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We present a novel s
heme to stabilize high-frequen
y domain os
illations in semi
ondu
tor super-

latti
es by a time{delayed feedba
k loop. Applying 
on
epts from 
haos 
ontrol theory we propose

to 
ontrol the spatio-temporal dynami
s of fronts of a

umulation and depletion layers whi
h are

generated at the emitter and may 
ollide and annihilate during their transit, and thereby suppress


haos. The proposed method only requires the feedba
k of internal global ele
tri
al variables, viz


urrent and voltage, whi
h makes the pra
ti
al implementation very easy.

PACS numbers: 05.45.Gg,05.45.Pq,73.61.-r,72.20.Ht

Keywords: superlatti
e, autosyn
hronization, 
haos 
ontrol

Semi
ondu
tor superlatti
es [1℄ have been demon-

strated to give rise to self-sustained 
urrent os
illations

ranging from several hundred MHz [2{4℄ to 150 GHz at

room temperature [5℄, whi
h promises potentially impor-

tant appli
ations as ele
troni
 os
illators. Various me
h-

anisms with [6{9℄ or without [10℄ the involvement of prop-

agating �eld domains have been dis
usssed. In any 
ase,

a superlatti
e 
onstitutes a highly nonlinear system [11℄,

and instabilities are likely to o

ur. Indeed, 
haoti
 s
e-

narios have been found experimentally [12{14℄ and de-

s
ribed theoreti
ally in periodi
ally driven [15℄ as well

as in undriven systems [16℄. For a reliable operation of

a superlatti
e as an ultra-high frequen
y os
illator su
h

unpredi
table and irregular 
onditions should be avoided.

In prin
iple, syn
hronization of os
illations in a superlat-

ti
e by an external signal [2, 17℄ 
ould be exploited to

a
hieve a desired periodi
 behavior. However, in reality,

the 
ontrol of the for
ing frequen
y in the ultrahigh range

presents substantial te
hni
al problems.

Here, we propose a simple self-stabilizing s
heme that

is espe
ially suitable for semi
ondu
tor devi
es like su-

perlatti
es. It uses a profound 
on
ept of 
haos 
ontrol

from nonlinear dynami
s and 
haos theory. Within this

approa
h, an intrinsi
ally unstable time-periodi
 motion

is stabilized using a simple feedba
k loop, whi
h 
ouples

ba
k the di�eren
e of an output variable at the a
tual

time t and the same variable at a delayed time t� � [18℄.

This type of 
ontrol needs only small 
ontrol for
es ini-

tially, and they vanish on
e 
ontrol has been a
hieved. A

sound advantage is that the os
illation mode to be stabi-

lized need not be known beforehand, in 
ontrast to other


haos 
ontrol s
hemes. Rather, a simple delay line in


ombination with a di�eren
e ampli�er leads to autosyn-


hronization of the system. Methods of nonlinear 
ontrol

theory [19, 20℄ have been usefully applied to real world

�

permanent address: S
hool of Mathemati
al S
ien
es, Queen

Mary / Univ. of London, Mile End Road, London E1 4NS, UK

problems in various areas of physi
s, 
hemistry and biol-

ogy [21{29℄, but no use has been made of this in the �eld

of semi
ondu
tor self-os
illators.

Control methods 
an be either lo
al or global [30℄. Lo-


al methods require our ability to measure, and apply

for
ing dire
tly to, the spatially resolved state variables

of the system under study. However, in nanote
hnol-

ogy su
h variables, being e.g. ele
tron densities in some

quantum wells, are not easily a

essible, and thus lo
al

methods 
annot be applied. Unlike those, global methods

require a

ess only to some ma
ros
opi
 variable(s) 
har-

a
terizing some integral output of the system. Su
h out-

put 
an generally be reliably measured, and thus global

methods seem to be the only option for the 
ontrol of

devi
es like superlatti
es. However, as we will show be-

low, they are not straightforwardly appli
able to nano-

systems whose stru
ture is spatially dis
rete. In this Let-

ter we present a general approa
h to self-stabilization

of irregular os
illations in semi
ondu
tor devi
es based

upon essentially dis
rete quantum stru
tures.

We 
onsider a model for nonlinear ele
troni
 transport

in semi
ondu
tor superlatti
es that yields 
omplex and


haoti
 dynami
 behavior under �xed time-independent

external voltage in a regime where self-sustained dipole

waves [31℄ are spontaneously generated at the emitter.

