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Abstra
t

We review re
ent developments for the 
ontrol of 
haos by time{delayed

feedba
k methods. While su
h methods are easily applied even in quite


omplex experimental 
ontext the theoreti
al analysis yields in�nite{dimen-

sional di�erential{di�eren
e systems whi
h are hard to ta
kle. The essen-

tial ideas for a general theoreti
al approa
h are sket
hed and the results

are 
ompared to ele
troni
 
ir
uits and to high power ferromagneti
 res-

onan
e experiments. Our results show that the 
ontrol performan
e 
an

be understood on the basis of experimentally a

essible quantities without

resort to any model for the internal dynami
s.

Control of 
haos, i.e. the stabilisation of unstable states by non-invasive methods,

has be
ome one of the most rapidly developing bran
hes in applied nonlinear s
i-

en
e. From the point of view of appli
ations time{delayed feedba
k methods are

very popular 
ontrol s
hemes, sin
e they 
an be used in quite di�erent experimen-

tal 
ontexts. We review re
ent analyti
al results 
on
erning the universal proper-

ties of time{delayed feedba
k 
ontrol. The theoreti
al predi
tions 
on
erning e.g.

the 
ontrol thresholds are 
on�rmed by ele
troni
 
ir
uit experiments and explain

the 
ontrol behaviour in high{power ferromagneti
 resonan
e experiments. Some

impli
ations for 
ontrol of spatio{temporal 
haos are des
ribed, in parti
ular the

role of spatio{temporal �lters for the improvement of the 
ontrol performan
e.
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1 Introdu
tion

The in
uen
e of time dependent perturbations on the dynami
al behaviour is

still one of the most fas
inating problems in natural s
ien
es and engineering.

Although the importan
e and relevan
e of resonan
e phenomena are known for


enturies, the development of Nonlinear Dynami
s has led to new aspe
ts during

the last de
ade. Parti
ular milestones are the problem of syn
hronisation in

dynami
al systems [1℄ and the sele
tion and stabilisation of unstable states by

tiny driving �elds [2℄. While the �rst 
on
ept has meanwhile led to new notions

of syn
hronised motion and plays a role e.g. in bran
hes like 
oding theory, the

se
ond 
on
ept, usually 
alled 
haos 
ontrol, has proven to be fruitful in quite

di�erent bran
hes of applied s
ien
es [3℄.

Problems of 
ontrol are of 
ourse a 
lassi
al dis
ipline in engineering s
ien
e

and applied mathemati
s and have been investigated for at least half a 
entury

(
f. e.g. [4℄). The new aspe
t introdu
ed re
ently was the emphasis of non{

invasive 
ontrol, i.e. 
ontrol methods where the 
ontrol for
e vanishes asymptot-

i
ally whenever imperfe
tions like thermal noise 
an be negle
ted. Su
h s
hemes

are relevant if one stabilises proper unstable states of the dynami
al system. The

solution of a 
ontrol problem is quite simple, in prin
iple. One just has to turn

all the unstable eigenmodes of a state into stable modes. Su
h a 
on
ept is of-

ten 
alled pole pla
ement te
hnique. The strategy proposed in [2℄ was based on

geometri
 
onsiderations valid in the vi
inity of the state to be stabilised.

In the wake of the pioneering work [2℄ a whole industry of 
haos 
ontrol pa-

pers developed (
f. e.g. [5℄). But the original 
ontrol method 
ontains a main


aw often relevant in appli
ations. The 
ontrol s
heme requires some informa-

tion about the internal dynami
s either by a mathemati
al model or some phase

spa
e re
onstru
tion te
hnique (e.g. [6℄). In fa
t, under su
h 
ir
umstan
es tra-

ditional 
ontrol theory is very eÆ
ient although the handling of time dependent

target states often poses some 
hallenge. The situation be
omes mu
h worse if

no modeling of the dynami
s is possible. Control s
hemes have been proposed

whi
h might 
ope with situations where no modelling is possible (e.g. [7℄). But

they are often just slight extensions of 
lassi
al 
on
epts known by engineers for

quite a while. In fa
t, some of these approa
hes are invasive methods in 
ontrast

to what has been mentioned in the literature [8℄.

