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Nonequilibrium physi
s meets time series analysis: mea-

suring probability 
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Abstra
t. { We present a simple method to estimate probability 
urrents of sto
hasti


systems from a given time series. The method uses results of the theory of sto
hasti
 di�erential

equations about 
onditional averages. Evaluation of the probability 
urrent dire
tly aims at

dete
ting the violation of detailed balan
e and hen
e yields the proper 
hara
terisation of

nonequilibrium behaviour. We apply our approa
h to sto
hasti
 resonan
e and propose a

novel resonan
e 
riterion whi
h is based on the evaluation of the probability 
urrent. It agrees

well with other measures, e.g. derived from 
orrelations or signal to noise ratios. Finally we

demonstrate on an example of experimental wind data that our approa
h 
opes with real

experimental data sets as well.

Introdu
tion. { Detailed balan
e plays an ubiquitous role in equilibrium and near equi-

librium physi
s. While equilibrium 
onditions imply the absen
e of ma
ros
opi
 
urrents, the

underlying mi
ros
opi
 Hamiltonian dynami
s enfor
es in addition the exa
t balan
e of 
ur-

rents between di�erent mi
rostates. As a result 
u
tuation dissipation relations emerge whi
h

relate thermodynami
 equilibrium 
u
tuations with ma
ros
opi
 transport properties [1, 2℄.

Su
h a fundamental property holds regardless of the level of des
ription, i.e. detailed balan
e


an be formulated on the level of Boltzmann or master equations as well as for sto
hasti


des
riptions. Thus violation of detailed balan
e is the proper physi
al 
hara
terisation of

strong nonequilibrium behaviour. Unfortunately the violation of detailed balan
e is not easy

to measure apart from dete
ting ma
ros
opi
 
urrents.

Over the last de
ade the development of nonlinear dynami
s led to new 
on
epts for

analysing data under strong nonequilibrium 
onditions [3, 4℄. Su
h tools are quite powerful

to 
hara
terise 
haoti
 behaviour in terms of 
orrelation fun
tions, Lyapunov exponents and

generalised dimensions. Although su
h nonlinear dynami
al behaviour is 
ertainly linked
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to strong nonequilibrium 
onditions, most 
on
epts of traditional time series analysis are

restri
ted to low{dimensional deterministi
 time evolution. There is to our best knowledge

still a missing link between time series analysis and fundamental features of nonequilibrium

statisti
al physi
s. Here we are going to �ll this gap to some extent. We present a rather

simple s
heme whi
h dire
tly aims at dete
ting the violation of detailed balan
e but whi
h is

solely based on the evaluation of time series data.

As mentioned, violation of detailed balan
e is typi
ally related to the o

urren
e of lo
al


urrents(

1

). Thus apart from our general theoreti
al motivation our 
onsiderations will be

also quite useful from the pra
ti
al point of view, sin
e they allow for the 
omputation of

lo
al 
urrents. As a nontrivial example we 
onsider the s
enario of sto
hasti
 resonan
e, i.e.

the in
rease of a periodi
 
omponent of a signal by sto
hasti
 for
ing [5℄. The resonan
e

phenomenon 
omes along with an in
rease of the 
urrent in the system. The details of this

will be presented in the third se
tion of this arti
le where we analyse the standard example

of the overdamped motion of a parti
le in a double well potential and subje
t to a periodi


driving for
e.

To set up the framework of our general theoreti
al 
onsiderations we 
onsider sto
hasti


systems where the dynami
s 
an be des
ribed in terms of Langevin equations

_x

t

= f(x

t

) + g(x

t

)�

t

: (1)

Here f(x) denotes the systemati
 part of the motion, g(x) the 
oupling 
oeÆ
ient of the

sto
hasti
 for
e, and �

t

a Gaussian white noise with 
orrelation fun
tion h�

t

�

t

0

i = 2Æ(t� t

0

).

Our variables may be ve
tor valued, but to keep the presentation as simple as possible we sup-

press indi
es in our notation. The sto
hasti
 di�erential equation (1) indu
es a 
orresponding

des
ription in terms of probability densities �(x; t) whi
h results in the Fokker{Plan
k equa-

tion [6℄

�

t

�(x; t) = ��

x

[D

1

(x)�(x; t) � �

x

D

2

(x)�(x; t)℄ : (2)

Drift and di�usion 
oeÆ
ients are of 
ourse related to the 
oeÆ
ients of the sto
hasti
 des
rip-

tion, e.g D

1

(x) = f(x)+g(x)�

x

g(x) and D

2

(x) = g(x)g(x) holds if we adopt the Stratonovi
h

interpretation of Eq.(1). The Fokker{Plan
k equation has the form of a 
onservation law

involving the probability 
urrent

j(x; t) = D

1

(x)�(x; t) � �

x

[D

2

(x)�(x; t)℄ : (3)

