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Trajectory-Based Stabilization of Periodic Orbits*

Niklas Krusel, Wolfram Just’, and Jens Starkef

Abstract. We present a data-driven feedback control scheme, which stabilizes unstable periodic orbits of dy-
namical systems. Model equations of the underlying system are assumed to be unavailable. Our
approach relies only on previously measured input-state trajectories of a Poincaré map of the sys-
tem. The success of a stabilizing feedback control in experimental systems typically depends on
an adequate choice of control gains. The presented scheme computes stabilizing control gains by
solving an optimization problem. No explicit model is identified and the control gains are computed
directly from the measured trajectories. As a demonstration, we apply the scheme to a control-based
continuation problem and obtain the corresponding bifurcation diagram.

Key words. data-driven control, Poincaré map, periodic orbit, control-based continuation

MSC codes. 37N35, 34H05, 34H20

1. Introduction. Experimental systems typically depend on parameters, which can be
adjusted in order to obtain a desired behavior. This desired behavior may be represented by
a stationary state or some periodic solution in the state space. If these are unstable, meaning
that initialization near but not exactly at them causes the system state to diverge, the desired
behavior is not observable in the experiment, which never allows for exact initialization. Even
if one succeeds at initializing the experiment exactly at for example an unstable stationary
state, the never completely avoidable external disturbances would again cause the system
state to diverge. To overcome this, feedback control is often used for the stabilization of an
unstable steady state of the underlying system [22, 26, 12, 29]. When the desired behavior is
represented by a certain unstable periodic solution in the state space, one can again rely on
feedback control, to stabilize these periodic orbits and thus making them observable in the
corresponding experiment. One way to extend linear feedback control to this scenario was
suggested in [27]. The idea is to reduce the stabilization of the desired periodic solution to the
stabilization of the corresponding fixed point of a Poincaré map [19]. Consequently, feedback
control techniques for stabilizing fixed points of discrete-time systems can be applied. But,
having the application of these techniques in real experiments in mind, we want to point out
the following two problems.

Feedback control is often formulated in a framework, which assumes that the experimental
system is modeled by a system of differential equations. While in some situations, first princi-
ples allow for deriving such an analytic model, this is not always the case. To overcome this,
data-based control strategies are used [32, 24]. These are based on a data-driven identification
of a linear control system, which are amenable for linear feedback control [26, 12]. Further-
more, we want to point out that feedback control relies on an adequate choice of control gain
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2 N. KRUSE, W. JUST, J. STARKE

parameters. Having an analytic model at hand, which was either derived or identified with
the aid of the above mentioned data-based identification methods, there exists methods for
computing stabilizing control gains [26, 12]. Also, model-based methods for designing feed-
back control laws of nonlinear systems are available, which include for example linearization
via feedback, sliding mode control, backstepping and passivity-based control [22, 23]. How-
ever, motivated by the fact that experimental systems are naturally observed through time
series of some number of measurement variables, it was shown in [14, 13, 6, 2], that one
can directly compute stabilizing control gains from collected time series. This means, that a
model identification is not required, which sometimes is referred to as a trajectory-based ap-
proach. These trajectory-based methods are used to stabilize known fixed points of discrete-
and continuous-time control systems and have also been used in a model predictive control
scheme [7]. In this work, we extend this framework to the stabilization of periodic orbits
of continuous-time systems. In [9], the above mentioned model identification methods were
used, to derive analytic expressions of Poincaré maps, which allows for stabilizing unstable
periodic orbits via linear feedback control. Although we ultimately have the same goal, our
approach is not based on this explicit model identification and computes stabilizing control
gains directly from observed time series of a Poincaré map. We apply the proposed scheme
by tracking an unstable branch of periodic orbits, which appears in a system, that is defined
from the normal form of the saddle-node bifurcation. This is referred to as control-based con-
tinuation [38, 36, 37, 4, 5, 11, 10, 35, 33, 3, 1, 30, 15, 31, 16, 8]. While some of the mentioned
articles already use feedback control for stabilizing unstable steady states or periodic orbits in
laboratory experiments, finding adequate control gains remains a challenging problem. With
the proposed scheme, we are taking a step towards a systematic calculation of control gains.