A real new idea for stabilising time periodi
 states by a non{invasive method

was based on the observation that proper 
ontrol for
es 
an be generated by

time{delayed di�eren
es of measured signals [9℄. Su
h a method 
an easily be

implemented in quite 
omplex experiments, sin
e the basi
 idea is simple and

does not need any modelling of the internal dynami
s. Let us assume we have a

dynami
al system or an experiment where the ve
tor x(t) denotes the 
omplete

mesos
opi
 state of the system. Of 
ourse we do not know the state expli
itly.

We are just able to measure a (s
alar) signal s(t) = g[x(t)℄ whi
h depends on

the internal state in some unknown way. Let �(t) = �(t+ �) denote the periodi
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unstable state whi
h we intend to stabilise. The key idea of time{delayed feedba
k


ontrol 
onsists in imposing a for
e on the system whi
h is proportional to the

time{delayed di�eren
e of the measured signal, �s(t) = s(t)� s(t� �). Provided

that the delay time � 
oin
ides with the period of the orbit the 
ontrol s
heme

satis�es at least the 
onstraint that the for
e vanishes when the target state �(t)

is rea
hed, i.e. the method yields a non{invasive 
ontrol s
heme. At the moment

we assume for simpli
ity that the period of the orbit is known in advan
e, so that

the delay time 
an be adjusted properly. The whole 
ontrol setup is sket
hed in

�gure 1.

h(t) s(t)=g[x(t)]

x(t)

s(t _τ )

s(t)∆

K

Figure 1: Control s
heme for time{delayed feedba
k 
ontrol. The 
ontrol loop is

displayed in gray. The 
ontrol for
e 
onsists of the 
ontrol signal �s(t) and the


ontrol amplitude K whi
h a
ts as a linear ampli�
ation.

Temporal delays are quite easy to realise in real experiments. One may ei-

ther use analog delay lines, digital 
omputers, or just the signal travelling times

through 
ables or opti
al resonators. For a theoreti
al analysis of the 
ontrol per-

forman
e one has to 
onvert the information of the 
ontrol s
heme displayed in

�gure 1 into an equation of motion without referring to a parti
ular experimental


ontext. Thus we obtain

_
x(t) = f(x(t); K�s(t)) (1)

where the dependen
e of the right hand side on the internal degrees of freedom

and on the 
ontrol for
e F (t) = K�s(t) 
annot be spe
i�ed without further

knowledge. The time{delayed feedba
k s
heme a

ording to the original idea of

Pyragas, however, tells us that the 
ontrol for
e reads

F (t) = K�s(t) = K (g[x(t)℄� g[x(t� �)℄) : (2)

From the theoreti
al point of view eqs.(1) and (2) have to be analysed with

respe
t to stabilising a parti
ular periodi
 state �(t). In that 
ontext the 
ontrol
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amplitude K plays the role of the relevant experimental parameter whi
h has to

be adjusted properly.

2 Control performan
e

For the theoreti
al analysis of eq.(1) we have to assume that the free system,

i.e. eq.(1) for K = 0, has an unstable time periodi
 state �(t) with period � .

Following the original idea of 
haos 
ontrol su
h states typi
ally exist in 
haoti


systems where periodi
 solutions are embedded in the 
haoti
 attra
tor, although

from the point of view of 
ontrol su
h a 
haoti
 environment is not a ne
essary


ondition. Thus the free systems has a solution x(t) = �(t) = �(t��). Employing

the stability of the system subje
ted to 
ontrol we resort to the usual linear

stability analysis by 
onsidering a small neighbourhood of our target solution,

x(t) = �(t) + Æx(t). For small in
rements Æx(t) the full system (1) and (2)

results in a linear di�erential{di�eren
e equation

Æ
_
x(t) = D

1

f(�(t); 0)Æx(t) +KM(�(t)) (Æx(t)� Æx(t� �)) (3)

where D

1

f denotes the Ja
obian of the free system and the 
ontrol matrix M is

given in terms of derivatives of the dynami
s with respe
t to the 
ontrol for
e

and of the measured quantity

M(�) = d

2

f(�; 0)
 dg[�℄ : (4)

The linear system (3) 
an be solved by expansion in terms of eigenmodes

Æx(t) = exp[(� + i
)t℄U (t) : (5)

