of the breather and r, the real-valued spatially localised
shape. With egs. and we obtain the nonlinear eigenvalue problem

L-1

0=(2-Q—ar2)r, — 1 — Tni1, Z 2 =1 9)



which can be solved straightforwardly by numerical root-finding methods (see
figure . Eq. provides a relation between the shape of the breather and
its energy, i.e., a relation between o and the energy

E, = <2r,21 — Tl — Tnlogl — %rﬁ) ) (10)
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For large ||, the r, and Q can be determined by performing an expansion of
all these quantities in powers of 1/« and keeping the leading terms only. If
the breather has its maximum at lattice site n = ¢, i.e. r. > |r,|, one obtains

1 _
re = 1—?+(9(|a| %)

11 »
Tetl = a+$+o(’@| )
Perr = a M4 O(a~FF)Y  for  k>2
Q = —a+2+0(al™?
«Q 2
E, = —4+2—-=4+0(a]™). 11
" 224 0(al (1)

The DNSE admits in the focusing case, i.e., for a > 0, a breather, which is
unimodal since all r,, are positive. This solution can be mapped onto a solu-
tion for the defocusing case (a < 0) by the transformation r,, — (—1)"r, (see
section , giving a staggered breather with the same unimodal envelope
(see figure [1f).

When « is very small and positive, the breather becomes very broad,
and the difference r,, — r,,_1 becomes small. In such a continuum limit the
amplitudes r,, can be captured by a smooth function ®(x) via the scaling
rn = ®(n/L)/v/L. In such a continuum limit, we assume, for simplicity,
a system of length one, in non-dimensional units. Then the normalisation
condition in eq. @ becomes the Riemann sum of the integral constraint
fol |®(z)|*dz = 1 and the discrete second derivative 2r,, — r, 1 — 741 to
leading order can be written as —®”(z)/L? with = n/L. Hence, eq. (9)
becomes

0= —0"(z) — QL*®(z) — aL|®(z)]*®(x). (12)

To obtain a well defined continuum limit, L — oo, we impose the scaling
relations Q ~ L=2 and a ~ L™!, so that the profile of the breather solution
is captured by eq. . This limit permits a formal expansion in powers of
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Figure 1: (a) Spatial profile r,, of a breather in dependence on « for (a) the focusing and
(b) the defocusing DNSE, obtained from eq. (ED for a system of size L = 64. The insets
show the respective dependence of the energy E and of the breather frequency €2 on «
(blue, solid lines), as well as the leading order asymptotic expression in eq. (amber,
broken line).

a, which is complementary to eq. , the asymptotic of the breather for
large values of a.



In contrast, for negative o such an approach cannot be used directly due
to the staggered character of the breather, which means that the continuum
limit for o — 0— is singular.

The stability of the breather states can be determined in terms of a linear
stability analysis. Using the notation ¢, (t) = exp(i€t)(r,, + 07, (t) + 00, (1))
in eq. and expanding to linear order in the 7, and dp,,, one obtains the
eigenvalue problem

Al ) 0 —(2—-Q—ar?) Orn
Son )\ 2—0Q—3ar? 0 don
0 —1 (ST’n,1
(1) (i)
0 -1 (5T’n+1
+<1 . )(5%H). (13)

Such an equation holds for every n, which means that the eigenvalues of
a 2L x 2L matrix must be evaluated for stability. This matrix has blocks
of size 2 x 2 on the diagonal and on the first off-diagonals. Because of
the symplectic structure, eigenvalues come in quadruples £A,+A. In our
case, eigenvalues are always imaginary (see figure . While in general such a
feature is not a sufficient condition for stability of a fixed point in Hamiltonian
systems (see e.g. [24]) in our case there is consensus that such a breather
corresponds to an extremum of the Hamiltonian and thus inherits stability
(but not asymptotic stability) for any non-vanishing value of a.. A breather
solution where the maximum of the shape occurs on a bond and not at a
lattice site yields eigenvalue pairs with finite real parts, and such breathers
are linearly unstable. All these features are well known (see e.g. [7]), but to
the best of our knowledge a formal analytic proof covering the whole range
of a values has not been established so far.

The structure of the spectrum shown in Fig. [2{can be derived from eq.
with the usual arguments borrowed from scattering theory. First there oc-
curs a pair of zero eigenvalue caused by the phase and the time translation
invariance of the original equation of motion. This pair of Goldstone modes
is related to the conservation of H and N, since conservation of H leads
to time translation invariance, and conservation of N to invariance under a
change of phase. The other eigenvalues are imaginary and are grouped in
two quasi-continuous bands with Im(A) € [|Q], |Q] + 4] U[—|Q] — 4], — || (see
the two insets in figure [2)) with the corresponding eigenfunctions behaving
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Figure 2: Eigenvalues (imaginary part) in dependence on « of the linear stability problem
for unimodal breather solutions, see eq. , computed for a system of size L = 256. The
real part vanishes. The broken line shows the dependence of the breather frequency 2 on
a (cf. Fig. . The two insets show the location of eigenvalues in the complex plane for
a = 10 (upper inset) and o = 6 (lower inset).