In a time independent state the 
urrent has vanishing divergen
e a

ording to Eq.(2). Detailed

balan
e implies that in addition the 
urrent vanishes identi
ally. The 
omputation of the

probability 
urrent from Eq.(3) requires the knowledge of the invariant density as well as

its spatial derivatives. Furthermore the drift and di�usion 
oeÆ
ients are needed. Thus the

determination of the 
urrent from observed data su�ers from many ina

ura
ies, in parti
ular

in phase spa
es of higher dimension. We propose a quite robust estimate of the probability


urrent whi
h is solely based on traje
tories of a Langevin equation.

Estimation of the probability 
urrent. { Re
alling the Kramers Moyal expansion [6℄,

drift and di�usion 
oeÆ
ients 
an be obtained through 
onditional averages of sto
hasti


traje
tories

hx

t+�

� x

t

ij

x

t

=x

= �D

1

(x) +O(�

2

) ; (4)

h(x

t+�

� x

t

)

2

ij

x

t

=x

= �D

2

(x) +O(�

2

) : (5)

(

1

)To be more pre
ise: irreversible 
urrents. In what follows we negle
t reversible 
urrents. We think a

generalisation of our 
onsiderations is straightforward.
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Relations of this type have in fa
t been used to extra
t drift and di�usion 
oeÆ
ients from data

(
f. e.g. [7{9℄) in order to establish e�e
tive sto
hasti
 models for the underlying dynami
s.

But one has to be 
areful in order to avoid several numeri
al traps whi
h are intimately related

to the limit of small delay � [10℄. Eq.(4) resembles the usual �nite di�eren
e for estimating

the �rst order derivative. From su
h a naive point of view one would guess that the estimate

hx

t

� x

t��

ij

x

t

=x

yields the same drift 
oeÆ
ient. But a simple 
onsideration for the 
ase of

detailed balan
e (i.e. j(x; t) � 0) already shows that the relation

hx

t

� x

t��

ij

x

t

=x

= �hx

t+�

� x

t

ij

x

t

=x

(6)

follows from the time reversal symmetry of equilibrium dynami
s (see e. g. [11℄). In the general


ase this 'a
ausal' estimate where the value of the traje
tory is �xed at the later time yields

an expression whi
h involves the negative drift and the probability 
urrent

hx

t

� x

t��

ij

x

t

=x

= � [�D

1

(x) + 2j(x; t)=�(x; t)℄ +O(�

2

) : (7)

The expression (7) is in fa
t not new. It has been obtained earlier in the 
ontext of 'sto
hasti


me
hani
s' [12, 13℄, i.e. a reformulation of quantum me
hani
s in terms of 
lassi
al parti-


les whi
h are subje
ted to sto
hasti
 for
es. However, these 
on
epts were not applied to

dis
uss probability 
urrents and detailed balan
e. Thus in order to keep our presentation

self{
ontained we redo here an appropriate derivation of Eq.(7). Let �(x; t;x

0

; t

0

) denote the

joint probability for events x and x

0

at time t and t

0

, respe
tively. Then

p(x

0

; t� � jx; t) = �(x; t;x

0

; t� �)=�(x; t) (8)

denotes the 
onditional probability density and the left hand side of Eq.(7) 
an be written as

hx

t

� x

t��

ij

x

t

=x

=

Z

dx

0

(x � x

0

)p(x

0

; t� � jx; t)

=

Z

dx

0

(x� x

0

)p(x; tjx

0

; t� �)�(x

0

; t� �)=�(x; t) : (9)

Using the Taylor series expansion for the ratio of the densities

�(x

0

; t� �)=�(x; t) = 1 + (x

0

� x)�

x

�(x; t)=�(x; t) +O(�; (x� x

0

)

2

) (10)

and employing the usual short time expansion for the 
onditional probability density using

the ba
kward Fokker Plan
k operator [6℄

p(x; tjx

0

; t� �) = Æ(x� x

0

) + �

�

D

1

(x

0

)�

x

0

Æ(x� x

0

) +D

2

(x

0

)�

2

x

0

Æ(x� x

0

)

�

+O(�

2

) (11)

we obtain

hx

t

� x

t��

ij

x

t

=x

= � [D

1

(x)� 2�

x

D

2

(x)� 2D

2

(x)�

x

�(x; t)=�(x; t)℄ +O(�

2

) : (12)

If we �nally take the de�nition Eq.(3) of the probability 
urrent into a

ount we end up with

Eq.(7). We should stress that the derivation does not require the stationarity of the density.