Via the motion along the periodi
 state our system is periodi
ally time depen-

dent. Thus the Floquet de
omposition applies whi
h tells us that the eigenmodes

are periodi
ally time dependent as well, U(t) = U(t� �). Stability of the state

is governed by the real part of the Floquet exponent �+ i
, where indi
es num-

bering the di�erent exponents have been suppressed for simpli
ity. Owing to the

periodi
ity of the eigenmode the delay disappears from the full system (3) when

the ansatz (5) is employed. The 
ontribution from the 
ontrol matrix 
ontains

the eigenvalue as a parameter, and one ends up with the usual Floquet eigenvalue

problem

(�+ i
)U(t)+

_

U(t) = [D

1

f(�(t); 0) +K (1� exp[�(� + i
)� ℄)M(�(t))℄U(t) :

(6)

Su
h nonlinear eigenvalue problems usually yield trans
endental 
hara
teristi


equations [10℄. For a numeri
al evaluation one requires of 
ourse the expli
it

form of the free Ja
obian D

1

f and of the 
ontrol matrix M . There exist ni
e

approa
hes based on 
omplex 
ontour integrals where numeri
al exa
t statements
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about the spe
trum and in parti
ular about the stability 
an be derived [11℄.

But the emphasis of delayed feedba
k 
ontrol is on systems where no model

equations are available. Even without knowing the analyti
al form of the 
ontrol

matrix and of the free Ja
obian properties of the eigenvalue problem 
an be

evaluated. For the onset of stability the real part � has to 
hange its sign. One


an proof that su
h a 
ase happens only if the imaginary part 
 is nonzero [12℄.

Furthermore stabilisation is impossible when the orbit �(t) of the free system has

an even number of real Floquet exponents [13℄. Su
h 
onstraints 
an be visualised

by a geometri
 argument [14℄. One needs torsion in the neighbourhood of the

desired orbit in order that time{delayed feedba
k methods work at all. Su
h a

topologi
al 
onstraint explains why the method may fail in 
ertain dissipative

low{dimensional systems.

For a numeri
al evaluation of the eigenvalue problem (6) one has to resort

to approximations. Using a perturbative approa
h by expanding in terms of the


ontrol amplitude the 
hara
teristi
 equation of eq.(6) 
an be written as [12℄

� + i
 = �+ i! + (�

0

+ i�

00

)K (1� exp[�(� + i
)� ℄) : (7)

Here � + i! denotes the Floquet exponent of the free orbit, and the 
omplex

valued parameter �

0

+ i�

00

takes all the details of the 
ontrol s
heme into a

ount.

In pra
ti
e these numbers may be 
onsidered as �t parameters. For a detailed

dis
ussion of the approximation leading to eq.(7) we refer to [15℄. We just mention

that eq.(7) be
omes an exa
t expression for a parti
ular 
hoi
e of the 
ontrol

matrix, namely diagonal 
ontrol where ea
h degree of freedom is measured and


ontrolled so that M be
omes the identity matrix.

-2

-1

0

1

0 2 4 6

Λ
τ

(-     )Kτχ′

-  π

-  /2π

0

  /2π

π

0 2 4 6

∆Ω
τ

(-     )Kτχ′

Figure 2: Dependen
e of the real part � of the Floquet exponent and of the

frequen
y deviation �
 = 
�! on the 
ontrol amplitude for �� = 1 (theoreti
al

predi
tion a

ording to eq.(7)). Full line: dominant eigenvalue, gray: non-leading

part of the spe
trum.

Evaluation of the trans
endental equation (7) is now straightforward. We just


onsider the spe
ial 
ase of orbits whi
h 
ip their neighbourhood during one turn,

5



i.e. !� = �

1

. Figure 2 
ontains the dependen
e of real and imaginary part on the


ontrol amplitude. One obtains a 
hara
teristi
 butter
y shaped 
urve for the

real part whi
h results in a �nite 
ontrol interval where � < 0. That behaviour is

a

ompanied by a frequen
y splitting phenomenon for the imaginary part, 
aused

by a 
ollison of two distin
t Floquet exponents. The whole spe
trum 
onsists of an

in�nite number of eigenvalues, re
e
ting the in�nite{dimensional nature of the

di�erential{di�eren
e equation (3). However, all these nonleading eigenvalues

have negative real parts and do not 
ontribute to the 
ontrol performan
e.