The remainder of this article is structured as follows. In section 2, we give an overview
of trajectory-based data-driven feedback control of discrete-time systems. Section 3 includes
an extension to the stabilization of unstable periodic orbits of continuous-time systems via a
Poincaré map. We embed the proposed method into an integral control setup, which is used
to solve a control-based continuation problem. Section 4 concludes this article.

2. Data-driven feedback control of discrete-time systems. Trajectory-based control
methods allow for constructing stabilizing feedback controllers without having to identify
an explicit model. Instead, an input-state time series of the given system is recorded. Sub-
sequently, stabilizing control gains are computed by solving an optimization problem with
convex constraints. This method is based on data-driven linear control theory, to which we
now turn.

2.1. Trajectory-based methods for linear systems. First, we review some of the results
that are included in [14, 32]. For given matrices A € RV*N and B € RY, consider a discrete-
time linear system

(2.1) Tni1 = Axy + Buy,
where ,, € RY denotes the state and u,, € R refers to a control parameter at time n.

Choosing an initial state xg and a sequence ug, u1,...,ur—1 of T' > 0 control parameter
values, we compute via (2.1) a corresponding sequence zg,z1,...,zr of states. The first
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TRAJECTORY-BASED STABILIZATION OF PERIODIC ORBITS 3

question is, whether it is possible to compute A and B only from the obtained simulation
data

U= [UO uy ... uT_l}
(22) X = [$0 xr1 ... QST_l]
Y:[.Tl Tro ... xT].
This is answered by
Theorem 2.1 ([14]). Suppose that
rank [)U(] =N+ 1.
Then, it follows that
f
U
[BM_Yhy

where

] o e ([ )

denotes the right inverse, which exists due to the rank condition.

In the general case, starting with experimentally obtained data of the form (2.2), one is
interested in solving the least squares problem

el

)

(2.3) min
© F

where || Z||r = /3", ; |#i;|* denotes the Frobenius norm. Note that the square of the Frobenius

norm is a quadratic function in the absolute values of the matrix elements and therefore the
minimization leads to a linear zero problem. If the rank condition of Theorem 2.1 holds, it
follows that

f
is the unique minimizer of (2.3), where [)UJ denotes the right inverse from Theorem 2.1.

Defining matrices A € RV*Y and B € RY by setting

[BM:YKT
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4 N. KRUSE, W. JUST, J. STARKE

gives a linear approximation 1 ~ Ax, + Bu, of the experimental system subject to control
inputs. This identification method is referred to as dynamic mode decomposition with control
[32].

If the matrix C' = [B AB ... ANle] has full rank, the linear system of the form
(2.1) is called controllable. It follows from this, that one can compute a matrix K € RV,
such that the eigenvalues of the matrix A + BK lie at predetermined locations. In particular,
one can place all eigenvalues inside the unit circle. If this is the case, we say that the controller
uy = Kz, is stabilizing. This is equivalent to the fact, that the trajectories of the closed-loop
system

(2.4) ZTnt1 = (A+ BK)zx,

converge to the origin for every initial condition, see e.g. [26]. Thus, after identification of a
controllable linear system from data, one can design a stabilizing feedback controller. While
for given matrices A and B there exist efficient algorithms for doing so, we aim for a stabilizing
feedback control, which is computable directly from the data (2.2). This means, no explicit
model is given nor it has to be identified during the application of the method. A key result
in this direction is given by

Theorem 2.2 ([14]). Consider the discrete-time linear system (2.1). Suppose that

(2.5) rank m N4+

Then, for a given K € RN | there exists a G € RT*N with
K U
-l

A+ BK =YG,

and

where I denotes the N x N identity matrix.
Conversely, if (2.5) holds, choosing a G € RT*N with I = XG and setting u,, = UGz,
implies the closed loop representation

A+ BUG =Y(G.

Note that the first part of Theorem 2.2 provides for a fixed control gain matrix K a way of
computing the matrix A+ BK of the closed-loop system (2.4) directly from the data (2.2). This
makes it possible to check whether for a given K, the feedback control u,, = Kx,, is stabilizing.
On the other hand, due to the second part, one can search for a G with I = X, such that
the feedback control w, = UGz, becomes stabilizing without an explicit identification of A
and B. This forms the basis of
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TRAJECTORY-BASED STABILIZATION OF PERIODIC ORBITS 5

Theorem 2.3 ([14]). Suppose that

(2.6) rank {U

X] =N+1.