asymptotically like plane waves. When a decreases these two bands approach
each other and two isolated eigenvalues detach from these quasi-continuous
bands, with the corresponding eigenfunctions being exponentially localised.
One pair of these localised eigenstates approaches zero at an exponential
rate. This eigenstate is the precursor of another Goldstone mode which oc-
curs in the continuum limit and which is related with the space translation
invariance. The region shown in detail in figure [2| shows a qualitative tran-
sition for « values at about 3. For large values of « the frequency 2 and
the eigenvalues are to leading order linear functions of a with slope 1, see
eq.. This behaviour corresponds to the so-called anti-integrable limit of
the DNSE. This feature persists down to a values at around three, where
a substantial curvature becomes noticeable and an expansion based on the
anti-integrable limit may break down. The behaviour of the spectrum for
smaller values of a seems to be dominated by the continuum limit o — 0,
and the transition between these two regimes seems to be surprisingly sharp.



2.3. Localised initial condition and time evolution

If the DNSE is viewed as an effective equation of motion for a many-
particle wave function, a state ¢,(0) = J,,. that is fully localised at a lattice
site n = ¢ is a natural initial condition. Such an initial state is close to a
breather state, at least for larger «, and the question arises whether the wave
function remains localised under time evolution.

Computation of solutions of eq. by numerical means requires some
care. Bog standard numerical integration schemes for ordinary differential
equations normally do not preserve energy and thus induce uncontrollable
drifts which render the long time results meaningless. Hence symplectic in-
tegrators are needed to deal with Hamiltonian dynamics [10], so that the
energy is preserved at least approximately, which means that energy fluc-
tuations stay bounded in time. Unless Hamiltonians have a very peculiar
structure such symplectic schemes may result in implicit integration schemes,
and there is no a priori guarantee that they preserve any other constant of
motion, such as the particle number N. Following for instance the basic
exposition of [33] which was inspired by previous work [36] on leapfrog inte-
gration methods, we use here an explicit symplectic integration scheme which
by design will also preserve N. The main idea is to factorise the time evolu-
tion operator exp(iLAt) by decomposing L into the linear nearest-neighbour
coupling term and the nonlinear onsite term, both of which are integrable
(see appendix [Appendix A.l|for more details).

Using an initial condition ¢,(0) = d,,. we compute time traces of the
energy F(t), the normalisation N(t), and the largest probability pa.(t) =
max{|c,(t)]*> : 1 < n < L} for different values of o (see figure [3). By
design, the values of energy and normalisation are preserved, and the small
numerical fluctuations give a rough impression of the numerical accuracy (see
figure [B[(b) and [§|(c)). The maximal probability p,..(t) is a simple proxy for
the degree of localisation of the state {c,(¢)}. If that value is close to 1,
the state is almost 0 localised. Smaller time-dependent values that oscillate
but do not decay still indicate some degree of localisation. Decay towards
very small values of p,,q.(t) indicates that localisation is lost and the wave
function becomes delocalised.

For large values of o, the energy of the initial condition E;,;; = 2—a/2 (see
eq. (2)) is almost identical to the energy of the breather state (see eq. (LI))
and the resulting time-dependent state performs small oscillations in the
vicinity of the stable breather solution. With decreasing «, the distance of
the initial condition from the breather state increases so that the extent of
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Figure 3: Time evolution of eq. for system size L = 256 and with §-peak initial con-
dition ¢, (0) = d,,,12s. The numerical integration was done using a symplectic integration
scheme (see appendix for details) with stepsize 7 = 0.01. (a) Time traces
of the amplitude P,z (t) (the maximum of |¢,(¢)|?) for different values of a: o = 2 (blue
line), o = 4 (orange line), a = 6 (green line), and o = 8 (red line). The dotted horizontal
line shows the maximal probability of the corresponding stable breather state. (b) Time
evolution of the deviation of the energy from the initial energy 6E(t) = E(t) — Fjinit and
(c) the deviation of the normalisation dN(t) = N(¢) — 1 for the same set of a values as
in part (a). Full lines show the data when the §-peak initial condition has been used,
broken lines show the data when the corresponding breather state has been used as initial
condition. (d) Spatio temporal density plot for the evolution of |c,(¢)|? for a = 4 with
emission of plane waves from the central peak and recurrence due to periodic boundary
conditions, The peak exceeds 0.1, but we chose this colour scheme to highlight the recur-
ring fluctuations in greater detail. (see as well panel (a) and (b)).

localisation decreases, and the oscillations of the time-dependent solutions
become more pronounced (see figure [3(a)). The localised state breaks down
at about a =~ 3.5 for L = 1024. Such a breakdown is, however, not a signature
of any dynamical instability. The particular initial condition is not any longer
contained in the region of the phase space which constitutes the elliptic island
of the stable breather solution (see as well, for instance, [22] p.321). The time-
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dependent dynamics of the localised solution is accompanied by a recurrence
phenomenon whereby the localised part of the solution emits plane waves
which recur after finite time, due to periodic boundary conditions (see figure
B(d)), causing an approach towards a stationary state where a localised peak
oscillates in a chaotic fashion.