We note that a

ording to Eq.(7) both the drift and the probability 
urrent 
ontribute to the

'a
ausal' di�eren
e hx

t

� x

t��

ij

x

t

=x

.

Combining Eqs.(4) and (7) we arrive at the expression

hx

t+�

� x

t��

ij

x

t

=x

= 2�j(x; t)=�(x; t) +O(�

2

) : (13)
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Thus the symmetri
 estimator for the temporal derivative of x yields dire
tly the 
urrent in

the sto
hasti
 system. These theoreti
al results 
an be used to obtain the probability 
urrent

from a time series. Here the 
ase of a stationary pro
esses is of most interest. If z

n

= x

n�

denotes a time series of length N with sampling rate 1=� , then Eq.(13) yields the following

estimator for the 
urrent

j(x) =

1

4�N"

X

jz

n

�xj<"

(z

n+1

� z

n�1

) : (14)

This expression takes the density �(x) at the point x impli
itly into a

ount (
f. Eq.(13)).

Sto
hasti
 resonan
e. { To illustrate our method with a nontrivial example we 
onsider

the 
lassi
 sto
hasti
 resonan
e s
enario [14℄. The equations of motion des
ribe an overdamped

parti
le in a double well potential with a low amplitude slow periodi
 and a sto
hasti
 for
ing

_x

t

= x

t

� x

3

t

+ a sin!t+ ��

t

: (15)

For a suitable noise amplitude �, whi
h is approximately su
h that the Kramers tunnelling

time equals half the period T = 2�=!, the hopping of the parti
le from one well to the

other is syn
hronised with the periodi
 driving term. For both lower and higher noise levels

this syn
hronisation disappears. The two limits, without noise and large noise amplitudes,

are of 
ourse trivial, sin
e in the �rst 
ase no hopping 
an o

ur due to the smallness of a,

whereas in the latter 
ase hopping is 
ompletely unrelated to the periodi
 driving. Meanwhile,

a mu
h better understanding of sto
hasti
 resonan
e has led to several re�ned resonan
e


onditions [5, 15℄.
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Fig. 1 { The probability 
urrent estimated numeri
ally by Eq.(14) (� = 0:1) for the system Eq.(15)

(a = 0:2, ! = 2�=100, � = 0:5). Di�erent phase angles �

k

= 2�k=10 of the driving term are indi
ated

by k = 1; : : : ; 10, .

Theoreti
al approa
hes to sto
hasti
 resonan
e may be based on a Fokker{Plan
k des
rip-

tion. Due to the periodi
 driving, the Fokker{Plan
k equation of this problem is periodi


in time. The dynami
al features are thus governed by the 
orresponding Floquet problem

(
f. [16℄) and the asymptoti
 state be
omes periodi
ally time dependent. When the system

is 
lose to the resonan
e 
ondition the asymptoti
 distribution alternates between two states
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that have their maximum in the one or the other well, respe
tively. Of 
ourse the probability


urrent os
illates, too. With our approa
h we 
an easily determine the time periodi
 proba-

bility 
urrent for di�erent noise levels from a simple time series of Eq.(15). Fig. 1 displays the

result for parameter values in the vi
inity of the resonan
e. For a given phase angle � = !t of

the driving term, the 
urrent seems to have a given sign in the whole range of x. Hen
e, the

dynami
s of the 
urrent 
learly re
e
ts the syn
hronised motion in the sto
hasti
 system.
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0.6
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 , 

 c
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)

σ

Fig. 2 { The dispersion of the probability 
urrent (broken line: d(�)=!) and the 
oheren
e index (full

line: 
(�)) as a fun
tion of the noise level � for a = 0:2 and ! = 2�=100.

To quantify the sto
hasti
 resonan
e phenomenon the amplitude of the 
urrent seems to

be an adequate quantity. We measure su
h an amplitude in terms of the dispersion of the


urrent

d

2

(�) =

Z

T

0

dt [

�

j(t)℄

2

(16)

where

�

j(t) :=

Z

1

�1

dx j(x; t) (17)

denotes the integrated 
urrent. Fig. 2 ni
ely demonstrates that the dispersion re
e
ts the

resonan
e phenomenon. In fa
t the quantity 
oin
ides almost perfe
tly with the 
oheren
e

index between the parti
le position and the driving term




2

(�) =

 

Z

T

0

dt hxi(t) 
os(!t)

!

2

+

 

Z

T

0

dt hxi(t) sin(!t)

!

2

(18)

when a simple res
aling is performed (
f. Fig. 2). Su
h a 
oin
iden
e 
an be understood also

analyti
ally. Cal
ulating the time derivative of the mean value hxi(t) from the Fokker{Plan
k

equation (2) we �nd dhxi=dt =

�

j(t), taking the de�nition of the 
urrent (3) into a

ount.