Then, given a matriz Q € RT*N such that XQ is symmetric and

XQ YQ

is positive definite, the matriz (XQ)~! exists and the feedback controller u, = Kx, with
(2.8) K=UQ(XQ)™"

1s stabilizing.
Conversely, if (2.6) holds and K is stabilizing, then there exists a Q such that (2.7) is
positive definite and (2.8) holds.

Thus, as long as the rank condition is satisfied, the second part of Theorem 2.3 parametrizes
all stabilizing gain matrices K by the data matrices (2.2), that are obtained from computing
one input-state trajectory of the system (2.1). If, in addition, the system is controllable, it
follows that there exists at least one solution ) with the desired properties. In fact, finding a
@ that renders (2.7) positive definite can be cast as a standard problem in the framework of
linear matrix inequalities, see e.g. [34]. Linear matrix inequalities are convex constraints and
thus the stated problem is convex. For a numerical computation of the matrix @, efficient
solvers such as CVX are available [18, 17].

2.2. Extension to nonlinear systems via nonlinearity cancellation. One can extend the
previous considerations of linear control theory to certain classes of nonlinear systems. So
far, we have seen that designing a stabilizing controller for a linear system of the form (2.1)
does not require an a priori identification of the matrices A and B. Although there exists a
direct extension of this idea to the case of nonlinear systems, it is restricted in the following
sense. While a controller, which renders the linearization around an equilibrium point of a
given nonlinear system stable, also locally stabilizes the nonlinear system, there is no further
information on the basin of attraction of the stabilized point. In practice, one might have to
initialize the system extremely close to the point to be stabilized, which is not always possible.
To circumvent this, trajectory-based feedback linearization can be used [13, 23, 21, 25]. The
key idea of this concept can be explained as follows.

Consider the control system

(2.9) Tni1l = Tp — T + Un,

where z,, € R and u,, € R. Observe that any feedback law u, = kiz,, + k‘g:ﬂ% with |14+ k| < 1
and ko = 1 globally stabilizes the origin. To see this, note that the closed-loop dynamics read

Thus, x,, — 0 for n — oo regardless of the initial condition xg.

This manuscript is for review purposes only.
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6 N. KRUSE, W. JUST, J. STARKE

Returning to the trajectory-based setup of the stated theorems, one would like to compute
such a globally stabilizing K = [kzl kg] directly from data. For a special class of nonlinear
systems, this is indeed possible. We restrict ourselves to systems of the form

(2.10) Tnt1 = Ag(xy) + Bup,.

Here, x,, u, and B are as in (2.1), while A € RN*E The nonlinearities are included in the
map g : RN — RE, which is assumed to be continuous. For example, the system (2.9) is of
this form with

A=1[1 -1]
B=1

and R = 2. For the purpose of illustration, we assume here that we know a continuous function
h: RY — RS such that

(2.11) g(x) = Ch(x)

for some matrix C € RF*S where S > N. Later we will show that in applications such
an assumption may not be required. In the following, we review some of the results obtained
in [13]. For this, we compute data matrices of the form (2.2) via (2.10) for a fixed initial
condition zg and a chosen sequence ug,u1,...,upr_1 of control parameter values, but also
include h(zp), h(x1),...,h(xp—1). This results in the data set

U= [uo U1 “T—l]
X = [1'0 T .CCT—l]
(2.12) Y = [371 To ... JUT]
H = [h(zg) h(z1) h(zr-1)] .

Corresponding to Theorem 2.3, one has

Theorem 2.4 ([13]). Suppose that
(2.13) rank [Z] — S5+l

If there exist matrices P = PT € RN*N 7 ¢ RT*N gnd G € RT*5=N) sych that

HZ = [ P
O(SfN)xN_
s
(2.14) [YPZ (Yg) is positive definite
HG — |:0N><(S—N)_
Is N

YG =0nxs—n)

This manuscript is for review purposes only.
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TRAJECTORY-BASED STABILIZATION OF PERIODIC ORBITS 7

holds, then the control law u, = Kh(x,), where

(2.15) K=U[zPr! @],

implies closed-loop dynamics of the form

(2.16) Tpt1 = Dy,
such that all eigenvalues of D have absolute value less than one. Here, Opx; denotes the zero
matriz of dimension k x | and Iy, is the k X k identity matriz.