3. The Stochastic Discrete Nonlinear Schrédinger Equation (SDNSE)

We want to study the stability of the breathers with respect to white noise.
We will here address two choices of stochastic perturbations, a multiplicative
noise that preserves the normalisation, and a simple generic additive noise.
To keep mathematical formalities at a minimum we will consider noise in the
sense of Stratonovich. In physics terms that means the noise is supposed to
have a very small but finite correlation time, which can be disregarded at
the time scales of interest. In particular, one does not need to employ any
sophisticated stochastic calculus and can treat the noise merely as an ordi-
nary function when computing solutions of a stochastic differential equation.
For this reason, we can again apply the symplectic integration scheme by ex-
tending it to non-autonomous systems and pooling the noise term together
with the nonlinear term when factorising the time evolution operator (see
appendix [Appendix A.2]).

3.1. Multiplicative Noise Model

When a multiplicative noise term is included, the equation of motion (|1
becomes

En(t) =1 (2¢0(t) — cpoi1(t) — copa(t) — alen(t)]Pen(t))
+ioe, (1)E,(1) . (14)

Here &,(t) € R denotes real-valued uncorrelated Gaussian random white
noise with correlation function

{En(t)Em(s)) = onmd(t = s), (15)

and the parameter 0 € R determines the strength of the noise. Eq. )
constitutes still a Hamiltonian system with time-dependent stochastic Hamil-
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tonian

Hy(t) = (2|cn|2  CaBt — Cafil — %]cn|4

= oy lal) (16)
n=0

as can be easily confirmed using eq. (). Since {H,(t), N} = 0 we ob-
tain conservation of the normalisation even in this stochastic case so that a
multiplicative Stratonovich noise does not affect the normalisation.

To study the robustness of the breather solution against multiplicative
noise, we perform numerical simulations of the stochastic differential equa-
tion for various parameter values, where we take the particular breather
as an initial condition. In the literature, one can find sophisticated numer-
ical integration schemes for symplectic stochastic systems (see e.g. [10] for
a comprehensive review) which are implicit and thus more difficult to im-
plement, and there is a priori no guarantee that such schemes preserve a
constant of motion. In contrast, our explicit higher-order integration scheme
(see appendix [Appendix A.2)) observes the conservation of N by design and
is straightforward to apply. The resulting time traces for the energy and the
maximal probability are shown in figure {4 for a range of noise amplitudes o
and « values that support a localised breather state. The energy seems to
depend on the effective time variable ¢t only, in line with simple diffusion
processes. The energy increases initially linearly, with a slope roughly pro-
portional to a~!, and then saturates with fluctuations around E ~ 2. The
maximal probability decays as well on a joint time scale o*t. The localised
state is destroyed by the noise in favour of a delocalised state, which spreads
across the system.

We can obtain a better quantitative analysis by looking at mean values
averaged over an ensemble of orbits. In all cases we take again the cor-
responding breather state as initial condition. For the time dependence of
the energy we observe an almost perfect data collapse when a rescaled time
variable 0%t /a is employed, see figure [5|(a). The mean energy shows initially
a linear increase with constant slope, where the observed offset for different
values of « is simply caused by the dependence of the initial energy on . The
finding that the initial slope of E is proportional to 1 /o can be explained
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Figure 4: Time traces obtained from numerical simulations of the multiplicative noise
model eq. ([4)) for system size L = 64 and different noise levels: o = 0.01 (blue), o = 0.03
(orange), o = 0.3 (green), and o = 0.1 (red). Data are shown on a rescaled time scale
o?t. (a) Time dependence of the energy, eq. (2), for o = 6 (upper set of curves) and
a = 10 (lower set of curves). (b) Time dependence of the largest probability pp,qs(t) for
a =6 (lower set of curves) and o = 10 (upper set of curves). For all « the corresponding
deterministic breather state was chosen as initial condition (cf. eq. (1))

to some extent by considering the parameter-free version egs. (6-8) of the
model: If the shape of the decaying breather is essentially determined by its
energy H, the time evolution of H depends mainly on H itself, irrespective
of the value of a. Using the relation E o< H/a, we find E o« 1/a.