Those dipole waves are asso
iated with traveling �eld

domains, and 
onsist of ele
tron a

umulation and de-

pletion fronts that in general travel at di�erent velo
ities

and may merge and annihilate. Su
h moving fronts are

widespread in nonlinear, spatially extended systems, and

similar 
haoti
 front patterns o

ur in many other sys-

tems, e.g., spatially 
ontinuous models des
ribing bulk

impurity impa
t ionization breakdown in semi
ondu
tors

[32℄ or globally 
oupled heterogeneous 
atalyti
 rea
tions

[33℄. Thus the time-delay autosyn
hronization method

proposed in this work 
ould be readily applied to stabi-

lize similar spa
e-time patterns in a variety of systems.

Our model of a superlatti
e is based on sequen-

tial tunneling of ele
trons [31℄. In the framework of

this model the quantum wells are assumed to be only
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weakly 
oupled, and ele
trons are lo
alized at these

wells. Although this approximation is based upon a small

miniband width, the resulting transport 
hara
teristi
s

have a mu
h wider range of appli
ability in the high-

temperature or the high-�eld regime (where 
urrent os-


illations o

ur) even for strongly 
oupled quantum wells,

as has been demonstrated by a detailed 
omparison of the

velo
ity-�eld 
hara
teristi
s with a full quantum trans-

port model [31℄. In [17℄ our model was su

essfully ap-

plied to reprodu
e the observed high frequen
y os
illa-

tions in a strongly 
oupled superlatti
e. The resulting

tunneling 
urrent density J

m!m+1

(F

m

; n

m

; n

m+1

) from

well m to well m + 1 depends only on the ele
tri
 �eld

F

m

between both wells and the ele
tron densities n

m

and

n

m+1

in the respe
tive wells (in units of 
m

�2

). A typi
al

dependen
e of J

m!m+1

on the ele
tri
 �eld between two


onse
utive wells is N -shaped and exhibits a pronoun
ed

regime of negative di�erential 
ondu
tivity.

The total applied voltage U between emitter and 
ol-

le
tor imposes a global 
onstraint U = �

P

N

m=0

F

m

d,

where d is the superlatti
e period. This, together

with Gauss's law, allows us to 
al
ulate the �elds

F

m

(n

1

; :::; n

N

; U) for a given ele
tron density distribu-

tion.

The rate of variation of the ele
tron density in well m

is governed by the 
ontinuity equation

e

dn

m

dt

= J

m�1!m

� J

m!m+1

for m = 1; : : :N (1)

where N is the number of wells in the superlatti
e, and

e < 0 is the ele
tron 
harge.

At the 
onta
ts we 
hoose Ohmi
 boundary 
onditions.

If the 
onta
t 
ondu
tivity � is 
hosen appropriately,

ele
tron a

umulation and depletion fronts are generated

at the emitter [16℄. Those fronts form a traveling high

�eld domain, with leading ele
tron depletion front and

trailing a

umulation front. This leads to self-generated


urrent os
illations. A �xed voltage U imposes a 
on-

straint on the lengths of the high-�eld domains and thus

on the front velo
ities. If N

a

a

umulations fronts and

N

d

depletion fronts are present, the respe
tive front ve-

lo
ities v

a

and v

d

must obey v

d

=v

a

= N

a

=N

d

. Sin
e the

a

umulation and depletion fronts 
an have di�erent ve-

lo
ities, they may 
ollide in pairs and annihilate. At


ertain 
ombinations of 
onta
t 
ondu
tivity � and volt-

age U , 
haoti
 motion arises, when the annihilation of

fronts of opposite polarity o

urs at irregular positions

within the superlatti
e [16℄. The inset of Fig. 1 shows

the plane of � and U , where regions with distin
t regimes

are marked by di�erent shading. As a 
omputationally


onvenient 
riterion for 
haos we have used the rapid de-


ay of the auto
orrelation fun
tion estimated from n

20

(t).

Chaoti
 regimes are found at low 
onta
t 
ondu
tivity

and low voltages, and at higher 
onta
t 
ondu
tivity and

higher voltage. Although 
haoti
 motion o

urs only in

relatively small portions of the 
ontrol parameter plane,

the 
haoti
 regimes have an intri
ate stru
ture, and it

appears diÆ
ult to predi
t and avoid these in real exper-
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FIG. 1: One-parameter bifur
ation diagram: Time di�eren
es

between 
onse
utive maxima of the ele
tron density in well

no. 20 vs voltage U at � = 0:5 


�1

m

�1

. Time series of

length 600ns have been used for ea
h value of the voltage.