Conversely, if (2.13) holds and there exists a stabilizing K, such that the closed loop
dynamics are of the form (2.16), then K can be written as in (2.15) for some P, Z,G satisfying
(2.14).

Note that, in contrast to [13], we have slightly adjusted the notation for our purposes. Theo-
rem 2.4 gives a way of designing globally stabilizing control laws for a specific class of nonlinear
system. There is no systems identification step involved and the control gains are computed
directly from the data (2.12). However, for some systems of the form (2.10), a fully linearizing
controller does not exist. In this case, the convex program of Theorem 2.4 can be recast as a
minimization problem. In this way, one obtains a controller, that minimizes the nonlinearities
of the given system and locally stabilizes the origin, for details, see [13].

As an example, consider the map

Tn+1 = Yn

(2.17) ;
Yn+1 = —Tn + 3yn — Yn + up

defined on the plane, which has been suggested as an approximation of the Poincaré map
corresponding to the Duffing oscillator [20]. The origin is an unstable fixed point of the map
for u, = 0. The given system is of the form (2.10) with

B:

We do not intend to use the information about the right-hand side of (2.17) for deriving a
globally stabilizing control law. Instead we choose

(2.18) h(z,y) = [x y z2 zy y? 23 2%y ay? yS]T

as our library of basis functions. Note that with this choice, we include every function that
appears in (2.17) and thus, equation (2.11) holds. In general, it is not possible to check this
condition which makes the application of the described trajectory-based method somehow

heuristic.
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8 N. KRUSE, W. JUST, J. STARKE

To compute a globally stabilizing control law via the convex program (2.14), we collect
data matrices of the form (2.12). For this, we choose xyp = 0 and yo = 0 as an initial condition
and define the control parameter values ug, u1,...,u14 to be uniformly distributed random
numbers in the interval (—0.025,0.025). Note, that in this example 7' = 15 and S = 9
holds. Finally, we use CVX to solve the convex program (2.14). From the obtained solution
we compute a gain matrix K = [0.94 —-242 0 0 0 0 0 O 1.00] by using equation
(2.15). We define the feedback control w,, = Kh(xy,y,) and insert it into the system (2.17).
A simulation with zg = 2 and yp = —2 results in the time series shown in Figure 1. The time
series of the state components is shown in Figure la, while Figure 1b displays the control
signal over time. Both state components as well as the control signal rapidly converge to zero.

2 2 \ \ \
o
Yn
1 1
0 » O’ . oo &
Atrf -1
-2 -2
0 5 10 15 20 0 5 10 15 20
n n
(a (b)

Figure 1: Simulated time series of the system (2.17) for the initial condition (zo, yo) = (2, —2).
The control signal is set to u, = Kh(zy,yy), where K is obtained from the solution of the
convex program (2.14) and h is as in (2.18). (a) Time series of the state components. (b)
Time series of the feedback control signal.

To illustrate the global stability of the origin under the constructed feedback control, we
numerically compute its basin of attraction. By this we mean the set of initial conditions,
that lead to convergence of both state components to zero after a sufficiently long simulation
time. A part of this basin is shown in Figure 2a. For comparison, Figure 2b shows a part of
a basin, that is obtained by simulating the system (2.17) subject to linear feedback control of
the form w,, = k1x,, + koy,. Here, the control gains k1 and ko are chosen in such a way, that
the linearization of the system (2.17) at the origin has only eigenvalues with absolute value
less than one. Note that, since the chosen h given in (2.18) contains all the functions that
appear in the system (2.17), Theorem 2.4 guarantees global stability of the origin.

This example shows, that by solving the convex program (2.14), one may be able to
construct a globally stabilizing control for certain classes of nonlinear systems. Furthermore,
no explicit model is needed and the controller is derived solely from the data matrices (2.12).

This manuscript is for review purposes only.
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TRAJECTORY-BASED STABILIZATION OF PERIODIC ORBITS 9

-5
-5 0 5
(a) (b)

Figure 2: Numerically computed parts of the basins of attraction of the origin. These are
computed by simulating the closed-loop dynamics of the system (2.17) for nonlinear as well as
linear feedback control. (a) The control signal is set to u,, = Kh(zp,yn), where K is obtained
from the solution of the convex program (2.14) and h is as in (2.18). (b) The control signal is
set to u, = k1, + koy,. Here, k1 and kg are chosen in such a way, that the linearization of
the system (2.17) at the origin has only eigenvalues with absolute value less than one.