The time evolution of the amplitude of the state, pna. = max{|cy|*}
shows a different characteristic, see figure [[(b). As already reported in [I8]
there occur two different temporal regimes. For smaller times, roughly speak-
ing as long as P (t) > 1/2, we obtain a quite accurate data collapse with
respect to the noise amplitude, so that the amplitude is effectively a func-
tion of ot. For larger times, say pma:(t) < 1/2, that scaling deteriorates
and a mild additional dependence on the noise amplitude becomes visible.
Overall the distinction between these two temporal regimes becomes more
pronounced if the on-site potential strength « increases. Furthermore, the
overall dependence of p,,.. on « differs from the scaling properties of the en-
ergy. To highlight this point further it is sensible to look a the lifetime of the
breather state. There is no unique way to assign such a lifetime. We adopt
here the definition of a (stochastic) lifetime such that the value of pp,a.(t)
drops for the first time below half of its initial value. The mean of this life-
time, T7grr, in dependence on « is shown in figure (C) We still observe
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the aforementioned scaling of the lifetime with o2. The dependence of T
on « shows also a quadratic behaviour for larger values of a (see as well the
inset in figure[5|(c)). As a consequence, we observe a reasonable data collapse
for larger values of a when p,, . is considered in dependence of the rescaled
time variable 0%t/a?, see figure [5(d). In particular, this behaviour shows
that other definitions of a mean lifetime would give quantitatively analogous
results. In summary, mean values seem to depend on the rescaled time o2t
in the range of noise amplitudes employed here, while the dependence on the
on-site potential strength « is more subtle and depends on the quantity under
consideration. That the decay time of p,,q, is for large a proportional to o
can be made plausible by considering egs. (1) and (11): the time evolution
of Pz has a nonlinear term proportional to a, which tends to preserve the
maximum value, and the term that transfers weight to the two neighbors is
proportional to 7.1, which in turn is proportional to 1/a. This is weaker by
a factor 1/a? compared to the main term that counteracts destruction of the
breather.

The time traces suggest that the stochastic dynamics tends towards a
stationary state that is characterised by a finite value of energy E = 2, irre-
spective of the value of o and of the initial condition. Indeed, it is plausible to
assume that the system is ergodic: the noise term gives the ¢, random kicks
that change their phases, and the nearest-neighbour coupling subsequently
changes the amplitudes, while keeping the overall normalisation at one, so
that the energy cannot escape to infinity. In this way, the noise can push the
state of the system through phase space, as there is no restoring force that
tends back to the initial state. Eventually, the boundary of the region of lin-
ear stability of the breather will be passed, and the long-term behaviour will
be dominated by the maximum entropy distribution of the ¢,. Ergodicity
implies a long-term behaviour that results in a uniform distribution of the
¢, on the surface of the 2L-dimensional unit sphere

puel{enenh) = 5

mc

§(N —1) (17)
with
chz/ d(cluélac27527"'JCLEL)(S(N_1>
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Figure 5: Ensemble averages of time traces of the SDNSE, eq. (14), with system size
L = 64 and with breather state as initial condition (cf. eq. (11)). Means have been
computed over 103 realisations of the noise. (a) Mean energy E as a function of a rescaled
time, 0%t/a, for different values of o (from left to right: a =4, 5, 6, ..., 11, 12) and three
values of the noise amplitude, o = 0.3, 0.1 and 0.03. For given value of « the three curves
for different noise amplitude almost overlap at the scale of the graph. (b) Amplitude pyqz
of the spatial pattern as a function of the rescaled time, 0%t /a, for different a and o values
(green: o = 0.03, orange: o = 0.1, blue: o = 0.3). (c¢) Mean lifetime of the breather, 757,
in dependence of « for three different values of the noise amplitude (square: o = 0.03,
circle: o = 0.3, cross: o = 0.1, the lines are a guide to the eye). The inset shows the
mean lifetime on a double logarithmic scale (for o = 0.3). The straight line in the inset
has slope 2. (d) pmas in dependence on the rescaled time variable ot/a? for a = 25, 30,
40 and o = 0.3, 0.1, 0.03. All twelve curves overlap at the scale of the graph.

With a slight abuse of the standard notation (see e.g. [34]) we call eq.
simply a "microcanonical” distribution, since N is the conserved quantity in
the stochastic setup.

Our ergodic system of L variables ¢, satisfies the constraint > (Re(c,)?+
Im(c,)?) = N, a condition which is formally equivalent to a system of L
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independent harmonic oscillators for which the total energy H = 3 (p2+4¢2)
is conserved. In this setup the equivalence of ensembles in the thermodynamic
limit can be shown by elementary methods. The equivalent of a canonical
ensemble for the harmonic oscillators (where the mean energy is determined
by the temperature) is a grand canonical ensemble of our system, where a
chemical potential v determines the average particle number (V). Hence for
large system size L the "microcanonical” ensemble, eq. ) is equivalent to
the grand canonical ensemble

_ 1

puellen, @) = o exp (~uN) (19)

gc

with

L
ch = ﬁ (20)

The chemical potential v is calculated via

0 L

<N>gcz—$1nZgC:;:1, (21)

giving v = L. Since the distribution eq. does not involve the Hamiltonian
H |, it corresponds formally to a situation of infinite temperature, which is also
evident from the fact that the different ¢,, are uncoupled in eqs. and .