Su
h a theoreti
al predi
tion 
an be 
ompared with experiments where the

stability exponents are a

essible. Typi
ally su
h a situation o

urs in simple

demonstration experiments like ele
troni
 
ir
uits. A simple non-autonomous

example is the nonlinear diode resonator illustrated in �gure 3. Here the periods

of the unstable orbits are known a priori, sin
e they are given by integer multiples

of the period of the driving voltage. Without 
ontrol the system undergoes a

period doubling 
as
ade to 
haos on variation of the driving amplitude U

A

. This

guarantees a nonzero torsion (! = �=�) of the unstable periodi
 orbits.

UA

L
C(U) R

K

τ-

+

+

+

R

1-R

Ω
+

+

Figure 3: Experimental setup of the nonlinear diode resonator with extended

time delay feedba
k devi
e.

The Floquet exponents 
an be measured e.g. by employing linear response

methods. Here one superimposes a small harmoni
 additional for
ing and dete
ts

the 
ontrol signal. The 
orresponding Fourier spe
trum within the 
ontrol regime

is shown in �gure 4. The positions and widths of the lines yields the imaginary

and real parts of the 
orresponding Floquet exponent. The general theory �ts

well with experimental results (
f. �gure 5), even a quantitative 
oin
iden
e of

up to 5% is observed.

1

Su
h a 
hoi
e implies �

00

= 0, 
f. e.g. [12℄.
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Figure 4: Response spe
trum of an ele
troni
 
ir
uit subje
ted to delayed feed-

ba
k 
ontrol within the 
ontrol domain. Peaks are 
aused by the leading Floquet

exponent.

20 40 60 80
-0.6

-0.4

-0.2

0.0

K

Λ
 τ

20 40 60 80
-0.4

-0.2

0.0

0.2

0.4

∆Ω
 τ

/ 
2

 π

 K

Figure 5: Real and imaginary part of the leading Floquet exponent in depen-

den
e on the 
ontrol amplitude K for an ele
troni
 
ir
uit experiment. Symbols:

experimental results, line: numeri
al �t a

ording to eq.(7) with ���

0

= 0:036

and �� = 1:07.

The typi
al shape of the leading eigenvalue yields a �nite 
ontrol interval with

two thresholds, a lower and an upper 
riti
al 
ontrol amplitude. At the lower

threshold 
ontrol sets in via a reversed 
ip bifur
ation. Provided the bifur
ation

is super
riti
al one expe
ts that in the Fourier spe
trum of the measured signal a

peak at half the basi
 frequen
y disappears when one enters the 
ontrol interval by


hanging K. This predi
tion is 
on�rmed in experiments (
f. �gure 6). At the

upper threshold the eigenvalue spe
trum has developed a nontrivial imaginary

part indi
ating a Hopf bifur
ation. Thus sideband frequen
ies are observed in

the Fourier spe
trum of the signal. Both features are typi
al for time{delayed

feedba
k methods.
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K
(fl)

K
(ho)

<K<

Figure 6: Fourier spe
trum of the measured signal, without 
ontrol (K = 0:


haoti
), below the lower 
riti
al 
ontrol amplitude (K < K

(fl)

: period two),

within the 
ontrol interval (K

(fl)

< K < K

(ho)

: periodi
), and above the upper


ontrol threshold (K > K

(ho)

: quasiperiodi
).

The size of the 
ontrol interval depends on properties of the free orbit, in

parti
ular on its Lyapunov exponent �. On in
reasing � the spe
trum displayed

in �gure 2 is essentially shifted upwards. A more thourough analysis shows [16℄,

that the 
ontrol interval vanishes when �� = 2. Su
h a 
onstraint limits the

original s
heme a

ording to eq.(2) to weakly unstable orbits. Altogether the

analyti
al approa
h des
ribed here allows to dete
t the strenght and weakness of

time{delayed feedba
k 
ontrol.