These are generated by one input-state trajectory of the given system as well as some suitable
choice of the function h. However, so far we have only discussed the stabilization of the origin.
In control-based continuation problems also nonzero fixed points are to be stabilized. Taking
this into account, one has to modify the control law. This is explained in the following section.

3. Application to control-based continuation. So far we have demonstrated how to de-
sign globally stable control schemes for unstable fixed points based on plain time series. We
now address the question of how to use such ideas for system analysis, in particular, how to
track unstable states and how to uncover bifurcation scenarios when just plain time series are
at hand.

3.1. Trajectory-based tracking of unstable states. To explain the main ideas we use a
simple normal form for the purpose of illustration. Consider again the one-dimensional control
system

(3.1) Tpal = Tp — a:i + up = f(Tn,un).

For a fixed value of w,, the map f(-,u,) can have multiple fixed points. In fact, if & denotes
a constant parameter value, the fixed points are given as the real solutions of the equation
72 = @. Thus, for a negative % there exists no real fixed point, while for @ > 0 we have the fixed
points /@ and —+/%, which coalesce for @ = 0. Furthermore, by inspecting the linearization
of the map for 0 < @ < 1, it follows that the fixed points /& are asymptotically stable, while

the points —/@ are unstable. One therefore refers to the graph of the function /u over the
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10 N. KRUSE, W. JUST, J. STARKE

interval 0 < % < 1 as the stable branch. The graph of —v/@ over the same interval is the
unstable branch. These two branches are connected by the bifurcation point (@,z) = (0,0).
This bifurcation analysis is also possible for a more general class of parameter-dependent maps
and differential equations [19].

Control-based continuation now aims for the following. If the control system is initialized
for a fixed parameter value in a sufficiently small neighborhood of a stable branch, the state
is converging to the corresponding stable fixed point on the branch. Subsequently, a nearby
point (@, ) on the branch is selected by the continuation scheme and the controller acts, such
that both the state as well as the parameter converge to the selected coordinates (@, z). This
is repeated until sufficiently many points on the stable as well as on the unstable branches
are stabilized. This detects a part of a complete bifurcation diagram of the given system. In
experimental system, model equations are not always accessible. Consequently, there is no
a priori information about the location of the branches. Nevertheless, the attraction of the
stable branch makes it possible to locate a point on it by initialization. This can then be used
as a starting point for a continuation scheme. In the following, the trajectory-based controller
of Section 2 is modified, so that it drives the system along its stable and unstable branches.
Given the fact, that the framework of Section 2 is purely data-driven, model equations are
not required and control gains are computed directly from an input-state trajectory of the
system.

The suggested method is illustrated by the example (3.1), which serves to illustrate the
effect of including a reference value directly into the control law under the assumption that
we already obtained a stabilizing controller for the given system. The solution of the convex
program (2.14) leads to a controller u,, = kx,, + x%, such that in closed-loop we have x,41 =
(14 k)xy,. Here, |14 k| < 1 holds, so the controller globally stabilizes the origin. Including a
reference parameter 7 in the control law, yields u,, = r + kz,, + 2 and

Tny1 = L+ Ek)z, + 1.

The explicit solution of this system is given by

n—1
Tn = (1+ k)" —1—7"2(1 +k)' n>0.
=0

Consequently, the modified controller globally stabilizes a fixed point T that is given by

(3.2) 7= lim o, =r (1_(1+k)> —r <_1k> .

Furthermore, the control parameter converges to

1
%= lim un:r+kf+:ﬁ2:r+kr<>+:ﬁ2:f2.

n—00 —k

Thus, for a fixed nonzero value of the reference r, the system is driven to some point (u, Z) on
the stable or unstable branch. If one chooses r = 0, the system converges to the bifurcation
point (@,z) = (0,0). Also, note that |1 4+ k| < 1 implies —2 < k < 0. Consequently, the

This manuscript is for review purposes only.
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relation between the reference and the stabilized fixed point is given by & = rc for some
positive constant c¢. For the special case k = —1 , the selected reference equals the stabilized
fixed point. By using different reference values, sufficiently many points on the branches can
be stabilized and a part of the full bifurcation diagram becomes visible. We further point out,
that the controller is computed solely from an input-state time series of the system. Finally,
if a full nonlinearity cancellation is possible, the controller globally stabilizes the fixed points
and a nearby initialization is not necessary. This differs from the control-based continuation
methods, that are based on linear feedback control, where only local stabilization is achieved.