For comparison of these analytical predictions with the simulation data
we resort to the marginal distributions, e.g., to the distribution of a single
amplitude ¢;. The microcanonical and the grand canonical distribution yield

pmc(clvél) - /L d(02,52703,é3, v 7CLEL>me({CkaEk})
CL-1

= e (aP <) (22)

and I
Pgc(c1, G1) = - exp (—L|01|2) (23)

respectively. Both expressions, egs. and , virtually do not differ
for moderate or large system size, and both coincide with the numerical
data obtained in the stationary state (see figure [6f(a)). However, small fi-
nite size corrections are discernible in the data close to zero (inset in figure
[6(a)), which confirms that the actual state is captured by a microcanonical
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distribution, eq. , as expected. In addition, we can also look at the expec-
tation of the energy to consolidate the analytic estimates. While the grand
canonical distribution, eq. , describes independent random variables, the
microcanonical ensemble, eq. , contains non extensive correlations. Nev-
ertheless, we have (¢,¢,—1)me = (€nCn_1)gc = 0, because of phase symmetry.
Furthermore, eqs. and result in {|c,|*)me = (|cnl*)ge = 1/L and
(el me = 2/(L(L 4+ 1)) as well as (|e,|*),e = 2/L?, i.e., there are finite size
corrections visible when comparing the values of the fourth moment. Hence,
the mean value of the energy eq. in the stationary state reads

<H>mc:2_L+1a <H>gc:2_z- (24)

These two values agree pretty well with the data obtained from direct nu-
merical simulations (see figure[6|(b)), while the data do not allow us to decide
which of the two values fits better because of the persistent fluctuations in
the stationary state. In fact, the size of these fluctuations can be evaluated in

terms of the variance of the energy. If we use for simplicity grand canonical
expectations, i.e. {|c,|*|cn|*)ge = (K!/L*)(€!/ L") for n # m, we have

a a?

(e — (HYy = 3 = o3+ o (25)
The corresponding standard deviation fits the size of the energy fluctuations
in the stationary state perfectly well (see figure[6b)). In particular, the size
of the energy fluctuations does not depend on the noise strength as expected
in a microcanonical or grand canonical ensemble. The considerations so far
are not able to clarify the dynamics in the stationary state. Time traces of the
energy show that correlations increase when the noise amplitude decreases
(see figure [f[(b)) so that, finally, the deterministic dynamics is restored. The
computation of the autocorrelation function of the energy is consistent with
a correlation time that scales as Ti, ~ 0~2 (see inset in figure [6(b)), as
one would expect from phase diffusion and simple stochastic models like the
Kubo oscillator [23].

In summary, the numerical results confirm the expected behaviour that
multiplicative noise heats up the system by entropy production. Thanks to
the conservation of normalisation, finally, a stationary state emerges, char-
acterised by an infinite temperature.
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Figure 6: (a) Marginal distribution W (|c,|?) = 7p(cn, ¢,) in the stationary state for the
multiplicative noise model, eq. ), for a system of size L = 64, ¢ = 0.1 and different «
values. Symbols: Histogram obtained from about 3.2 x 107 data points of the stationary
part of the time series and «a = 2 (yellow, diamond), o = 4 (blue, squares), « = 6 (green
circles), and a = 8 (red triangles). Data are shown on a semi-logarithmic scale. Lines
represent the analytic estimates obtained from the microcanonical (orange) and canonical
(blue) ensemble, respectively (see egs. and (23)). The inset shows the data close to
zero on a smaller scale. (b) Time traces of the energy, eq. , in the stationary state
for @ = 8, a system of size L = 64 and different noise levels: ¢ = 0.01 (blue), o = 0.03
(orange), and o = 0.1 (green), cf. Fig. [ffa). The different curves have been displayed with
a mutual offset of 2 for visibility. The solid and dashed black horizontal lines indicate the
canonical estimate of the mean and the standard deviation of the energy in the stationary
state (see egs. (24) and , respectively). The inset shows the corresponding normalised
autocorrelation function of the energy on a rescaled time scale o2t.

3.2. Additive Noise model

As a second example for studying the robustness of breather states against
noise, we consider the seemingly simpler case of additive noise, where the
equation of motion reads

En(t) =1 (26, (t) — cn1(t) — cnsa(t) — alcn(t)[Pen(t))
+i0&,(t) . (26)

Here, &, (t) denotes again uncorrelated real valued Gaussian noise with corre-
lation given by eq. , and the real-valued parameter o denotes the strength
of the noise. This system is, again, a stochastic Hamiltonian system with
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Hamiltonian

T
i}

_ _ (67
Hg(t) = <2|Cn|2 — CpCp—1 — CpCpy1 — §|Cn|4

i
o

(e + e)énlt))
-1
= H+0) (cn+En)nlt). (27)
n=0
In this case, normalisation is no longer preserved since {H,(t), N} # 0, and
we expect a completely different dynamical behaviour. For the numerical
treatment, we again employ a simple higher-order stochastic symplectic in-
tegration scheme (see appendix |[Appendix A.2[for some details).