The inset shows a two-parameter bifur
ation diagram: bla
k

squares denote 
haoti
 os
illations, light shading indi
ate pe-

riodi
 os
illations, and the white region shows the absen
e

of os
illations. Simulation of an N = 100 superlatti
e with

Al

0:3

Ga

0:7

As barriers of width b = 5nm and GaAs quantum

wells of width w = 8nm, doping density N

D

= 1:0�10

11


m

�2

and s
attering indu
ed broadening � = 8meV at T = 20K.

iments. For a stable operation even in 
ase of parameter


u
tuations it is desirable to suppress these throughout

the os
illatory regime. In Fig. 1, a one-parameter bifur-


ation diagram is given, obtained by plotting the time

di�eren
es �t between two 
onse
utive maxima of the

ele
tron density in a spe
i�ed well. Chaoti
 bands and

periodi
 windows 
an be 
learly seen.

The transition from periodi
 to 
haoti
 os
illations is

enlightened by 
onsidering the spa
e-time plot for the

evolution of the ele
tron densities (Fig. 2a). At U =

1:15V 
haoti
 front patterns with irregular sequen
es of

annihilation of front pairs at varying positions within the

superlatti
e o

ur. We have 
al
ulated the largest Lya-

punov exponent as 1:1�10

9

s

�1

whi
h is a 
lear indi
ation

of 
haos.

We shall now introdu
e a feedba
k loop to 
ontrol the


haoti
 front motion and stabilize a periodi
 os
illation

mode whi
h is inherent in the 
haoti
 attra
tor. Our

s
ope is twofold. We want to suppress the 
haoti
 mo-

tion, but in addition the 
ontrol for
e should be small,

i.e. asymptoti
ally zero, in order to stabilize a proper

periodi
 state of the system. Thus we have to resort

to non-invasive 
ontrol s
hemes. For the non-invasive

stabilization of time{periodi
 target states a very sim-

ple and su

essful s
heme has been proposed [18℄ using

time{delayed signals. An extension of that idea was sug-

gested by So
olar et al [34℄, using multiple time delays

in order to improve the 
ontrol performan
e. Analyti
al

insight into those s
hemes has been gained only re
ently
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FIG. 2: Control of 
haoti
 front dynami
s by extended time-

delay autosyn
hronization. a) Spa
e-time plot of the un
on-

trolled 
harge density, and 
urrent density J vs. time. b)

Same with global voltage 
ontrol with exponentially weighted


urrent density (denoted by the bla
k 
urve). Parameters as

in Fig. 1, U = 1:15 V, � = 2:29 ns, K = 3� 10

�6

Vmm

2

=A,

R = 0:2, � = 10

9

s

�1

. Light and dark regions denote ele
tron

a

umulation and depletion fronts in the spa
e-time plots of

the 
harge densities, respe
tively.

[35{37℄, and various ways of 
oupling of the 
ontrol for
e,

in
luding lo
al and global s
hemes, have been 
ompared

[30, 38{40℄. Whereas lo
al 
oupling s
hemes usually lead

to eÆ
ient 
ontrol in a large 
ontrol domain, they are not

easily implemented in real systems sin
e lo
al, spatially

resolved measurements are ne
essary. Therefore, here we

propose a mu
h simpler global s
heme.

In our problem, as a global output signal that is 
ou-

pled ba
k in the feedba
k loop, it is natural to use

the total 
urrent density J de�ned as follows: J =

1

N+1

P

N

m=0

J

m!m+1

[31℄. For the un
ontrolled 
haoti


os
illations, J is given in Fig. 2a by grey, showing ir-

regular spikes at those times when two fronts annihilate.

Note that the grey 
urrent time tra
e is modulated by

fast small-amplitude os
illations (due to well-to-well hop-

ping of depletion and a

umulation fronts in our dis
rete

model) whi
h are not resolved in the plot. However, as

the variable J is fed ba
k to the system for the purposes

of 
ontrol, these high{frequen
y os
illations render the


ontrol loop unstable. They need to be �ltered out by

using e.g. the following low{pass �lter:

J(t) = �

Z

t

0

J(t

0

)e

��(t�t

0

)

dt

0

, (2)
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FIG. 3: a) Control 
ir
uit in
luding the low-pass �lter with


ut-o� frequen
y � and the time-delayed feedba
k loop (K)

and its extension to multiple time delays (R). b) Control do-

main for global voltage 
ontrol. Full 
ir
les denote su

essful


ontrol, small dots denote no 
ontrol. Parameters as in Fig. 2.

with a 
ut-o� frequen
y �.

The information 
ontained in the low frequen
y part of

the 
urrent (Fig. 2, bla
k 
urve) is then used as input in

the extended multiple-time autosyn
hronization s
heme.