Figure 3 shows a set of stabilized points on the stable as well as on the unstable branch
of example (3.1). These are generated by using the presented continuation scheme. The
controller is obtained by numerically solving the convex program (2.14) for a recorded input-
state trajectory of the system (3.1). For details of how to generate such a trajectory, we refer
to example (2.17) of section 2. The function h is set to h(z) = [z 2? 23 a* 3:5]T. In

order to drive the system to different points on the branches, we vary the reference r in the
control law.

0.6
04 [ P
0.2+ .o'.

——stabilized points |

L

'0.2’ .‘c.
'0.4’ p— S,
-0.6 ¢

0.2 0.3

u

Figure 3: Bifurcation diagram with parameter @: A set of stabilized points on the stable and
unstable branch of the system (3.1). Here, the controller u, = Kh(x,) + r is used, where
K is obtained from the solution of the convex program (2.14). The function h is defined
as h(z) = [z 2® 2% 2* :cﬂT

branches, the reference r is varied.

In order to drive the system to different points on the

As was already pointed out, if a full nonlinearity cancellation is possible, the controller
globally stabilizes the points on the branches. Continuation schemes, that are based on linear
feedback control, generally do not have this property and may depend on an initialization
near the point to be stabilized. The global property can be utilized in the following situation.
Suppose an experimental system has to abruptly change its state from one point on the stable
branch to some point on the unstable branch, in order to maintain some optimality property

This manuscript is for review purposes only.
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12 N. KRUSE, W. JUST, J. STARKE

[27]. The presented control scheme is able to meet such a requirement, without having to
assume that the points lie in a small neighborhood. Figure 4 illustrates a fast switching from
one point on the stable branch of the system (3.1) to one point of its unstable branch.

0.6 ‘ ‘ ‘ 0.4
. — T, Uy
0.4¢ ‘z | 02! |
0.2} 1 0 |
0 -0.2 |
-0.2 ¢ | 04"
0.4 ‘ ‘ ‘ 0.6 -
0 5 10 15 20 0 5 10 15 20
n n
(a (b)

Figure 4: Simulated time series of the system (3.1) for the initial condition zp = 0.4. The
control signal is set to u, = Kh(x,)+ r, where K is obtained from the solution of the convex
program (2.14) and the function h is defined as h(z) = [z 2* 2® 2! 335]T. For 0 <n <8,
the reference is set to » = 0.5, while for 9 < n < 18 we choose r = —0.3. This induces a
fast switching from the fixed point 0.5 on the stable branch to the fixed point —0.3 on the
unstable branch. (a) Time series of the state. (b) Time series of the feedback control signal.

3.2. Trajectory-based tracking of unstable periodic orbits with nonlinear integral con-
trol. In the following, we apply Theorem 2.4 or the mentioned minimization problem to
discrete-time control systems, that are induced by parameter-dependent Poincaré maps.
Continuous-time control systems of the form

(3.3) &= f(z,u),

where € RY denotes the state and u € R denotes the control parameter, can have periodic
solutions [19]. These are characterized by the property, that there exists a real T' > 0 such
that ¢(t) = ¢(t +T') and ¢(t) # ¢(t + 7) for all real 7 with 0 < 7 < T. Here, ¢ denotes the
solution curve of (3.3) through a fixed initial condition and control parameter equal to zero.
Such a periodic orbit « induces a parameter-dependent Poincaré map as follows. First, we
construct an (N —1)-dimensional hypersurface 3, which is everywhere transversely intersected
by the solution curves of the vector field f(-,0). We assume, that ~ intersects X at a unique
point p. If « intersects ¥ at multiple points, than one can shrink ¥ until there is only one
intersection. Finally, we define a parameter-dependent Poincare map on a neighborhood U
around (x,, un) = (p,0) as

(34) In+l = P(xn,un),

This manuscript is for review purposes only.