3 Control in strongly driven magneti
 systems

High power ferromagneti
 resonan
e experiments were performed on spheres of

yttrium iron garnet (YIG), whi
h is well established as a "prototype nonlinear

ferromagnet". The parametri
 ex
itation of spin waves was observed in sub-

sidiary absorption and parallel pumping (
f. e.g. [17℄). The sample was pla
ed in

a mi
rowave 
avity and ex
ited by a mi
rowave �eld of frequen
y �, applied per-

pendi
ularly or parallel to the stati
 magneti
 �eld (
f. �gure 7). The subsidiary

absorption manifests as an additional absorption stru
ture at lower �eld, whi
h is

well separated from the FMRmain resonan
e and shows a drasti
 broadening with

in
reasing mi
rowave power, a

ompanied by auto{os
illations and sequen
es of

bifur
ations. We have systemati
ally analysed [18℄ the dynami
 behaviour of the

subsidiary absorption signal at �xed pumping frequen
y, as presented for instan
e

in �gure 8.
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P
in

P
tr

H

YIG sphere

x

y

z

Figure 7: Setup for the ferromagneti
 resonan
e experiment.

Figure 8: Experimental bifur
ation diagram for high{power ferromagneti
 res-

onan
e on a YIG sphere (� = 9:26GHz) with respe
t to magneti
 �eld H and

input mi
rowave power P

in

. The lowest line indi
ates the Suhl threshold, the

lines above separate regimes of di�erent time behaviour, e.g. period doublings

(P2, P4), quasiperiodi
ity (QP), di�erent types of intermitten
y (INT II, III) or


haos.

It is a 
hara
teristi
 feature of these strong nonequilibrium ferromagneti
 res-

onan
e experiments that the absolute values of magneti
 �elds, i.e. the lo
ation

9



of bifur
ation lines in the diagram 8, depend sensitively on the details of the mag-

neti
 experiment, in parti
ular on the magnon damping, the surfa
e roughness

of the sample, the orientation of the 
rystal axis, and the ele
tri
 
oupling and

the quality fa
tor of the 
avity. These properties di�er from setup to setup but

the topology of the bifur
ation diagram does not depend on these features. Thus

one has to be 
areful when 
omparing dire
tly the absolute values of 
riti
al and

stati
 �elds of di�erent experimental setups. Usually deviations of several 10Oe

appear between di�erent types of experiments.

The lower line in �gure 8 shows the dependen
e of the Suhl threshold on H

(the so{
alled butter
y 
urve)

2

. The next line indi
ates a Hopf bifur
ation and


orresponds to the onset of auto-os
illations. Further bifur
ation lines at higher

input power separate regimes of di�erent time behaviour, e.g. period doublings,

quasiperiodi
ity, di�erent types of intermitten
y or 
haos. The auto{os
illation

frequen
ies were in the MHz range and 
hanged dramati
ally on variation of

system parameters, thus making the � adjustment a 
hallenge. For the given

setup (
f. �gure 9) an intrinsi
 
ontrol loop laten
y of about 70ns was observed.

resonator

detector

static

magnetic

field H

microwave

generator

PIN

diode

amplifierτ
U(t- )τ

F(t)

U(t)
+

−

±K

Figure 9: Experimental 
ontrol of the ferromagneti
 resonan
e experiment by

time{delayed feedba
k.

To illustrate the appli
ability of the delayed feedba
k 
ontrol method to 
om-

plex spin systems, as a �rst step we 
onsidered a stable period{2 orbit (�gure

10, K = 0), whi
h was generated through a period doubling, leaving an un-

stable period{1 orbit with 
ipping neighbourhood (! = �=�). This unstable

2

Here and in the 
orresponding �gures below P

in

was normalized to the minimum threshold.
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Figure 10: Suppression of a period{2 orbit (parallel pumping, � = 9:39GHz, P

in

=

13:3dB, H = 1613Oe ). When 
omparing the data to the diagram 8 one has to

take into a

ount that the pump frequen
ies di�ers by 1.4%. L.h.s. top to bottom:

stable period{2 orbit (K = 0), 
ontrolled period{1 orbit (K = 0:2), feedba
k

indu
ed torus (K = 0:5). R.h.s.: 
orresponding phase spa
e representations

using delay embedding. Note that the stabilised UPO (dark) is lo
ated 
lose to

the starting period{2 orbit, while for large K an attra
tor widening o

urs.