The voltage a
ross the superlatti
e is modulated by mul-

tiple di�eren
es of the �ltered signal at time t and at

delayed times t� � :

U = U

0

+ U




(t) (3)

U




(t) = �K

�

J(t)� J(t� �)

�

+RU




(t� �)

= �K

1

X

�=0

R

�

�

J(t� ��) � J(t� (� + 1)�)

�

where U

0

denotes a time{independent external bias, and

U




is the 
ontrol voltage. The 
ontrol parameters are

given by the amplitude of the 
ontrol for
e K and the

memory parameter R, whereas the delay time � is ad-

justed to the period of the orbit. The period � , i.e.

suitable 
hoi
es for the delay time, 
an be determined

a priori by observing the resonan
e-like behavior of the

mean 
ontrol for
e versus � . A sket
h of the whole 
on-

trol 
ir
uit is displayed in Fig. 3a. Su
h a global 
ontrol

s
heme is easy to implement experimentally. It is non{

invasive in the sense that the 
ontrol for
e vanishes when

the target state of period � has been rea
hed. This tar-

get state is an unstable periodi
 orbit of the un
ontrolled

system. The result of the 
ontrol is shown in Fig. 2b.

The front dynami
s exhibits annihilation of front pairs

at �xed positions within the superlatti
e, and stable pe-

riodi
 os
illations of the 
urrent are obtained.

In Fig. 3b the 
ontrol domain is depi
ted in the pa-

rameter plane of R and K. A typi
al horn{like 
ontrol

domain similar to the ones known from other 
oupling

s
hemes [30℄ is found. Control is a
hieved in a range of

values of the 
ontrol amplitude K, whi
h is widened and

shifted to largerK with in
reasing memory parameter R.

Typi
ally, the left{hand 
ontrol boundary 
orresponds to

a period{doubling bifur
ation leading to 
haos for smaller
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FIG. 4: Fourier power spe
tra of 
ontrolled os
illations

as 
ompared to those of un
ontrolled ones. For � =

0:5 


�1

m

�1

three values of applied voltage U are taken

at whi
h the system demonstrates 
haoti
 os
illations (see

Fig. 1): a),b) U = 1V , � = 2:0091 ns, 
),d) U = 1:15V ,

� = 2:2900 ns, e),f) U = 1:25V , � = 2:4469 ns, R = 0:5. Left


olumn: without 
ontrol, right 
olumn: with 
ontrol. Other

parameters as in Fig. 2.

K, while the right{hand boundary is asso
iated with a

Hopf bifur
ation. The shape of our 
ontrol domain and

its size resemble the results obtained analyti
ally for di-

agonal 
ontrol s
hemes where observables are measured

and 
ontrolled lo
ally. In parti
ular we do not observe

the in
uen
e of other bran
hes of the Floquet eigenvalue

problem, whi
h might redu
e the size of the 
ontrol do-

main severely [41℄. Thus our 
ontrol s
heme is of similar


ontrol performan
e as lo
al 
ontrol.

To illustrate the e�e
t of 
ontrol on the distribution of

os
illation energy over the frequen
ies, we present Fourier

power spe
tra of the 
urrent density J without 
ontrol, to

be 
ompared with those when the 
ontrol is applied. We

�x � = 0:5 


�1

m

�1

as in Fig. 1, and sele
t three values

of U where 
haoti
 os
illations exist. The Fourier spe
-

tra of un
ontrolled os
illations are given in Figs. 4(a), (
),

and (e) for U = 1V , U = 1:15V , and U = 1:25V , respe
-

tively. All three spe
tra are 
ontinuous over frequen
y,

although they 
ontain distin
t peaks. The spe
tra of

the 
ontrolled os
illations be
ome dis
rete, (Figs. 3(b),

(d), and (f)), thus re
e
ting their periodi
ity. The spiky

shape of the os
illations results in a large 
ontent of har-

moni
s. With respe
t to the impli
ations of global 
haos


ontrol for the generation of tunable high frequen
y os-


illations it is important to note that the fundamental

frequen
y de
reases with in
reasing voltage U from 0:5

GHz (U = 1V , (b)) to 0:4 GHz (U = 1:25V , (f)).

To 
on
lude, we have demonstrated that time-delay

autosyn
hronization represents a 
onvenient and simple

s
heme for the self-stabilization of high-frequen
y 
urrent

os
illations due to moving domains in superlatti
es. This

approa
h la
ks the drawba
k of syn
hronization by an ex-

ternal ultrahigh-frequen
y for
ing, sin
e it requires noth-

ing but delaying of the global ele
tri
al system output

by the spe
i�ed time lag. The proposed low-pass �lter-

ing of the output signal presents a solution of the prob-

lem one ne
essarily en
ounters when trying to 
ontrol a

nano-system with a 
ru
ially dis
rete quantum stru
ture

leading to superimposed fast well-to-well hopping os
il-

lations in our 
ase.
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