391
392

393
394

395

396

397

398

399

400

406
407

TRAJECTORY-BASED STABILIZATION OF PERIODIC ORBITS 13

where x,, 1 denotes the first intersection of ¥ by the solution curve of f(-, uy), that is initialized
at x, € X. Note that

P(p,O) =D

and thus, p is a fixed point of the map P(-,0). The stability of the fixed point p characterizes
the stability of the periodic orbit 7. Consequently, if the system (3.4) is of the form (2.10),
we can use trajectory-based feedback linearization in order to stabilize ~.

In the following, we propose a trajectory-based control scheme, such that the prescribed
reference r equals the stabilized fixed point . Note that for a fully linearizing controller
up, = Kh(zy) + 7 in a system like (3.1), equation (3.2) holds. Consequently, apart from the
special case k = —1, the reference differs from the actual fixed point that is stabilized. To
circumvent this problem, integral control can be used [26]. We will explain in the following
how it can be used in a trajectory-based manner.

The method relies on the construction of an integrator state v,, that sums up the deviation
between the system state x,, and the reference r over time. In order to take this into account,
the state equations of v,, are defined as

(3.5) Untl = Up + 7 — Tpy1 = U +7 — P(ap,uy), T, Un, 7 € RN, u, €R

where P(zy,u,) denotes a parameter-dependent Poincaré map. Then, the dynamics of the
extended state (x,,v,) are governed by the system

Tpt1 = P(xp, uy)

(3.6)
Upt1 = Up + 7 — P(Zp, up).

Assume, that for the system (3.6) with » = 0, a fully linearizing controller w,, = Kh(zy,vy,)
can be constructed by solving the convex program (2.14). This yields the closed loop system

|:xn+1:| — A |:xn:| 7

Un+1 Un

such that all eigenvalues of the matrix A have absolute value less than one. Using the con-
structed controller in the system (3.6) for some nonzero reference r, yields

e R R

Un+1 Un In

where 0 € RV*Y denotes the zero matrix and Iy € R¥*VN the identity matrix. The given
system converges to

_ n—1
m lim [x"} = lim <A” [“D + <lim Ai> [0 ] r
v n—oo | Up n— o0 Vo n— o0 i—o IN

_ (T}Ln;ogAi> [Iﬂ r = (Iy — A)~! L?V] .
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for every initial condition (xg,vg). Furthermore, the control signal converges to
u= lim u, = Kh(z,0).
n—oo
Finally, the point Z is a fixed point of the map P(-, @) since
z = lim zp41 = P(Z,q).
n—oo

But, by equation (3.5), we have © = © 4+ r — Z, which implies that z = r.
For an illustration of the presented control scheme, consider the differential equation

x(u—xz—y2—1+2\/x2—|—y2)

& = 10y +

(3.7) Vot 4y
. " y(u—xQ—y2—1+2\/a:2+y2)
y=—10x +

NCET
defined on R?\ {0}. Here, u € R denotes the control parameter. A one-dimensional hypersur-
face ¥ is defined as ¥ = {(z,y) : « > 0,y = 0}. Given a point (z,,0) € ¥ and a fixed value u,
of the control parameter, we numerically integrate the differential equation until the orbit of
the given vector field intersects ¥ again. Denoting the point of intersection by (z,+1,0) € X,
we obtain a one-dimensional parameter-dependent Poincaré map x, 1 = P(x,,uy). Note that
in this example, no analytical expression for the map P is given. By transforming the system
(3.7) to polar coordinates, it can be shown that for a given positive value of u, there exists a
stable as well as an unstable periodic orbit. In fact, qualitatively, the bifurcation diagram of
the map P looks the same as the one depicted in Figure 3, where the upper branch corresponds
to stable periodic orbits and the lower branch corresponds to the unstable ones. Our aim is
to reconstruct the bifurcation diagram of P by using the presented trajectory-based integral
control scheme.

In the first step, the convex program (2.14) is solved for the extended system (3.6) with
r = 0. For this, data of the form (2.12) is generated, where

h(z,v)=[z v 2* zv v? 23 2?0 av? v3]T

Finally, the obtained controller u,, = Kh(zy,,v,) with
K=[-072 009 069 0 0 —0.60 0 0 0]

is used in the extended system (3.6) for different nonzero reference values r. By construction,
the integral controller drives the state x, to the selected reference. The control parameter
converges to @ such that P(r,u) = r. A number of different stabilized points corresponding to
different choices of the reference are shown in Figure 5. The described scheme is summarized
in Algorithm 3.1.