-40

-20

0

S (ν)

[dB]

0.0 0.5 1.0 1.5

-40

-20

0

ν  [MHz]

Figure 11: Suppression of 
haos (subsidiary absorption, � = 9:39GHz, P

in

=

8:5dB, H = 1865Oe ). L.h.s. top to bottom: 
haoti
 attra
tor (K = 0), stabilised

period{1 orbit (K = 0:37). R.h.s.: 
orresponding phase spa
e representations.

Note that the stabilised periodi
 orbit (dark) is embedded in the 
haoti
 attra
tor.
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orbit was sele
ted for 
ontrol. The delay time � = 2:09�s was evaluated from

the very sharp and dominating peak in the spe
trum. Turning on the feedba
k

and in
reasing the 
ontrol amplitude K, we observed a 
hangeover to period{1

(�gure 10, K = 0:2), while the period{2 
omponent was suppressed by more

than 20dB. The vanishing 
ontrol signal (below a noise level of about 1% of the

diode signal) indi
ated su

essful 
ontrol. On further in
rease of K, the orbit was

destabilised again. A widening of the attra
tor o

urred, a

ompanied by a Hopf

bifur
ation

3

whi
h resulted in an additional broad peak at about 1:53MHz (�gure

10, K = 0:5). A

ording to the theoreti
al expe
tations, there is a K{window of

su

essful 
ontrol whi
h is limited at low K{values by a 
ip bifur
ation and at

high K{values by a Hopf bifur
ation.

In order to extend these 
ontrol experiments to the 
haoti
 regime we looked

for a parameter range where 
haos evolves via a period doubling, leading to a


ipping neighbourhood (! = �=�). However, this period doubling was followed

by two Hopf bifur
ations making the the situation more 
omplex. A proper

starting value for the 
y
le time � = 2:08�s was obtained from the unperturbed

spe
trum, (�gure 11, K = 0). We tried to improve this value by applying the

sophisti
ated iterative pro
edure des
ribed in [19℄, but the 
ontrol signal remained

nearly una�e
ted. The unperturbed spe
trum again showed a noisy but distin
t

period{2 
omponent. When applying a moderate feedba
k amplitude (K = 0:37),

the irregular behaviour was largely suppressed (�gure 11). The period{1 peak

be
ame rather narrow, the period{2 
u
tuations were de
reased by about 15dB,

whereas the frequen
y 
omponents resulting from the Hopf bifur
ations were less

a�e
ted.

These experiments show that 
haoti
 spin systems, in spite of their 
omplex-

ity and fast time s
ale, 
an be 
ontrolled by time{delayed feedba
k te
hnique.

General properties and limitations of this te
hnique, as predi
ted from a system{

independent theory, show up very distin
tly in our experimental �ndings.

4 Spatio{temporal 
ontrol

The approa
hes des
ribed in se
tion 2 apply to any dynami
al system, i.e. to

spatially extended systems as well. Experimental aspe
ts have been mentioned

in the previous se
tion. However, the plain 
ontrol method does not take the

properties of spatial degrees of freedom expli
itly into a

ount. Any modi�
ation

of the 
ontrol method should be simple enough that an appli
ation in fairly 
om-

pli
ated experimental situations is still possible. A method whi
h aims at su
h a

goal is the appli
ation of Fourier de
omposition in order to a
hieve stabilisation

in extended systems with large aspe
t ratio [20℄. Fourier de
omposition 
an be

performed by simple devi
es in opti
al experiments. A feedba
k of 
ertain Fourier

3

Additional se
ondary instabilities [15℄ appear in the experiment on in
reasing K, so that

the resulting torus does not wrap around the unstable periodi
 orbit.
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modes whi
h represent the desired pattern may lead to non{invasive 
ontrol of

spatially periodi
 and regular states in 
ertain laser experiments [21℄. To some

extent su
h methods use a spatial delay to a
hieve stabilisation.

To shed more light in a systemati
 way on su
h approa
hes let us dwell on

some theoreti
al ba
kground from the point of view of delayed feedba
k 
ontrol.