Using again the corresponding breather as a localised initial condition,
the time traces show an almost linear increase of the normalisation N (¢) and
an unbounded energy FE(t) for a large range of parameter values (see figure
. In fact, when plotting data on a suitably rescaled time scale, one obtains a
reasonable, albeit not perfect, data collapse. One can give a simple heuristic
explanation for these numerical findings. While the deterministic part of
eq. preserves the normalisation, the additive stochastic force changes V.
Hence, we may assume that the stochastic contribution becomes dominant,
and the very coarse approximation ¢,(t) ~ i0&,(t) captures the essence of
the phenomena. Hence, the amplitudes ¢, obey Brownian motion, and the
normalisation follows the average path N(¢) ~ Lo?t. This simple reasoning
fits the data quite well over a large range of parameter values (see figure
[(b)). If we use the same reasoning to evaluate the energy, eq. (2)), we obtain
the estimate E ~ 2Lo%*t —3La(0?t)?/2 so that o F ~ L(2ao?t —3(ao?t)?/2).
Again such a simple expression fits the data quite well (see figure [7|a)),
even though we do not obtain a perfect data collapse. Hence, to leading
order the dynamics of the additive noise model, eq. (26]), is dominated by
Brownian motion, the amplitudes are unbounded, and no stationary state
occurs. In particular, these observations confirm again that the conservation
of normalisation is a crucial feature of the DNSE, and any violation of such
a conservation law changes the character of the dynamics considerably.

4. Conclusion

We have summarised aspects of localised solutions of the deterministic
and stochastic DNSE. Our approach has focused on the impact of the on-site
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Figure 7: Time traces of (a) the energy scaled by « and of (b) the normalisation obtained
from numerical simulations of the additive noise model eq. ) with system size L = 64
and the breather state (cf. eq. ) as an initial condition. Results are shown on a rescaled
time scale, ao?t and o>t, respectively. Time traces have been computed for a = 2 (blue),
a = 4 (orange), o = 6 (green), a = 8 (red), and o = 10 (purple) and a range of noise
levels o € {0.01,0.03,0.1,0.3}. The dashed black lines are the simple analytic estimates
aE/L = 2a0?t — 3(ao?t)?/2 and N/L = ot, respectively (see the text for details).

nonlinearity on the dynamics. We constrained the time evolution to states
which are normalised to 1. Such a choice is suitable to study systems of
finite size but it misses occasionally aspects which become vital in the ther-
modynamic limit of the model. In that sense our investigations supplement
studies of the DNSE which focus on the statistical mechanics of the model.
The investigation of the deterministic DNSE in section [2| essentially coin-
cides with the study of the standardised model, (@, available in the literature.
The dynamical features of the localised breather solution of eq. , fora >0
(that means the low-temperature behaviour of this model) coincides with the
statistical mechanics of eq. @ when one approaches temperature zero from
below (i.e. in the extreme negative temperature regime of the standardised
model). Likewise, the low-temperature dynamics of the dynamically conju-
gate DNSE for @ < 0 close to the ferromagnetic ground state corresponds
to the behaviour of the standardised model @ when temperature zero is ap-
proached from above (i.e. the low-temperature regime of the standardised
model). Here the apparent change between ferromagnetic and antiferromag-
netic behaviour is contained in the conjugacy between both descriptions. As
an aside, one may effectively change the sign of the temperature by changing
the sign of the nonlinear term in ({1)). The stochastic model with multiplica-
tive noise, , develops a stationary state which corresponds to the infinite
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temperature case of the DNSE. This stochastic model approaches the deter-
ministic case in the limit of small to vanishing noise level in a very peculiar
way. While the deterministic DNSE has constant energy, the multiplicative
noise model shows a constant variance for the energy which does not depend
on the strength of the noise. The stochastic model approaches the deter-
ministic limit by keeping the variance of the energy fixed, but displaying
a divergence of the correlation time in the energy autocorrelation function.
Hence this peculiar limit is singular. The DNSE with additive noise is a
fairly meaningless stochastic model which violates both conservation laws,
the conservation of energy and the conservation of normalisation, and thus
does not develop any stationary state. This observation emphasises again the
importance of nontrivial conserved quantities for the dynamical properties of
the DNSE. However, the runaway behaviour of energy and normalization in
the model with additive noise can be avoided if one adds suitable dissipation
terms. Then, one can set up a stochastic model that naturally leads to a
stationary state representing a grandcanonical equilibrium at finite temper-
ature as convincingly demonstrated in [I5]. These considerations have been
extended recently to cover negative-temperature regimes as well [19].