Then performing an integration by parts the 
oheren
e index (18) reads




2

(�) =

 

Z

T

0

dt

�

j(t)

sin(!t)

!

!

2

+

 

Z

T

0

dt

�

j(t)


os(!t)

!

!

2

: (19)
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If the T{periodi
ity of the integrated 
urrent

�

j(t) were stri
tly harmoni
, Parseval's theorem

predi
ts that 
(�) = d(�)=!. Sin
e there is some power of the 
urrent 
ontained in higher

harmoni
s of the driving frequen
y !, the inequality !
(�) � d(�) holds in general. However,

the maximum o

urs at the same noise level (
f. Fig. 2). Hen
e, the resonan
e 
omes along

with the maximal deviation of the system from detailed balan
e, whi
h, in turn, states that the

e�e
ts of the external driving have the maximal ma
ros
opi
 e�e
t. We argue therefore that

the maximisation of the probability 
urrent is a theoreti
ally mu
h better justi�ed 
riterion

for sto
hasti
 resonan
e than others. In addition to this novel de�nition of the resonan
e


ondition and new insight into the phenomenon of sto
hasti
 resonan
e, this also 
ould open

up a new way to dete
t the presen
e or absen
e of sto
hasti
 resonan
e in natural phenomena.

Analysis of experimental data. { In order to demonstrate that our method 
an be ap-

plied su

essfully to real experiments we evaluate a time series of experimentally measured

surfa
e wind velo
ities v(t), obtained by an ultrasoni
 anemometer positioned about 40m

above ground and re
orded with 16Hz. We are not going into the details of the experiment

(
f. [17℄) but just fo
us on the evaluation of Eqs.(4) and (13) for the parti
ular time series.

Within our approa
h we assume that the velo
ity 
an be des
ribed in terms of a simple

sto
hasti
 model. Whether su
h an assumption is valid is beyond the s
ope of our presentation,

but we refer the reader to [7℄ for a similar dis
ussion of su
h a question in a di�erent 
ontext. In

parti
ular, the analysis of [7℄ and [10℄ shows that velo
ity in
rements and the turbulent 
as
ade


an be modelled in some range by a Fokker{Plan
k equation. However, su
h results 
annot

be extrapolated in a simple way to the sto
hasti
 motion of the velo
ity itself. Nevertheless, if

this approa
h is possible, the 
urrent has to vanish as it is 
omputed for a stationary stationary

state of a one{dimensional Fokker{Plan
k equation on an in�nite domain.
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D
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2 ]

v[m/s]

2

6
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0 500 1000 1500 2000

v(
t)

 [m
/s

]

t [1/16 s]

Fig. 3 { Probability 
urrent (full line) and e�e
tive drift (dotted line) 
omputed by Eqs.(4) and (13),

for � = 1=16s; : : : ; 5=16s, respe
tively. Inset: Segment of the wind speed time series.

Evaluation of Eqs.(4) and (13) is straightforward, and results for di�erent values of � are

displayed in Fig. 3. We 
learly see 
onvergen
e already for � � 5=16s. Su
h a 
onvergen
e

supports the 
onje
ture that a sto
hasti
 model in terms of the velo
ity is valid, although a

thorough analysis requires the 
omputation of higher order moments. Here we stress that the

e�e
tive drift and the 
urrent behave di�erently. While the drift is an important ingredient

whi
h enters the 
orrelation properties of the velo
ity the vanishing 
urrent is in a

ordan
e
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with the assumption that the wind data 
an be des
ribed in terms of a simple sto
hasti


model.

Altogether our simple demonstration shows that our novel way of estimating probability


urrents is robust enough to be applied to experimental data. The proper physi
al inter-

pretation depends on the additional issue of whether the observable really is subje
t to a

Fokker{Plan
k equation.

Summary. { We have presented a simple method whi
h allows the 
omputation of the

probability 
urrent. Our approa
h just requires the evaluation of a 
onditional average from a

plain time series. For simpli
ity we have assumed from the very beginning that the underlying

dynami
s is governed by a simple Langevin equation with Gaussian white noise. Formulation

of detailed balan
e be
omes more intri
ate if variables behave di�erently with respe
t to time

reversal or if the noise is non{Gaussian so that one needs a full master equation to des
ribe

the dynami
s properly. We think that our approa
h 
an be extended to 
ope with su
h 
ases

so that time series analysis be
omes possible in quite general situations. But the details are

beyond the s
ope of the present 
ontribution and will be published elsewhere.

� � �

We a
knowledge fruitful dis
ussions with E. Olbri
h and T. S
hreiber.
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