Let x(t) denote the state of the system, where the ve
tor x may be a high{

dimensional obje
t in
luding spatial variables as well. The free motion without


ontrol is assumed to obey the set of equations

_
x(t) = f(x(t)) : (8)

Stability of the pattern �(t) = �(t + �) is determined by the linear eigenvalue

problem

(�+ i!)u(t) +
_
u(t) = Df(�(t))u(t); u(t) = u(t+ �) (9)

where u(t) denotes the 
orresponding eigenmode of the system. Sin
e the eigen-

value problem is not symmetri
 the 
orresponding adjoint eigenmodes may di�er:

(�+ i!)v

�

(t)�
_
v

�

(t) = v

�

(t)Df(�(t)); v

�

(t) = v

�

(t+ �) : (10)

Stabilisation requires to turn the unstable eigenmodes with � > 0 into stable

modes. Thus a reasonable 
ontrol method, i.e. a suitable 
ontrol matrix, should

be based on these eigenmodes. We propose an ansatz by an outer produ
t (
f.

eq.(4)) whi
h results in

_
x(t) = f(x(t)) +Ku(t) (hv(t)jx(t)i � hv(t� �)jx(t� �)i) ; (11)

if the delayed feedba
k method is employed. The delayed feedba
k is based on

the signal s(t) = hv(t)jx(t)i where h:j:i indi
ates an inner produ
t. If the state x


ontains spatial degrees of freedom the signal in
ludes a spatial integral, i.e. the


ontrol for
e is based on spatial �ltering. If the system has large aspe
t ratio, so

that boundary 
onditions are irrelevant, the spatial 
omponents of the eigenmodes

are plane waves, and we re
over the Fourier �ltering te
hnique. But we stress

that the unstable eigenmodes u(t), v(t) and not the modes whi
h 
onstitute

the desired pattern �(t) are the relevant quantity. If boundary 
onditions are

important the eigenmodes are no longer plane waves, and the 
ontrol method

(11) takes boundary e�e
ts in a proper way into a

ount.

The 
ontrol performan
e is again determined by the linear stability of the

full system (11) in
luding the 
ontrol term. Thus we are left with the eigenvalue

problem

(�+i
)U(t)+

_

U(t) = Df(�(t))U(t)+K (1� exp[�(� + i
)� ℄)u(t)hv(t)jU(t)i :

(12)

Sin
e the eigenmodes of the free system are mutually orthogonal the solution of

eq.(12) is given by the eigenmodes of the free system (8), U(t) � u(t), and we
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again obtain the eigenvalue equation (7) with �

0

+ i�

00

= hvjui. Thus 
oupling

and �ltering through the eigenmodes of the unstable pattern is as eÆ
ient as

diagonal 
oupling where every degree of freedom is measured and 
ontrolled.

The analysis just presented explains the eÆ
ien
y of eigenmode 
ontrol and

yields a generalisation of Fourier �ltering te
hniques for stabilising arbitrary pat-

terns. The 
ontrol s
heme is based on the time dependent eigenmodes. Thus

the appli
ation of the 
ontrol for
e introdu
es an expli
it time dependen
e as

well. Within our analysis we have imposed the 
ondition that the phase of the

eigenmode is syn
hronised with the time dependent pattern that is eventually

stabilised. Then the 
hara
teristi
 equation (7) be
omes exa
t and des
ribes the


ontrol performan
e. However, phase lags may o

ur in autonomous systems,

and they adjust themselves during the 
ontrol pro
ess. Moreover, syn
hronisa-

tion phenomena whi
h make the 
ontrol method even more eÆ
ient may be
ome

relevant, but the dis
ussion of su
h features is beyond the s
ope of the present


ontribution (
f. [22℄).

5 Summary

In 
ontrast to usual 
ontrol and syn
hronisation s
hemes the usage of time{

delayed feedba
k immediately results in high{dimensional dynami
al systems

even if the free dynami
s involves just a few degrees of freedom [23℄. For that

reason a deeper theoreti
al understanding of time{delayed feedba
k s
hemes on

a general level has been developed only re
ently, although the mathemati
s is

to some extend quite standard [10℄. We have sket
hed the main ideas in se
tion

2, but su
h approa
hes are not limited to the original Pyragas s
heme. In fa
t,

several modi�
ations have been proposed to 
ir
umvent limitations of the original

s
heme.