In our investigation of the DNSE we have used an approach which allows
us to switch easily between the positive and the negative temperature regime
by changing the sign of the nonlinear term. While the results reported here
can be found to some extent in the existing literature in various disguises, we
have aimed at a comprehensible account which is accessible for a large au-
dience. We have covered in our exposition two limiting cases, the DNSE for
vanishing and for infinite temperature. The more interesting finite tempera-
ture cases could be realised by coupling the DNSE to a heat bath. Studying
the resulting stochastic model which now includes noise and damping in line
with the required dissipation fluctuation relations could give better insight
into stationary and dynamical properties of the DNSE, including the nega-
tive temperature regime. Our present study prepares the ground for such an
investigation.
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Appendix A. Symplectic integrators

Numerical integration of Hamiltonian dynamics over large time intervals
require integration schemes which preserve the energy, or which preserve a
quantity which differs little from the energy, so called symplectic integration
schemes. Here, we require integration schemes which preserve in addition the
normalisation N. Following the basic ideas of [36], we design second-order
schemes for the autonomous and the non-autonomous case.

Appendiz A.1. Autonomous system

To design a symplectic integration scheme for eq. ) we write the Hamil-
tonian eq. ) as a sum of two parts, H = Hy + Hp with

~

-1

HA = (2|Cn|2 — CpCp—1 — Cnén—l—l)

3
I
o

Q

[\D

L—
Hp = —chr*. (A1)
n=0

Each of these two parts gives rise to a motion that can be computed by
analytic means.

If we use iLg|c,|*> = {Hg, |c,|*} = 0 and iLgc, = —ialc,|*c, we obtain
for the evolution operator of Hp

exp (iLpT) ¢, = exp (—ia|c,|T) ¢, . (A.2)

Likewise, we can handle the dynamics of the Hamiltonian H 4 which con-
stitutes the nearest neighbour coupled chain of harmonic oscillators. If we
introduce Fourier modes by

L-1
¢q :Zexp(iqn)cn, q=2mv/L, v=0,1,...,L—1 (A.3)

n=0
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we have

L-1
iLiac, = ZZ exp(ign) (2¢, — ¢p_1 — Cpi1)
n=0
=1i2(1 — cos(q))¢é, (A.4)
so that
exp (1LaT) ¢, = exp (12(1 — cos(q))7) &, - (A.5)

Thus using the Fourier transform eq. (A.3])) and its inverse the evolution
operator of H,4 can be written in closed form

exp (iLaT) ¢, = % Z exp(—ign) exp (i2(1 — cos(q))7)

i exp (imq) ¢, - (A.6)

To evaluate the sums in eq. ) efficiently, one first computes the Fourier
transform of the state {c,} (see eq. (A.3))), evaluates then the time evolution
of each Fourier mode by eq. ), and finally performs an inverse Fourier
transform.

If 7 denotes the stepsize of a numerical integration scheme, we can ap-
proximate the exact evolution operator of eq. (1)), exp(i(L + Lg)7), up to
second order by

exp (i(La + Lp)7) =exp (iLpT/2) exp (iLaT)
exp (iLpT/2) + O(7%) (A.7)

as can be straightforwardly verified by using the series expansion of the expo-
nentials. The right-hand side provides a symplectic integration scheme with
a one-step error of order O(73) since each of the three factors can be evalu-
ated up to machine precision. (i) One first applies eq. (A.2)) to a state {c,}
with time step 7/2 to obtain an intermediate result. (ii) One then applies
eq. ) to this intermediate result, using a Fourier transform, eq. ),
and an inverse Fourier transform. (iii) Finally one applies eq. (A.2)) again
with time 7/2 to obtain the final state {c,} of this symplectic integration
step. By design, the scheme preserves an energy which differs from eq. )
by an amount of order O(72) (see figure [3(b)). In addition, the normalisa-
tion is preserved to machine precision (see figure [3{c)), since iL4N = 0 and
iLgN = 0.
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Appendiz A.2. Stochastic systems

To design a symplectic integration step for stochastic systems, let us
first consider the case of a non-autonomous Hamiltonian system, where the
Hamiltonian can be split into two parts, H(t) = Ha + Hp(t), and where we
assume for simplicity that {Hpg(t), Hg(t')} = 0. The evolution operator of
the non-autonomous system obeys

% — Ulto, )iL(t), Ulto,to) = 1. (A.8)

The Neumann series up to terms of second order can be easily obtained by
iteration

to+7
Ulto,to+7) = 1+ Ulto, 1)iL(t)dt

to

to+1
= 1+ZLAT+Z/ LB(t)dt

to+T7 t
—i—/ / (tL4 +iLp(s))
to to

(iL 4 + iLg(t)) dsdt + O(1%)
= 14iLs7+ ((Lz+iL3) 7
2
+ (iLA)2 % + iLAiLETz + iLEiLAT2
2