To demonstrate the global stabilization property of the obtained controller, we again solve
a switching problem from one point of the stable branch to one point of the unstable branch.
Figure 6a shows the time series of the state as well as the reference signal and Figure 6b depicts
the corresponding control signal. Observe that after changing the reference, the controller
drives the state to the selected point on the unstable branch.
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1.6¢ -+ stabilized points |

1.4’ .o’. 7
1.2’ *®

0.8’ ...o. 7
0-6’ e S, 7

Figure 5: Bifurcation diagram with parameter @: A set of stabilized points on the sta-
ble and unstable branch of the parameter-dependent Poincaré map corresponding to the
system (3.7). Here, the controller w, = Kh(zy,,v,) is used, where K is obtained from

the solution of the convex program (2.14). The function h is defined as h(z,v) =

[CE v 2?2 zv 0?2 2Pv oz’ v?’]T. In order to drive the system to different points

on the branches, the reference r is varied.

Algorithm 3.1 Trajectory-based stabilization of periodic orbits.

1: Construct a section to obtain a parameter-dependent Poincaré map.

2: Choose a function A, which contains the basis functions.

3: Generate data of the form (2.12) by simulating the extended system (3.6) for » = 0 and a
chosen set of control parameter values.

4: Solve the convex program (2.14).

5. Compute the gain matrix K by using equation (2.15).

6: Use the obtained controller u, = Kh(zy,v,) in the extended system (3.6) for different
nonzero reference values r in order to drive the system to different points on the branches.

4. Conclusions. Trajectory-based control methods allow for an automatic construction
of a stabilizing controller based on one a priori recorded input-state trajectory. Section 2
shows that by utilizing feedback linearization, the linear setting can be extended to a class
of nonlinear systems. Based on this extension, discrete-time control systems that are in-
duced by parameter-dependent Poincaré maps are amenable to this method. As a result,
unstable periodic orbits can be stabilized by the constructed controller, which is obtained by
solving a convex program. This circumvents the problem of finding adequate control gains.
Furthermore, in the case of a full nonlinearity cancellation, the controller globally stabilizes
the unstable fixed point. Consequently, there is no need for a nearby initialization. The
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1.6 \ \ ‘ 0.3
/ ——T, .Uy,
14¢ '. —reference|] r
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3 0 T
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Figure 6: Simulated time series of the Poincaré map corresponding to system (3.7). The
control signal is set to u, = Kh(xy,v,), where K is obtained from the solution of the convex
program (2.14). For 0 < n < 98, the reference is set to r = 1.5, while for 99 < n < 200 we
choose r = 0.5. This induces a switching from the fixed point 1.5 on the stable branch to the
fixed point 0.5 on the unstable branch. (a) Time series of the state together with the reference
signal. (b) Time series of the feedback control signal.

embedding of the trajectory-based scheme into an integral control framework in section 3
allows for stabilization of nonzero fixed points, which makes it possible to use the method
for control-based continuation problems. But, in contrast to continuation schemes that are
based on linear feedback control, switching between a point on the stable branch to one on
the unstable branch is possible without requiring the assumption that the points lie in a small
neighborhood. Also, the robustness against external disturbances is increased by the global
stabilization property, which is useful in an experimental setup.

There are several possible further research directions in this area. First, the proposed
integral control scheme in section 3 assumes that the full state is available for feedback, which
typically is not the case in experimental setups. Thus, either a state estimation scheme is
needed or one would have to resort to output feedback, where the output includes all the
measurement variables [26]. State estimation is possible by using delay coordinates [39, 28].
The influence of such modifications on the stabilization properties of the proposed method
will be studied in the future. Furthermore, the presented method is not restricted to single-
input systems. Thus, also Poincaré maps that depend on a multidimensional parameter can be
handled. This could be used to discover more complex bifurcation diagrams. Also, periodically
driven oscillators are amenable to the stabilization scheme. In fact, for this class of systems,
it is possible to construct a globally defined Poincaré map, see e.g. [19]. Finally, a validation
of the integral control scheme in a laboratory experiment would be useful and may lead to
further research questions. For example, the influence of introducing delay into the integral
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scheme on the stability could be studied.
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