Multiple delay times have proven to be fruitful for stabilising highly unstable

periodi
 orbits [24℄. An analysis along the lines of se
tion 2 shows that orbits

with a large Lyapunov exponent 
an be stabilised by su
h approa
hes. The

method is quite robust and easy to implement either by �ltering the 
ontrol

signal ele
troni
ally or by implementing multiple delays using the travelling time

of signals, e.g. in opti
al resonators.

A severe limitation of the 
onventional delayed feedba
k s
heme results from

the fa
t that only orbits with a 
omplex Floquet exponent 
an be stabilised

[12, 13℄. This restri
tion 
an be relaxed by means of a time dependent modula-

tion of the 
ontrol amplitude K [25, 26℄. Su
h approa
hes have been su

essfully

applied in experiments [25℄. The method relies to some extend on the quite


ompli
ated stru
ture of the eigenvalue spe
trum whi
h explores the in�nite di-

mensionality of the phase spa
e (
f. [27℄). As an alternative, re
ently 
ontrol

loops have been proposed whi
h 
ontain an additional unstable degree of free-

dom [28℄. Although similar ideas are known in 
ontrol theory, their 
ombination
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with time{delayed feedba
k methods is new and the s
heme has not yet been

applied in real experiments.

Time{delayed feedba
k methods do not require the knowledge of the orbit to

be stabilised in advan
e. Just for simpli
ity we have assumed that its period is a

priori known, but that is not a matter of prin
iple. Several empiri
al and semiem-

piri
al s
hemes have been proposed to �nd suitable delay times from properties

of the 
ontrol signal [29, 30℄. These methods are essentially based on observing

dominant peaks in the Fourier spe
trum of the 
ontrol signal and adjusting the

delay time within an iteration pro
ess. Su
h s
hemes 
an be based on theoreti
al

arguments by a proper analysis of the full delay system in
luding the 
ontrol

for
e [19℄. In parti
ular, quantitative expressions 
an be derived whi
h relate

the periodi
ity of the 
ontrol signal with the delay mismat
h and the 
ontrol

amplitude.

Time{delayed feedba
k methods aim at stabilising time periodi
 states in

experimental setups where neither fan
y data pro
essing is possible nor some

mathemati
al modelling is available. Su
h 
onditions o

ur frequently in fast

experimental systems. It is already known by engineers for de
ades that 
ontrol

loop laten
y, i.e. the time lag needed for 
oupling the 
ontrol for
e to the system

under 
onsideration, severely limits the eÆ
ien
y of traditional 
ontrol methods

[31℄. Su
h reservations apply for time{delayed feedba
k 
ontrol as well, and one

may quantitatively express su
h a 
onstraint in terms of the 
ontrol loop laten
y,

the period of the orbit, and its Lyapunov exponent [32℄.

The analyti
al approa
hes for time{delayed feedba
k methods are restri
ted

to linear stability analysis and thus probe lo
al features of the 
ontrol s
heme.

By su
h an analysis one 
annot answer the question whi
h orbit is 
ontrolled

apart from the trivial observation that the 
hosen delay time sele
ts a parti
ular


lass of orbits. In order to answer su
h questions one has to go beyond linear

approa
hes sin
e one needs to investigate global features like basins of attra
tion.

Su
h problems, however, are still a 
onsiderable mathemati
al 
hallenge and have

not been atta
ked yet for time{delayed feedba
k 
ontrol, although su
h questions

are of utmost importan
e in experimental 
ontexts.

The investigation of time{delayed feedba
k s
hemes for spatially extended

systems is still at its beginning. In parti
ular, one has to take expli
itly the

properties of spatial degrees of freedom into a

ount in order to a
hieve the full

power of time{delayed feedba
k s
hemes. On the other hand one should not

destroy the simpli
ity of time{delayed feedba
k 
ontrol by invoking an advan
ed


ontrol s
heme whi
h is diÆ
ult to handle. A proper balan
e and, in parti
ular, a

variety of tests in di�erent experimental situations will prove to be a 
ornerstone

for 
ontrol of spatio{temporal 
haos in the future.
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