+ (L5 +iL3)? % +O(% (A.9)

where we have introduced the abbreviations

to+1
iLy = 2/ /’LLB Ydsdt

— —/t0+7(to+r—s)zLB( )ds

to+7
iL; = / / iLp(t)dsdt

to+71
_ - / (t — to)iLp(t)dt . (A.10)

to
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eq. (A.9)) can be written as a product of suitable exponentials, namely (cf.
eq. (A.7))

U(to,to + 7) =exp (iL57) exp (1La7) exp (iL57)
+0O(T%). (A.11)

We will base our symplectic integration step on such an identity. This means
that we are implementing noise in the sense of Stratonovich, who treats the
stochastic term as the limit of a continuous function.

i): For the SDNSE with multiplicative noise, eq. ), we use

L-1
HA = Z (2|Cn|2 — cnén—l — Cnén—‘rl)

T
= o

Hy(t) = Y (=5leal +oleulnlt) (A.12)

0

S
I

to write the Hamiltonian eq. (16])) as a sum of two parts H(t) = Ha+ Hp(t).
Obviously the time-dependent part obeys {Hp(t), Hg(t')} = 0. Eq. (A.10]))
yields for the effective Hamiltonians H5 and Hj

1 L—1 o L—1 D§
s _ 4 2
n=0 n=0

where we have introduced the Gaussian random variables D by

to+T1
DT = 7—3/2/ (to +7 — )& (t)dt

to

to+71
D> = 77372 / (t —to)&n(t)dt . (A.14)

to
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For the correlations of these random variables, we obtain with the help of

eq. )

to+7 1
(DDS) = 4y, / (to-+ 7 — 1)t = 20,

to

to+T7 1
(D:D>) = 5nm7'_3/ (t—tO)th:§5mm

to

to+T1
(D; D) = 5nm73/ (to+ 7 — t)(t — to)dt

to

= . (A.15)

eq. (A13)) results in iL3|c,|*> = 0 and iL3 = —iale,|*c./2 + i0 DS /A/T so
that (cf. eq. (A.2)))

exp (iL%T) ¢ = exp (—ia|c,|’1/2 +i0DZ\/T) ¢y - (A.16)

For the action of exp(iLa7) we can simply refer to the previous section
[Appendix A.1] egs.(A.3)-(A.G).

We now apply eq. @) to generate a symplectic integration step for
the SDNSE, eq. ), keeping in mind that the stochastic one-step error is
of order O(7?) due to the lack of smoothness of random functions. Given a
state {c,} one generates correlated random numbers D> from suitable linear
combinations of uncorrelated normal random variables. (i) Firslﬂ one applies
eq. (A.16)) with random variables D; to generate an intermediate state. (ii)
Then one performs a Fourier transform, applies eq. ), and performs
an inverse Fourier transform. (iii) Finally, we use again eq. ((A.16)) with
random variables D, to obtain the final state of the numerical integration
scheme. Since tL4N = 0 and iL%N = 0 the numerical scheme preserves the
normalisation.

IRecall that exp (iLa/bT)c = F,/5(c) implies exp(iL,7) exp(Ly7)c = exp(iL,7)Fy(c) =
Fb(Fa(C))'
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i1): For the SDNSE with additive noise, eq. ), we use

~

-1

HA = (2‘Cn|2 — CnCp—1 — CpCny1 — %‘Cn‘4)
n=0
L-1
Hp(t) = o (ca+) &) (A17)
n=0

to write the Hamiltonian eq. (18))) as a sum of two parts H(t) = Ha+ Hp(t).

Obviously the time-dependent part obeys {Hg(t), Hg(t')} = 0. Eq. (A.10))
yields for the effective Hamiltonians H5 and Hj

UJ\//\

L-1 D>
=0 Z Cn + Cp) (A.18)
n=0 \/—

where D> agaln denote the random variables defined in eq. - and
(A.15). Slnce iL3c, = io DS /\/T we have (cf. eq. (A.16)))

exp (ngr) Cn = Cn +i0DZ\/T. (A.19)

Since Hy in eq. (A.17)) coincides with the Hamiltonian of the DNSE, eq. (2))
we can evaluate exp(iL47) (up to and including second order terms) by the
scheme described in section [Appendix A.1} cf. eq. )

We now use again eq. ) to design a symplectic integration step with
one-step error of order O(7?). Given a state {c,} one generates correlated
random numbers D> from suitable linear combinations of uncorrelated nor-
mal random variables. (i) The first one applies eq. ) with random
variables DS to generate an intermediate state. (ii) Then, following the
steps of section [Appendix A.1] one applies eq. (A.2)) with time step 7/2 to
the intermediate state, performs a Fourier transform, applies eq. ) to
the Fourier components, performs an inverse Fourier transform, and applies
eq. (A.2)) again with time 7/2. (iii) Finally we use eq. (A.19)) with random
variables D;” to obtain the result of the symplectic integration step.
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